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Lesson 2.1:  Functions, Part I
INSTRUCTOR NOTES

Targeted Audience

Students have completed Statway 2 or Quantway 1. 

Prerequisite Knowledge
Before doing this lesson, a student should be able to 
1. Write a linear equation for a scenario.
2. Understands how a graph, list of points, and an equation are related.
3. Knows the meaning of a x- and y-intercept of a graph 


Learning Outcomes
Students will be able to
· Describe the meaning of a mathematical relationship, a function, and the difference between the two ideas.
· Determine if a set of points, graph, and/or equation represent a function.
· Find the domain and range of a function presented as a set of points or a graph.

Technology and Materials Needed
· One of the following software platforms:  MyMathLab, Aleks, Hawkes Learning Systems or something similar for homework problems.  
· Paper, pencil, ruler, calculator.

Timeline

	Introduction to Relations and Functions 
	10 Minutes
	Active class discussion with pauses for students to consider bulleted questions before being illustrated by the instructor or another student.  The instructor may wan to consider assigning these first two pages as reading for the students to do before coming to class. 

	Examples 1 and 2
	5 minutes
	Allow students to work in pairs on these problems as the instructor circulates and answers questions.

	Determining if a Graph is a Function
	5 minutes
	Active class discussion with pauses for students to consider bulleted questions before being illustrated by the instructor or another student.  

	Example 3

	5 minutes
	Allow students to work in pairs on this problem as the instructor circulates and answers questions.

	Determining if an Equation  is a Function
	5 minutes
	Instructor presentation.  

	Example 4
	10 minutes
	Allow students to work in pairs on this problem as the instructor circulates and answers questions.

	Wrap-up & Discussion
	10 minutes
	Ask  each pair to consider one of the discussion questions and present their answers to the rest of the class.   



What students should do before coming to class
· Students should read the one page article entitled “Introduction to Functions.”
· You may also want to assign the first two pages of the in-class worksheet for students to read in advance of coming to class.  
· You may want to pick a video from Khan Academy resources (linked below under External Resources) for students to watch before coming to class. 

Exercises students should do after the in-class presentation

· Students can complete any problems in the worksheet that they didn’t finish in class.
· Most mathematical platforms should have a set of exercises related to determining if a relationship is a function.  You may also pick exercises from the Khan Academy resources linked below. 

External Resources:
· https://www.khanacademy.org/math/algebra/algebra-functions/recognizing_functions/v/graphical-relations-and-functions
· https://www.khanacademy.org/math/algebra/algebra-functions/functions-and-function%20notation/v/what-is-a-function
· https://www.khanacademy.org/math/algebra/algebra-functions/recognizing_functions/v/recognizing-functions-example-2


Solutions to select exercises are provided in red below.


Lesson 2.1:  Functions, Part I
Student Reading BEFORE Class 
Introduction to Functions:
A business that produces cell phone covers is trying to decide whether to create a cover for a new model of cell phone.  To make a good decision they need to figure out how their revenue (the amount of money they bring in by selling the covers) compares to their costs (the amount of money they spend producing the covers).  Both the revenue and the cost depend on how many covers the company sells.  This scenario can be expressed as a function.  Once the company has an expression for the functions, they will be able to calculate their profit (the difference between revenue and costs) and make a good decision about whether to expand their product line.  

In mathematical notation, we would describe this with the following mathematical statement: 
If  is the number of cell phone covers sold,  is the revenue if  covers are sold and  is the cost if  covers are produced, then the profit from making and selling  covers can be written as  and .  Once the formulas for these different functions are found they can be used to calculate the profit. 


It’s okay if you don’t fully follow the above mathematical statement.   You will learn about this notation in the upcoming lessons. 

The world is full of relationships like the example above.  For example,
· The time it takes a seed to germinate depends on the temperature of the soil.  
· The amount of daylight for a particular city depends on the time of year. 
· The number of bench presses a student can do depends on the weight they are lifting.  

Whenever one quantity changes with respect to another, we can use a function to represent that relationship. Using functions and function notation provides a powerful tool for connecting and exploring relationships.  Functions play a crucial role in all areas of mathematics and the sciences.  

In the following lessons you will learn what exactly makes a function a special relationship and how to identify a function.  You will see a number of different ways to represent a function and you’ll also learn to write functions and to work with formulas like .  

No matter what you are interested in, functions will help you understand how different quantities are connected.  




Lesson 2.1:  Functions, Part I
Student In-Class Worksheet


Relations

One of the most important ideas in mathematics is that of a function. To understand what a function is, we need to first discuss the more general definition of a relation:

A relation is any correspondence between two sets. The elements in the two sets are paired up in some way. 

We often use the variable x to represent the elements in the first set and the variable y to represent the elements in the second set, but any variables can be used.

Some examples of relations:
· To each person there corresponds an age.
· At a college, to each student there corresponds a list of classes she or he is taking.
· At a hospital, to each day there corresponds a list of babies born.

The set of all elements in the first set is called the domain of the relation.  The set of all elements in the second set is called the range of the relation.  

There are different ways to represent relations:

Mappings:
[image: ]	[image: ]

Listing ordered pairs defined by the relation:

	[image: ]

	[image: ]
		
Ordered pairs are commonly used in mathematics because it can be an easy way to represent relationships between numerical values.  So a list such as this one
[image: ]
also represents a relationship.

Equations can also be thought of as relations because each has a set of points that satisfies the equation.  For example, y = 2x -1  has the points {(0, -1), (1, 1), (2,3) …} that satisfy the equation.  You can think of the equation as a way to describe the relationship between two variables.   Similarly, graphs such as the one below is also another way to represent a relationship.  

	[image: ]   



Mathematical relationships are so much easier than romantic relationships!  They are just a way to show how two things (usually numbers) are related.  Why they are related will come from the context of the mathematical problem.  We’ll explore a few of these in this lesson.



· What are the domain and range of the above relations?




Functions 

A function is a special type of relation. In this type of relation, the input yields only one possible output (unlike the class list example above). The following are all examples of functions:

· To each item in a store there corresponds a price.  Note that no item can have more than one price (at a given point in time).

· To each automobile there corresponds a license number.  Note that no auto can have more than one license number.

· To each number there corresponds its square.  Note that no number has more than one square.

A function is a rule that takes each element in one set (called the domain) and assigns it to exactly one element in a second set (called the range).

In terms of ordered pairs, this means a function is a set of ordered pairs in which no two different ordered pairs have the same first coordinate but different second coordinates.

In functions, the first coordinate is often called the independent variable and the second coordinate is called the dependent variable (since the output depends on the input).

Functions are types of relations.  A relation is any set of ordered pairs.  Every function is a relation, however, not all relations are functions.  The thing that makes a function unique is that whenever you put an input in, you get out a single output.  With a relation, the first coordinate can correspond with two or more second coordinates. This is never true with a function.

Since a function is a relation, it can be represented in all ways that relations can. Functions also have a domain and range. Remember that these are sets and within each set there are elements. The domain is the set of elements (usually numbers) you can input into the function. The range is the set of elements that come out of the function.

If we are using the variables x and y to represent values in the domain and range, then one way to express a function is to use an equation in which y is explicitly expressed in terms of x. For example, 
[image: ]
Here we can see that the output y depends on the input x, and we can say say “y is a function of x.”

Note we can use other variables, too.

Once we know the correspondence between two sets, we can write an equation for it and then use it to make predictions.


EXAMPLE 1:  Joe makes $12 an hour.  

· Write an equation for the amount of money he makes in one week if  S represents his weekly salary and x represents the number of hours he works.



· In the equation you wrote for Joe’s weekly salary, what is the independent variable and what is the dependent variable?  



· If he is not allowed to work more than 40 hours a week, what are the domain and range?




EXAMPLE 2:  Find the domain and range of each relation, and then determine if it defines a function. If it is not a function, explain.
	
· [image: ]



· [image: ]



· [image: ]







Determining if a graph defines y as a function of x: 


· Compare the two graphs below.  Which one is a function?  How do you know?

	[image: ]	[image: ]


Vertical Line Test:  If we draw a vertical line at any place on the graph of a relation and it crosses the graph more than once, then that relation is not a function.  If every vertical line crosses the graph at most one time, the graph is that of a function.




EXAMPLE 3:  Determine if each of the following graphical relations defines y as a function of x. If not, explain why.   If  it is a function, find the domain and range.

a. 
Quantway® Version 2.6, CC BY-NC-SA, © 2017 The Carnegie Foundation for the Advancement of Teaching
b. 

[image: ]




c. 
[image: ]





d. 

[image: ]


d. 
[image: ]



Determining if an equation defines y as a function of x:  

One way we can try to determine if an equation defines a function (y as a function of x) is to try and solve for y. If we can isolate y so there is only one rule (i.e. one output) for y given a value of x, then we know we have a function.  When doing this we are trying to obtain something like:

	 y = an expression in terms of x. 


EXAMPLE 4:   Determine if each of the following relations define  y as a function of x. If not, explain why.
a) [image: ]					






b) 







c) 2x + y2 =4					











d) 
2x2 + y = 4







e) [image: ]














Discussion Questions:  Consider each of the questions below.  Be prepared to explain your reasoning. 
[bookmark: h.gjdgxs]
· Can the graph of a function have more than one y-intercept?



· Can the graph of a function have more than one x-intercept?



· Can you come up with a real world example of a relation that is not a function?



· Can you come up with a real world example of a relation that is a function?



· How can you determine if a list of ordered pairs defines a function?



· How does the vertical line test help determine if a graph defines a function?

















[bookmark: _GoBack]

[image: https://lh4.googleusercontent.com/aRZcpSs1OzCHJm3ooUYlHh-rOnyYnj3sSHw2V2r7gf7Ygons6s14yXJrEWXSiNdO32ccUpsbg1Yl9aa1FjHpQXIlN5G4OREtk7YU5c2CplfY9AMbHvr5xKfMHHqLUhcOqTLyOZs]This Lesson is published under the Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License (CC BY-NC-SA).  See https://creativecommons.org/licenses/by-nc-sa/4.0/ for more about the terms.  In general terms, you may use this for any non-commercial purpose as long as you give appropriate credit to The Carnegie Foundation for the Advancement of Teaching, including the Foundation’s copyright notice, and, if you remix or build upon it and publish the result, you must do so under the same license and provide its link.
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