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Lesson 4.3:  Solving Quadratic Equations 
INSTRUCTOR NOTES 

Target Audience: 
· Students who completed Statway 2 and need to enroll in college algebra or business math
· Other students who have met prerequisites for college algebra or business math and want to refine/review foundational topics before embarking on those courses 
· Students who did not successfully complete college algebra or business math
· Students who completed developmental math with a final grade of C
 
Prerequisite Knowledge:
Before coming to class the students should be able to …
· Factor polynomials
· Factor out GCF from a polynomial
· Factor by grouping
· Factor quadratic trinomials with any leading coefficient
· Factor perfect square trinomials
· Factor difference of squares and sum and difference of cubes
· Complex numbers
· Simplify radicals to complex form
· Perform arithmetic operations on complex numbers  
· Polynomial Expressions
· Perform arithmetic operations on polynomial expressions
 
Learning Outcomes
· CCSS.MATH.CONTENT.HSA.SSE.B.3 Choose and produce an equivalent form of an expression to reveal and explain properties of the quantity represented by the expression.	
· CCSS.MATH.CONTENT.HSA.SSE.B.3.A - Factor a quadratic expression to reveal the zeros of the function it defines.

· CCSS.MATH.CONTENT.HSA.REI.B.4  Solve quadratic equations in one variable. 
· CCSS.MATH.CONTENT.HSA.REI.B.4.A - Use the method of completing the square to transform any quadratic equation in x into an equation of the form  = q that has the same solutions. Derive the quadratic formula from this form. 

· CCSS.MATH.CONTENT.HSA.REI.B.4.B - Solve quadratic equations by inspection, taking square roots, completing the square, the quadratic formula and factoring, as appropriate to the initial form of the equation. Recognize when the quadratic formula gives complex solutions and write them as a ± bi for real numbers a and b.

Materials and/or Technology required:
· Instructor selected textbook/software/etc.
· Student workbook (“During Class” section above)
· Graphing calculator (optional)
 
Pedagogical Model
· Carnegie Problem Cycle

	Phase
	Purpose

	Problem Launch
	The purpose of the launch is to prepare students for productive struggle -- to create a shared understanding of the problem to be worked on, make clear why solving it is important, and stimulate a variety of ways to think about the problem.

	Working the Problem
	The purpose of the working phase is to engage students in productive struggle with the problem and the concepts and to study students’ ways of thinking to prepare for the discussion. The purpose of this phase is NOT to ensure that all students get the correct answers.

	Discussing the Problem
	The purpose of discussing the problem is to make public students’ ways of thinking (correct and incorrect), encourage students to learn new ways of thinking by understanding each other, and connect their thinking to the key concept(s).

	Conclusion
	The purpose of the conclusion is to concisely highlight the key concepts drawn from students’ thinking, express the concepts with appropriate notation and representations, and explicitly connect the lesson concept(s) with the course organizing concepts.



· In class small group work
· Can be adapted to lecture, online, independent study, self-paced formats
· Online, Independent Study and Self-Paced Formats will require that fully solved examples (shown in red in instructor workbook) be included in student workbook

Timeline
2 hours total for Solving Quadratic Equations may be apportioned as below:

	Topics
	Time
	Activity
	Format

	Zero Product Property,   Factoring, Square Root Property
	20 min per lesson
	Launch
	Individual 

	
	

	Working the Problem
	Pairs/Small Groups

	
	

	Discussing the Problem
	Whole class discussion Instructor-led Lecture

	
	

	Conclusion
	Individual 
Instructor Answers Questions

	Completing the Square
	30 min
	Launch
	Individual 

	
	

	Working the Problem
	Pairs/Small Groups

	
	

	Discussing the Problem
	Whole class discussion Instructor-led Lecture

	
	

	Conclusion
	Individual 
Instructor Answers Questions

	Quadratic Formula
	30 min
	Launch
	Individual 

	
	

	Working the Problem
	Pairs/Small Groups

	
	

	Discussing the Problem
	Whole class discussion Instructor-led Lecture

	
	

	Conclusion
	Individual 
Instructor Answers Questions



Before Class: 
· Conclusion exercises from previous lesson (if not completed during class)
· Read introduction in corresponding textbook section (textbook varies, chosen by instructor)
· Read  and answer the first question for this lesson: How can we multiply two numbers together and get a product of zero?

After Class:
· Conclusion exercises from corresponding lesson (if not completed during class)
· Instructor selected practice exercises from corresponding textbook (textbook varies, chosen by instructor)

Optional Extension and Exploration Exercises
· Your company makes metal frames for 8"x10" portraits.  Each frame is cut out of a piece of metal and to keep the weight of the frame down, the area of the frame should be 19 square inches.  What should the width of the metal frame be?

· The solutions of the quadratic equation are the x- intercepts of the graph of the equation.  How can quadratic equations be put in a standard form, which will help graph them.  Can we locate the maximum or minimum points of the graph?

· The shape of a satellite dish is a “parabola” facing up with the receiver located at the “focus” of the “parabola”.  If f(x) = ax² + bx + c defines the function, the vertex of the graph of the function is at ((-b)/2a, f((-b)/2a)).  The vertex of the quadratic function is the maximum or minimum point of the function.

· A retail store manager knows that the daily profit P depends on the number of sales clerks working that day, x.  The function is P = -50x² + 600x + 60.  Find the number of sales clerks to get maximum profit?  What is the maximum profit? - Number of sales clerks x = (-b)/2a = (-600)/(2(-50)) = 6 sales clerks. Maximum profit (Replace x = 6) = -50(6)² + 600(6) + 60 = $1860.

External Resources
· https://www.youtube.com/watch?v=gBNsmXr1a98
· https://www.youtube.com/watch?v=1a0eg86AbFI
· https://www.khanacademy.org/math/algebra/quadratics/quadratics-square-root/v/solving-quadratic-equations-by-square-roots
· https://www.youtube.com/watch?v=CAcpn-JjWrk 
· https://www.khanacademy.org/math/algebra/quadratics/factoring_quadratics/v/example-1-solving-a-quadratic-equation-by-factoring
· https://www.youtube.com/watch?v=SDe-1lGeS0U
· https://www.khanacademy.org/math/algebra/quadratics/completing_the_square/e/completing_the_square_1
· https://www.youtube.com/watch?v=DJMH2F3GuIc
· https://www.khanacademy.org/math/algebra/quadratics/quadratic-formula/e/quadratic_equation
· https://www.youtube.com/watch?v=velArLW85MU

Solutions to select exercises are given in red below.  Additional suggestions on teaching the lesson are provided in dark blue in the worksheet below.  Key formulas and algorithms are given in light blue.  These will not be in the student version of the lesson. 

Lesson 4.3:  Solving Quadratic Equations 
Student Worksheet with Instructor Notes

Zero Product Property 

Launch
1. How can we multiply two numbers together and get a product of zero?

The only way to achieve a product of zero is for one of the factors to be zero.

Instructor Notes: Students should have written down their answers before class.  Discuss answers and share with class.  It may be helpful to review key vocabulary terms such as “product,” “terms” and “factor”.

Working the Problem
2. Consider the problem (x - 2)(x + 3) = 0.
a. If x = 0, is the equation true?
	
No.

Plugging in x=0 yields (0 - 2)(0 + 3) = (-2)(3) = -6
This shows that plugging in 0 for x is NOT equivalent to having a factor of zero.

b. If x - 2 = 0, is the equation true?

Yes.

Replacing x-2 with 0 yields (0)(x+3) = 0 because anything multiplied by zero is zero.

Instructor Notes: Be sure that students understand the difference between plugging in 0 for x and setting the factor equal to x.  Reinforce the idea that x = 0 is not necessarily a solution.




Discussing the Problem

c. What other values of x will make the equation true?  How did you get these answers?

The factor x + 3 would need to be equal to zero

If x+3 = 0, the equation will be true because (x - 2)(0) = 0. 

To solve, set each factor equal to zero and solve that equation for the given variable.  In the example above we would get:
	x - 2 = 0     Solve by adding 2 to both sides of the equation
	x = 2
	and
x + 3  = 0     Solve by subtracting 3 from both sides of the equation
	x = -3.
	
	
Our solutions are x = 2 and x = -3.

3.  Write a rule that we can use to generalize a technique for solving these equations.


Instructor Notes: Students should note that both factors should be set equal to zero to find all possible solutions.  Be sure that students arrive at using the zero product property here.

Zero Product Property

If a·b = 0, then _a = 0_ or _b = 0_ or both _a = 0_ and _b = 0_.





Conclusion

Solve.
1. 3(x + 1)(2x - 5)=0

Set each factor equal to zero.  

*Note that the factor 3 does not have a variable and thus will not yield a unique solution to the problem.

x + 1 = 0     Solve by subtracting 1 from both sides of the equation
   x = -1 
and
2x - 5  = 0     Solve by first adding 5 to both sides of the equation
    2x = 5        Isolate x by dividing both sides of the equation by 2
    x = 5/2
	
	Our solutions are x = 5/2 and x = -1

2. x(4 - x)(x + 2)²=0

Set each factor equal to zero.  

*Note that we have 4 separate factors here.  We can rewrite this as x (4 - x) (x + 2) (x + 2) =0
Since the factor x + 2 has a multiplicity of two (it is repeated) we only need to set it equal to zero once.  That factor will only yield one unique solution.
x = 0     	There is nothing further to solve here.  Our first solution is done.
and
4 - x = 0  	Solve by subtracting 4 from both sides of the equation
   -x = -4  	Isolate x by multiplying or dividing both sides of the equation by -1
   x = 4
and
x + 2  = 0     Solve by subtracting 2 from both sides of the equation
    x = -2
	Our solutions are x = 0, x = 4 and x = -2

Instructor Notes: Students should attempt these in groups and share their answers with the class.  Clarify these special cases before students begin the full assignment.  Students may complete these, along with their take it home assignment, before the next class meeting as necessary.


Factoring 

Launch
1. Consider the equation (x+2)(x+7) = 6.

a. Can we use the zero product property to solve this equation?  What would we need to do first?

Yes.  We can solve basic equations by setting each factor equal to zero.  We would need to factor polynomials first to achieve this form.

Instructor Notes: This is the first example where the equation is not set equal to zero.  Since the zero product property cannot be used and there are multiple ways to achieve a product of 6, students will need to consider other options.  You may consider providing an example from the previous lesson to guide students’ thinking.  Students may not immediately see the relationship between the factored form and the polynomial.

Working the Problem
b. How would we use factoring to help us to solve this?

After multiplying the polynomial and setting it equal to zero, we can combine like terms and factor the resulting polynomial.  Now we can apply the zero product property to solve.

(x+2)(x+7) = 6
x² + 9x + 14 = 6
x² + 9x + 8 = 0
(x + 8)(x+1) = 0
x = -8, x = -1

Discussing the Problem
2. Use factoring and the zero product property to solve x² - x - 2 = 0?

We can rewrite this polynomial in factored form to use the zero product property

Instructor Notes:  Most students will initially try to add 2 to both sides and solve as they would a first degree equation.  Give students time to consider other possibilities.

Yes.  The factored form of x² - x - 2 = 0 is (x - 2) (x + 1) = 0.
Solve this as we did in the previous section.  Set each factor equal to zero and solve the equations.
	x - 4 = 0   and x + 2 = 0  yield the solutions x = 4 and x = -2.

Instructor Notes:  Ask students to formulate a general rule/procedure for solving quadratics by factoring.  
Solving Quadratic Equations by Factoring

Step 1: Write the equation in standard form	ax² + bx + c = 0
Step 2: Factor completely
Step 3: Apply the Zero Product Property (set factors equal to zero)
Step 4:  Solve your equations from Step 3.

Conclusion 

Solve.

1. x² = 6x - 9 

This equation must be set equal to zero first.  Subtract the 6x term and add 9 to both sides.
	x² - 6x + 9 = 0		Now factor this result.  Using the perfect square trinomial rule 
may help
	(x - 3)(x - 3) = 0	Simplify
(x - 3)² = 0		Recall: We only need to set one factor equal to zero since this 
factor has a multiplicity of 2 (repeated solution). 
x - 3 = 0		Solve.
x = 3
*Notice that the perfect square trinomial yields a single solution.

2. x² - 100 = 0

Factor.  Using difference of squares may help here.
	(x + 10)(x - 10) = 0	Set each factor equal to zero.  Notice that these are different 
factors
x + 10 = 0 and x - 10 = 0	Solve.
x = 10 and x = -10

Instructor Notes:  Students should work these problems individually, then share within their groups.  Groups should share results with the class.  Some may remember difference of squares.  Emphasize perfect square trinomials as those will be foundational to completing the square.







Square Root Property 

Launch 

1. Consider the equation you solved by factoring in the previous lesson x² - 100=0.  

a. Not all polynomials will factor nicely.  Try solving this equation without factoring.  Hint: You will not use the zero product property.

If the x² term can be isolated, we can take the square root of both sides of the equation to solve.

Instructor Notes: Allow students some time to struggle with this and consider examples of polynomials that do not factor.


Working the Problem

b. What values, when squared, equal 100?

10 and -10.  (10)(10) = 100 and (-10)(-10) = 100

Instructor Notes:  This builds on the last classroom example from the previous lesson.  Students have become accustomed to setting equations equal to zero.  Ask them to consider reasons/scenarios when we might not set the given quadratic equation equal to zero.

Discussing the Problem 

c. Will more than one number work?  Why?

Yes.  Squaring a negative value gives a positive product.  

Instructor Notes:  Students may not immediately recognize that both -10 and 10 will work.   After students have shared their responses, write out the equation  and use the square root property to show the step-by-step solution.






Square Root Property

If a² = b, then a = and a =  .

Conclusion

Solve.

1. x² = 29

Take the square root of both sides of the equation.  Note that we will have both a positive and a negative result.
		Since this radical cannot be simplified, we will leave it in this form.

2. (x - 2)²= 16

Take the square root of both sides of the equation.  
			Simplify
	x - 2 = 4			Solve the resulting equations
	x - 2 = 4 	and 	x - 2 = -4
	x = 6 and x = -2

Instructor Notes:  Students will struggle with these problems.  Remind them that they can have irrational solutions.  

Completing the Square

Launch

1. Fill in the perfect square number list below.
a. 0² = ____
b. 1² = ____
c. 2² = ____
d. 3² = ____
e. 4² = ____
f. 5² = ____
g. 6² = ____
h. 7² = ____
i. 8² = ____
j. 9² = ____
k. 10² = ____
l. 11² = ____
m. 12² = ____
n. 13² = ____
o. 14² = ____

Instructor Notes:  Remind students of the square root property and that both the positive and negative values yield the same square.  This list should aid students in identifying perfect square values as they proceed into the lesson.  They should feel confident in filling out this chart, can check answers with their peers and should not use calculators to do so. 

Working the Problem

2. Square the binomial x – 3.

Instructor Notes:  You may want to write the problem as (x - 3)², then guide students toward rewriting this as (x -3)(x – 3).  From here, most will see that they will need to use distribution (FOIL) to simplify the polynomial.

Discussing the Problem

3. What number would need to be added to the expression x² + 8x to make it into a perfect square trinomial?  How did you get this value?  Hint: Recall that (x + a)² = x² + 2ax + a²

To get from 2a (2nd term) to a² (last term), take ½ of 8 (coefficient of x) and square that value 


Instructor Notes:  Have students refer back to the last example from the last lesson to recognize that they would need a perfect square trinomial to use the square root property.







Solving Quadratic Equations by Completing the Square

Step 1: Use algebraic manipulation as needed to achieve a lead coefficient of 1.	
That is, in the quadratic form ax² + bx + c = 0, a = 1.
Step 2: Isolate x² + bx on one side of the equation and the constant term c on the other.
Step 3: Calculate ½ of b (the coefficient of x).
Step 4: Square this result and add (½b)² to both sides of the equation. This creates a 
	perfect square trinomial.
Step 5: Factor the perfect square trinomial you created in step 4.
Step 6: Use the Square Root Property to solve.

Instructor Notes:  It may help to remind students about how perfect square trinomials factor.  The procedures for completing the square are not intuitive to most students.  Be sure to show all steps of this process in detail.
Conclusion
Solve.

1. x² + 5x + 3 = 0 

We first need to move the 3 to the other side of the equation to achieve the form x² + bx on the left side of the equation
	x² + 5x = -3

To complete the square, we must now take ½ of the coefficient of x ,5, and square that value.  
	(5/2)² = 25/4

We need to add that to the left side to achieve a perfect square trinomial.  We will also need to add it to the right side to maintain a balanced equation
	x² + 5x + 25/4 = -3 + 25/4

Now we can factor on the left to achieve a perfect square trinomial and simplify on the right.
	(x + 5/2)² = 13/4

Using the square root property, we can now solve this equation.
		Simplify
	(x + 5/2) = 		Write the resulting equations
	x + 5/2 = 		and 	x + 5/2 = -	Solve

	x = 	and 	x = 
2. x² = -10x - 25

First add 10x to both sides of the equation so that we can complete the square
	x² + 10x = -25

Take ½ of 10 and square that value
	(10/2)² = (5)² = 25

Add this value to both sides of the equation to complete the square
	x² + 10x + 25 = -25 + 25

Simplify
	x² + 10x + 25 = 0

Factor the perfect square trinomial
	(x + 5)² = 0

Use the square root property to solve.  *Note that there is only one solution to 
		Simplify
	x + 5 = 0		Solve

	x = -5

Instructor Notes:  Students should attempt these individually, then share their groups’ work and justification with the class.  These examples will guide them toward special cases they will encounter.






Quadratic Formula

Launch 
	There is a technique for solving quadratic equations that, unlike factoring, always works.

Instructor Notes:  It may be helpful to lead a discussion here that summarizes the methods covered previously and their strengths/weaknesses.  This will reinforce previous topics and help them to understand the connections between them.

We can generalize a formula to take any quadratic equation and solve by completing the square.

	This is the original equation.
	ax2 + bx + c = 0

	Move the loose number to the other side.
	ax2 + bx = –c

	Divide through by whatever is multiplied on the squared term.
Take half of the x-term, and square it.
Add the squared term to both sides.
	[image: x^2 + (b/a)x + (b^2/4a^2) = –(c/a) + (b^2/4a^2)]

	Simplify on the right-hand side; in this case, simplify by converting to a common denominator.
	[image: x^2 + (b/a)x + (b^2/4a^2) = –(4ac/4a^2) + (b^2/4a^2)]

	Convert the left-hand side to square form (and do a bit more simplifying on the right).
	[image: (x + b/2a)^2 = (b^2 – 4ac)/4a^2]

	Square-root both sides, remembering to put the "±" on the right.
	[image: x + b/2a = ± sqrt(b^2 – 4ac)/2a]

	Solve for "x =", and simplify as necessary.
	[image: x = [ –b ± sqrt(b^2 – 4ac) ] / 2a]



*Source: http://www.purplemath.com/modules/sqrquad2.htm
Instructor Notes:  Although completing the square always works, it can be laborious.  If time permits, you may derive the quadratic formula as a class here.  If not, provide it in the next step.


Working the Problem
The Quadratic Formula

For quadratic equations in standard form ax² + bx + c = 0,



Instructor Notes:  This formula can be intimidating to students.  You may suggest that they write it down, in its entirety, each time they use it.  This will help them to learn the formula and become accustomed to using it properly.  Labeling the values of a, b and c before plugging them in to the formula can also be helpful.

Discussing the Problem

1. What happens if b² - 4ac (determinant) is:
a. zero?

This will yield only one real solution as in the last conclusion exercise of the previous section.

b. negative?

This will yield imaginary solution(s).

Instructor Notes:  Once students have identified a, b and c, they should be able to apply the quadratic formula.  They may need a brief reminder of complex numbers.  You may spend more time on discussing determinants if possible.






Conclusion

Solve.
1. 3x² + 2x - 7 = 0
Hint: Identify a, b and c first.

Identify a, b and c.
	a = 3, 	b = 2, 	c = -7
Plug a, b and c into the quadratic formula.
=
Simplify
===
 
These solutions can also be written as:
 		and	 

2. x² + 10x = -25

First add 25 to both sides of the equation to achieve quadratic form
	x² + 10x + 25 = 0
Identify a, b and c.
	a = 1, 	b = 10, c = 25
Plug a, b and c into the quadratic formula.
=
Simplify
==
  Simplify

x = -5	






3. 2x² + x + 3 = 0
Identify a, b and c.
	a = 2, 	b = 1, 	c = 3
Plug a, b and c into the quadratic formula.
=
Simplify
==
 
These solutions can also be written as:
 		and	 

4. x² + 2x - ¾ = 0
*Note: In this case, it may be easiest to multiply all terms in the equation by 4.  This will leave us with integer coefficients, rather than fractions.

	4x² + 8x - 3 = 0

Identify a, b and c.
	a = 4, 	b = 8, 	c = -3
Plug a, b and c into the quadratic formula.
=
Simplify
[bookmark: h.gjdgxs]==
 
These solutions can also be written as:
 		and	 







Wrap Up Discussion (optional)

Instructor Notes:  These are notes to guide a brief concluding discussion that you may choose to have with students.  It will help to review and connect the topics covered in this unit.  This may be omitted in the interest of time.

· Factoring

· Fast
· Can apply to polynomials beyond 2nd degree
· Doesn’t always work:  Not all quadratic equations have integer factorizations

· Completing the Square

· Additional applications: This is how we put equations for shapes like parabolas, circles, ellipses and more into a standard form, which will help us to graph them

· Quadratic Formula

· Always works
· Only valid for quadratic equations
· Finds complex roots
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