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Lesson 5:  Rational Expressions
INSTRUCTOR NOTES

Target Audience:
· Students enrolled in Statway who are Business majors or who may want to switch to a major requiring a more extensive background in algebra.

Prerequisite Knowledge: Before coming to class the students should be able to …
· Do arithmetic operations with fractions
· Know the difference between a term and a factor
· Solve linear equations in 1 variable
· Know the rules of exponents
· Factor  polynomials
· Solve quadratic equations by factoring

Learning Outcomes:
· A-APR   7. (+) Understand that rational expressions form a system analogous to the rational numbers, closed under addition, subtraction, multiplication, and division by a nonzero rational expression; add, subtract, multiply, and divide rational expressions. 
· A-CED   1. Create equations and inequalities in one variable and use them to solve problems. Include equations arising from linear and quadratic functions, and simple rational and exponential functions.
· A-REI   2.  Solve simple rational and radical equations in one variable, and give examples showing how extraneous solutions may arise. 

 Learning Outcomes for Extensions: Students will be able to simplify complex problems.
· Students will be able to identify if a variation is direct or inverse.
· Students will be able to solve variation problems given both numerically and in real world applications.

Materials and/or Technology Required:
· Paper/pencil
· Simple four function calculator
· Outside of class:  
· Udacity Videos (Lessons 7.1, 7.2, 7.3, 7.4, 7.7, 10.5, 10.6, and 10.7)
· ALEKS Bridge Course (MWGUA-YGRPW)
· Khan Academy (Algebra Basics)
· Also adaptable to MyMathLab, Hawkes, etc.

Pedagogical Model In class worksheets done in groups
· Self-directed learning

Timeline  
Rational Expressions is intended to be able to be completed in four 50 minute class periods as indicated in the table below (not including the extensions).  In each section, the first problem is meant to be done together as part of the introduction for that section.

	Time
	Topic
	Activity
	Format

	5 min
	Simplify
	Introduce section 1
	Lecture

	20 min
	
	Problems 5.1.2 – 5.1.5
	Group work

	5 min
	Multiply/Divide
	Introduce section 2
	Lecture

	20 min
	
	Problems 5.2.2 – 5.2.6
	Group work

	10 min
	Add/Subtract
	Introduce section 3
	Lecture

	40 min
	
	Problems 5.3.2 – 5.3.4
	Group work

	10 min
	Equations
	Introduce section 4
	Lecture

	40 min
	
	Problems 5.4.2 – 5.4.4
	Group work

	10 min
	Applications
	Introduce section 5
	Lecture

	40 min
	
	Problems 5.5.2 – 5.5.7
	Group work





Additional topics and Extensions can be found in a supplemental document. 

Activities for students to do after class are included within the worksheet.

Additional instructor notes are provided in red in the student worksheet below. 








Lesson 5:  Rational Expressions
Student Worksheet with INSTRUCTOR NOTES

Introduce Rational Expressions as fractions that contain polynomials in the numerator and/or denominator.  Tell students that many of the operations on rational expressions involve the same process as the operations on fractions.


5.1 SIMPLIFYING RATIONAL EXPRESSIONS

A rational expression is a fraction in which the numerator and the denominator are polynomials.  When working with rational expressions, they are handled just as you would handle any fraction.  

In order to simplify a rational expression, all polynomials in the numerator and denominator must be factored completely.   You can reduce rational expressions in the same way that you simplify fractions, by a common factor. 

Use this first problem to explore fractions and whether or not you can “cancel” terms.	

5.1.1  Consider the fraction   [image: ].	

a) Is this fraction larger or smaller than one half?   How can you tell?


b)  Give an example of another way of expressing the fraction. 	

[bookmark: h.gjdgxs]c)  Rewrite the fraction as [image: ]. Can you cancel 4 from the numerator and denominator? 

d)  Is your result equivalent to [image: ]?   How do you know?	


a) Answers vary.  The fraction is more than ½ because 5 is more than half of 8.
b) Hopefully students will convert the fraction to a decimal (= 0.625)
c)  1/4
d) No, because ¼ = 0.25 is not the same as the original fraction (0.625)

Students should see that you cannot simplify a fraction by removing a common term from both the num and denom because the fractions are not equivalent.

Talk about why you cannot “cancel” terms.  Students need to see the results using easily recognizable numeric values and convince themselves.

Expand upon this to show why you can remove a common factor to simplify.

Note:  Remind students that this is one of the most common errors made when simplifying fractions.   Be careful not to do it! 



We use the same concept for simplifying fractions to simplify rational expressions.  Basically,  factor the numerator and denominator and cancel any factors common to both.

Students can use this next problem to start seeing common factors when variables are involved.

5.1.2   Consider the fraction [image: ].   

a) What is a simplified form of this fraction?  


b) How did you get the simplified form?

a)   y/(3x)

b) By simplifying the numerical factors in the numerator & denomominator and then using the rules of exponents to simplify the variable factors.

The next two problems will help students review factoring.  The next involves factoring out a greatest common factor (GCF).

5.1.3	Simplify  [image: ]   

Remind students to always look for the GCF and factor it out first.

a)  	First, factor the numerator and denominator and write this rational expression in its factored form.

b)  	List any common factors in the numerator and denominator.
   
c)  	Write this rational expression in its simplified form.

Once students factor the numerator & denominator, tell them they can think about splitting this into the product of three fractions.

Since they can simplify this rational expression by removing factors of 5 and x from both the num and the denom. 
Common factors are 5 and x.



This problem involves factoring quadratics.

5.1.4	 Simplify [image: ]

 a)  Write this rational expression in factored form.


b) Write this rational expression in its simplified form.

The relationship between (x – y) and (y – x) is interesting and is explored in this problem.  Only the numerator needs to be factored.   But, this leads to no common factor.   That is, until you realize the relationship with the expression in the denominator.


5.1.5   Simplify   [image: ]

a)  	Write this rational expression in factored form.

b)  	Are there any factors common to numerator and denominator?  Are there any factors that look similar in the numerator and the denominator?  Explain.

c)  	You need to change the appearance without changing the value.  You can only do that by cancelling common factors.  Can you rewrite one of the factors in the denominator so there is a factor common with the numerator?  How? 

d)  What is the simplified form of this rational expression?


b) No common factors.  Guide students to find the relationship between (2x - 5) and (5 – 2x): 
(2x - 5) = (-1)(5 - 2x).  Encourage them to rearrange terms.  

c) Make sure students replace (2x - 5) with its equivalent (-1)(5 - 2x).  Then they can cancel the factor of (5 – 2x) from the numerator & denominator.



Do These at Home
Simplify the following rational expressions:

1)  [image: ]								1) ________________________	

2)  [image: ]							2) ________________________


3)   [image: ]							3) ________________________	

4)  [image: ]							4) ________________________	

5)  [image: ]								5) ______________________	

6)  [image: ]							6) ________________________	





5.2  MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS

Rational expressions are multiplied and divided the same way you multiply numerical fractions.

Multiplying Rational Expressions

Students are encouraged to verbalize the method for multiplying fractions.  This problem can be used as an introduction.  You can even use a model of a rectangle sliced vertically and then horizontally to show how the result is found.

5.2.1	a)  What is the rule for multiplying fractions?

	b)  What is the product of these fractions?  	[image: ]

c)  Can your answer be simplified?  If so, what is the answer in simplified form?


a) Multiply the numerators together & multiply the denominators together
b) 6/40
c) Yes, 3/20


5.2.2	Multiply [image: ]

This problem starts with both a monomial and binomial factor in both the numerator and the denominator.

a)	Can you factor any of the numerators or denominators in either rational expression?  If so, rewrite the problem in factored form. 

b)  	What is the product of these fractions?

c)  	Can your answer be simplified?  What is the simplified answer?


a) Yes.    
b) Students may forget to factor the GCF from 5x + 10 = 5(x + 2).  Remind them to always look for a GCF when factoring.
c) Yes, Students may forget to use the rules of exponents to simplify the x/x3


This example provides more practice factoring quadratics.

5.2.3	Multiply [image: ]		

a)	Factor each numerator and denominator and rewrite the problem in factored form. 

b)	What is the product of these fractions?

c)    Simplify your answer.


Dividing Rational Expressions

Students are encouraged to verbalize the method for dividing fractions.  This problem can be done together as an introduction.  Warn students not to reduce until they have inverted the divisor. 

5.2.4	a)  What is the rule for dividing fractions?

b)	What is the quotient of these fractions?  	[image: ]

c)	Can your answer be simplified?  If so, write your answer in simplified form.

a)  Invert the second fraction and multiply.
c)  Yes.  


Problems 5.2.5 and 5.2.6 provide practice dividing rational expressions that need to be factored.

5.2.5	  Divide  [image: ]	



5.2.6   Divide  [image: ] 



		





Do These at Home

Perform the indicated operation and simplify

1) 	[image: ]					1) ________________________


2) 	[image: ]	     			2) _____________________	


3)	[image: ]					3) _____________________


4) 	[image: ]					5) _____________________	


5)	 [image: ]					6) _____________________	


6) 	[image: ]				7) ____________________


5.3  ADDING AND SUBTRACTING RATIONAL EXPRESSIONS

Lowest Common Denominators

You can add and subtract rational expressions in the same way that you add and subtract fractions.  Recall that fractions must have the same denominator in order to add or subtract them.  

First, we will review how to find the Lowest Common Denominator (LCD) for fractions, which is easily translated to the LCD of rational expressions.  After finding the LCD, you need to multiply the numerator and denominator by the missing factor for each fraction.

Start by reviewing the process for finding the LCD.   Do the first example and then let them try to expand the idea and then do the other two. 
 
5.3.1	What is the Lowest Common Denominator (LCD) for each set of  fractions below?

a) [image: ]	

b)  [image: ]		

c)  [image: ]

These can be done easily using the factor tree method.  Lowest common denominators can be easily found by factoring each denominator.  This method is then easily translated to the LCD of rational expressions.  The LCD for part (a) will be 3 x 8 x 2 = 48.

5.3.2	a)  Find the Lowest Common Denominator of:    [image: ]  and  [image: ] 

	b)  How would you change each rational expression so it would have the LCD?

	c)  Rewrite the rational expressions so they have the same denominator.

5.3.3    a)  Find the Lowest Common Denominator of: [image: ]
	
b)  How would you change each rational expression so it would have the LCD?
	
c)  Rewrite the rational expressions so they have the same denominator.

Adding and Subtracting Rational Expressions

Rational expressions are added and subtracted just like numerical fractions.  If they have the same denominator, simply add or subtract the numerators (by combining like terms), and keep the same denominator.  If they do not have the same denominator, find the LCD, then convert each rational expression to an equivalent rational expression with the LCD, then add or subtract the numerators and keep the LCD as the denominator.

Be sure students do not quit until there are no common factors.

5.3.4	a) 	What is the LCD of these rational expressions?   [image: ]

	b)	What is the sum of these rational expressions?	

c) Can your answer be simplified?  If so, what is the simplified answer?

a)  (x + 2)(x - 1)(x + 1)
c)  no


When subtracting rational expressions, be very careful to subtract all of the terms in the second numerator.  In other words, distribute the (-) into all terms in the second numerator, before combining like terms.
5.3.5		a)  What is the LCD of these rational expressions?  [image: ]  

	b)  What is the difference of these fractions?	

c)  Can your answer be simplified?

a)  (s + 2)(s - 2)(s + 5)  
c)  no






Do These at Home

Perform the indicated operation and simplify

1) 	[image: ]		1) _____________________

2) 	[image: ]		2) _____________________

3)	[image: ]		3) _____________________


4) 	[image: ]		4) _____________________


5)	[image: ]		5) _____________________	
6) 	[image: ]		6) _____________________



Before starting to solve equations, students need to understand why there are excluded values.   Most students have learned that you can’t divide by zero.   There are many explanations as to why this is, but a simple arithmetic example like this will probably make more sense to them.
5.4   SOLVING EQUATIONS WITH RATIONAL EXPRESSIONS

We have solved linear and quadratic equations, but what happens if an equation contains rational expressions?
Excluded Values
Remember that a fraction is a representation of division of the numerator by the denominator.  

5.4.1	Can a denominator equal zero?   Why?  
Every division problem has a related multiplication problem.   For example, 12 ÷ 4 = 3 because 4 x 3 = 12.

Now, consider the problem of 12 ÷ 0 = ???
You would need to find a number such that 0 x ??? = 12.
Since there is no number that can be multiplied by 0 to give 12, there can be no solution to the original problem.

Once they agree that you can’t divide by zero, they need to understand that a fraction is a division problem with the numerator ÷ the denominator.   Since you can’t divide by zero, a denominator can’t be zero.

Since we, don’t want a denominator to equal zero, we have to determine if any solutions to equations with rational expressions would make any of the denominators equal to zero.  If any solution makes any denominator equal zero, then we have to exclude that value of the variable from being part of the solution.  These are excluded values and are not solutions to the equation.


The simplest method for solving an equation with rational expressions is to first identify the LCD and then multiply both sides of the equation by it.  Be sure that students are multiplying every term.

If students choose the correct LCD, the fractions will “disappear.”

You may have to review some of the methods for solving linear and factorable quadratic equations.


5.4.2      Consider this equation:  [image: ]
		
a) Are there any excluded values for x?  If so, what are they?  
		
b) What is the lowest common denominator (LCD) for the terms in this equation?

c)   What happens if you multiply each term by the LCD?  

d)	What value for x do you get when you solve this equation?   

e)	Is that value excluded from being a solution?    

a)  Yes.   x ≠ 3, -3
b) (x – 3)(x + 3)
c)  The denominators will cancel out.
e)  Yes.   There is no solution.




5.4.3   Consider this equation:  [image: ]		

a) Are there any excluded values for x?  If so, what are they?    

b) What is the LCD for the terms in this equation?

c)   What happens if you multiply each term by the LCD?   

d)	What values for x do you get when you solve this equation?   

e)	What is the solution?	 

a)  Yes.  x ≠ 3, 4
b)  (x - 4)(x - 3) 
c)  the denominators cancel out.
d)  x = 3





Do These at Home

Solve the following equations

1) 	[image: ]		1) ______________________

2) 	[image: ]		2) _____________________

3)	[image: ]			3) _____________________

4)   [image: ]			4) _____________________

5)  [image: ]		5) _____________________

6)   [image: ]		6) _____________________	


2)   x = 3
3)  x = 35
4)  no solution (1 is an excluded value)
5)  x = 6
6)  x = -3  or  2






5.5  APPLICATIONS OF EQUATIONS WITH RATIONAL EXPRESSIONS

Two of the most common types of applications involving rational expressions are introduced:  motion and work.

Motion Problems

Problems involving motion use the formula Distance = Rate x Time (d = rt).   This information can be organized in a table to make it easier to solve the problem.

5.5.1	Janet and Russ agree to meet at the Reno airport.  Janet travels 250 miles and Russ travels 300 miles.  If Russ’s speed is 20 mph faster than Janet’s and they both spend the same amount of time traveling, find Janet’s speed.
The important part about using a table to organize information is the fact that you fill in one column with numerical values you are given and then a second column with a variable to represent the quantity you are looking for.  But, the third column comes from the formula D = R x T.

a)  What are you being asked to find?   Enter an x in the appropriate box of this table:

	
	D
	R
	T

	[bookmark: h.30j0zll]Janet
	
	
	

	Russ
	
	
	




b)   Fill in the table with the other information you are given.

c)   How can you determine what to put in the remaining column?	

d)  Form an equation using the information in the final column you filled in and the formula for Distance, Rate and Time.

e)  Solve the equation and answer the question being asked.  What is your answer?





Motion with a Current
When working with a current, you must adjust the speed of your vehicle to allow for the force of the current.  This is similar to how your speed is affected when running up a hill (against) and down a hill (with).  

When working with problems involving a current or any other factor that works to slow or speed up something, it’s important that they remember that it affects both cases.

Once a solution is found, be sure students check to see if their answer makes sense.  If the bus is going 300 mph, there is probably a mistake made somewhere.  Likewise, negative values do not have a place in motion problem solutions.   Do they know why?

5.5.2 	You take your boat upstream for 10 miles and then back down for 15 miles.  If the speed of the current in the river is 5 mph, and it took the same amount of time to go upstream as it did to go downstream, what is the speed of your boat in still water?

a) How does the current affect your speed (i.e. rate) going upstream?  How does it affect it going downstream?

b)  	If x = the speed of the boat, fill in the columns for Distance and Rate with the information you were given. 
c)  	How can you figure out what to put in the remaining column?

d)  	Use the information in the Time column to form an equation that expresses the information in this problem.	

e)  	Solve the equation.   What is the speed of your boat in still water?
		



Problems Involving Work

Start by asking students how much of a job they can get done if it takes them two hours to do the entire job.   Once they come up with the answer of half, ask them how much of the job could be done in one hour if it takes three hours to do the whole job.  And, watch them discover the pattern.

It’s also good to talk about the concept of faster, slower, longer, etc.   How does this affect the time it takes or how much is getting done in one hour.  If one person does a job faster than another, do you add or subtract?


5.5.3	Answer the following questions about painting two identically sized rooms.

a) If it would take you 3 hours to paint your room, what portion of it could you paint in one hour?     

b) If your best friend can paint her room in 4 hours, what portion would she paint in one hour?

c) You and your best friend work together on painting both rooms.   How much of the job could you get done in one hour?

d) If it takes t hours for the two of you to paint both rooms, what portion of the painting could you get done in one hour?		

e) How long would it take for the two of you to paint both rooms?  Express your answer in terms of hours and minutes (to the nearest minute).  

a) 1/3 
b)  ¼
c)  1/3 + 1/4 
d)  1/t
e)  t = 12/7 hrs12/7 hours = 1 hr and 42 min.

				 

5.5.4	Ken and Julie can mow the lawn at Golfworld in 1.2 hours if they work together.  If it takes Julie 3 hours to mow it alone, how long would it take Ken to mow it alone?
		
a) Write an equation that will represent this information.


b)   Solve and answer the question being asked.
	

b)  It would take Ken 2 hours and Julie 3 hours to mow the lawn alone.







Sometimes, things do not work together.  Rather, they work against each other.

5.5.5	If two things work against each other, how would you change the equation used to solve a problem where two things work together?


You should subtract instead of add.

Once they understand why we use reciprocals in setting up work problems, ask them what happens if two things are working against each other instead of with each other.  

When doing work problems involving forces working against each other, it is sometimes hard for them to determine which quantity to subtract.   It requires some visualization to set it up so that you don’t end up with a negative answer.
	

5.5.6	Your backyard pool has sprung a leak.  It would normally take you 6 hours to fill the pool.   If it takes you 24 hours with the leak, how long would it take for all of the water to leak out if it were full?

a) How would you express the portion of the pond being filled each hour?

b) How would you express the portion of the pond being drained out each hour?

c) Write an equation to solve this problem.	

d) Solve and answer the question being asked.


a)  1/6
b)  1/x
d) It would take 12 hours to empty the pond through the leak.









Do These at Home

1)	The top speed of a twin-engine plane is 40 mph faster than a single engine plane.   If the twin-engine plane can travel 180 miles in the same amount of time it takes the single engine plane to travel 120 miles, what is the top speed of the single engine plane?
1) _________________

2) 	A small plane can fly 180 miles against a 30 mph wind in the same amount of time it takes to fly 540 miles with the same wind.   What would be the ground speed of the plane without any wind.

				2) ___________________

3)	Working alone, you can assemble your new bedroom set in 3 hours.   If your roommate helps, it would take 2 hours.   How long would it take your roommate to assemble it working alone?    

				3) ____________________
4) 	It normally takes you 12 hours to fill your swimming pool and 18 hours to empty it.   Last weekend you decided to fill your swimming pool, but you forgot to close the drain.   How long did it take to fill the pool if the drain was left open?      
				4) __________________

5) 	It would take you 12 hours longer to paint a room and it takes 4 hours to paint the room with the help of a professional painter, how long would it have taken the painter working alone?

				5) ___________________

6) 	Your backyard pond has sprung a leak.  It took 2 hours for all of the water to drain out through the leak.   If it takes you 4 hours to fill the pond back up without fixing the leak, how long would it take you if the leak were patched?  Express your answer in hours and minutes.

				6) __________________


1)  80 mph		2)  50 mph		3)  6 hours	
4)  36 hours		5)  6 hours		6)  2 hours




[bookmark: _GoBack]
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