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Lesson 3:  Rules of Exponents
INSTRUCTOR NOTES

Target Audience:  
The main target is current Statway 2 students who are also enrolled in a Bridge course.  The first portion of the lesson (expressions with positive integer exponents) is also suitable to be covered concurrently with module 4 (Exponential Models) in Statway 1.  The students who plan to enroll in a college algebra, precalculus or business math course are expected to benefit from the lesson content, too.

Prerequisite Knowledge: 
· Arithmetic operations,  absolute value and algebraic expressions that involve fractions, squares and cubes
· Square roots, cube roots (for an introduction to the rational exponents) 
· More general radical notation (for general rational exponents)

Learning Outcomes (The Common Core Standards):

· CCSS.MATH.CONTENT.8.EE.A.1 
Know and apply the properties of integer exponents to generate equivalent numerical expressions.  For example,  32 × 3-5 = 3-3 = 1/33 = 1/27. CCSS.MATH.CONTENT.HSN.RN.A.1
Explain how the definition of the meaning of rational exponents follows from extending the properties of integer exponents to those values, allowing for a notation for radicals in terms of rational exponents. For example, we define 51/3 to be the cube root of 5 because we want (51/3)3 = 5(1/3)3 to hold, so (51/3)3 must equal 5.
· CCSS.MATH.CONTENT.HSN.RN.A.2 
Rewrite expressions involving radicals and rational exponents using the properties of exponents.

Optional Section (Scientific Notation)
· CCSS.MATH.CONTENT.8.EE.A.3
Use numbers expressed in the form of a single digit times an integer power of 10 to estimate very large or very small quantities, and to express how many times as much one is than the other. For example, estimate the population of the United States as 3 times 108 and the population of the world as 7 times 109, and determine that the world population is more than 20 times larger.
· CCSS.MATH.CONTENT.8.EE.A.4
Perform operations with numbers expressed in scientific notation, including problems where both decimal and scientific notation are used. Use scientific notation and choose units of appropriate size for measurements of very large or very small quantities (e.g., use millimeters per year for seafloor spreading). Interpret scientific notation that has been generated by technology.

Materials and/or Technology Required/Recommended:

· Paper, pencil and student worksheet
· Scientific or graphing calculators  (one per group or pair would be fine)
· The folded papers that students used for the pre-class activity (to facilitate the small group discussions at the beginning of the class meeting)
· A computer with internet access (for the presentation of the instructor) if the instructor prefers to show a short video to students during the lecture
· Game cards (if the instructor decides to use Karuta game – see Extensions/ Exploration Exercises).


Pedagogical Model/ Course Design

The structure of the student worksheets in Statway lessons and the essence of the Carnegie Problem Cycle are reflected in the organization and presentation of the course material as much as possible. Self-directed learning and self-exploration through hands-on experience and applied real life contexts are intended for the pre-class activity. Small group or pair discussions are guided through in-class worksheets and use of technology. Productive struggle mentality is encouraged in both in-class exercises and after-class work (take-it-home exercises and online assignments). There are also a few rather difficult questions in the student worksheet, but they are not intended to be answered at that time. For example, the following questions are not meant to be discussed in detail at the time they are introduced (but may be briefly discussed if the students inquire about them towards the end of the lesson):  “What does  mean? How do we compute it?”

Even though most of the rules and facts about exponents are introduced gradually through numerical examples, the instructor may choose to spend more time and provide more examples for certain exponent exponent rules, especially if the background of the students is weak or if there is sufficient time for the additional activities. If the instructor feels that the pre-class activity is trivial for the students, it can be skipped. One way to test if the students can distinguish between additive versus multiplicative models is to ask this question: If we toss a coin three times, how many outcomes do we get? If you hear the response to be “six”,  then it is worth asking them to do the pre-class activity. 

The optional lesson on scientific notation is included in the student worksheet mainly because:

· It is preferred in the text for working with very small or very large numbers, especially when working with the decimals
· It is included in the CCSs, and most remedial Math students have difficulty in working with the decimals and (positive and negative) powers of 10
· Students make critical mistakes using a calculator and sometimes don’t recognize the representation of the powers of 10 (with E notation). This is particularly problematic for the probability and percentage computations where students cannot translate the number on the calculator correctly.

Timeline. The lesson (without the optional part) would take about 80 minutes, with specific time estimates given below:

	Time
	Activity
	Format

	10 minutes
	Introduction and Exercises 1-3
	Small groups

	25 minutes
	Integer exponents and exercises 4-11
	Pairs or small groups

	20 minutes
	Rules of exponents and exercises 12-14
	 Individually


	25 minutes
	Next steps, rational exponents and exercises 15-16
	Whole class discussion and small group work

	10 minutes
	Scientific notation (optional)
	



What students should do before coming to class
· An activity is included in the worksheet for students to complete before class.  This activity includes exploring folding paper and watching a related video.

Exercises students should do after the in-class presentation
· A set of take it home exercises are included at the end of the student worksheet.

Extensions and/or Exploration Exercises

1. For instructors who prefer to spend more class time with hands-on activities and fun games, one option would be Karuta game or similar card games. The following link contains several worksheets (including a description of the Karuta game) designed for students to discover and practice the exponent rules: 

http://dontpanictheansweris42.blogspot.com/2012/01/i-feel-like-getting-up-onto-my-little.html

[bookmark: h.2et92p0]2. For those who prefer some additional online tutorials and exercises (especially due to time constraints), the Khan Academy Basic Toolkit site can be utilized. In particular,  the practice problems for fractional exponents (which wasn’t fully covered in the student worksheet) could be useful:

https://www.khanacademy.org/math/algebra/exponent-equations/fractional-exponents-tut/e /exponents_2

Similar links may be tried for simplifying more complex radicals and relating them to the solutions of quadratic equations.

3. For instructors who have time to cover more algebraic manipulations including a change of base, equivalent forms of such expressions and applications to interest rate problems may also consider some online content. For example:

https://www.khanacademy.org/math/algebra/exponent-equations/exponent-properties-algebra/e/equivalent-forms-of-expressions-with-variable-exponents

This would add an additional learning outcome:

CCSS.MATH.CONTENT.HSA.SSE.B.3.C

Use the properties of exponents to transform expressions for exponential functions. For example the expression 1.15t can be rewritten as (1.151/12)12t ≈ 1.01212t to reveal the approximate equivalent monthly interest rate if the annual rate is 15%.




Lesson 3.1:  Rules of Exponents
Student Activity to Complete BEFORE CLASS

Please complete the following pre-class work and answer the questions as best as you can before the next class meeting.  Note that this task also involves watching a short video at the link provided in question 5. We will discuss these questions during the next class meeting.  It would be great if you bring the paper you will fold during this task with you.

Consider a letter-size rectangular sheet of paper. If you fold it in half, you would obtain two rectangular pieces, each with length smaller than the original page. If you fold it once more, you would get four smaller rectangular pieces. 

Now, do this folding activity yourself and answer the following five questions: 

1. What is the total number of small size rectangles after the third folding?


2. What is the total number of small size rectangles after the fourth folding? 


3. How many times could you fold the paper in total? What is the total number of the smallest rectangles that are formed in the paper?



4. Can you guess a formula for the total number of such small rectangles obtained after the nth folding?  This would be an expression in terms of n.  



5. This paper-folding activity is an example of an exponential growth model where multiplication rather than addition plays a major role. For a better comparison of multiplicative versus additive models, please watch the short video at the link below. 

http://www.sciencealert.com/features/20142007-25891.html

Then, write a paragraph in the space below that highlights what you have learned about exponential growth.







Lesson 3.1:  Rules of Exponents
In-Class Student Worksheet

INTRODUCTION

The activities that you have completed before the class meeting are intended to give you some ideas and hands-on experience about how the exponential rules and models work. Before we cover the rules of exponents more formally, let’s complete a short group discussion of the pre-class activity.  

Answer the following questions after discussing the individual responses to the questions in the pre-class activity within your group:

1. Compare your answers to the items 1-4 of the pre-class activity. In particular, compare your guess for the formula in question 4 with your group members.  Did you agree on a formula as a group? If so, write it below.




2. Now, apply your formula to predict the number of small rectangles that would be obtained if a rectangular sheet of paper is folded seven times. Does the answer you have seem reasonable? 




3. Discuss the short paragraphs that the group members wrote regarding the video viewing portion (item 5) of the pre-class activity. Can you give an example of a real world application that involves such a doubling phenomenon?







Integer Exponents

The pre-class activity and the discussions above provided some examples of exponential growth models. We now introduce some basic terms and mathematical foundations for such models starting with the simplest and most intuitive case, the integer exponents. 

An exponential expression with an integer exponenthas the form an where a is a real number and n is an integer. We use exponents to represent repeated multiplication by a fixed number a. For example,  







In the example  the number 2 is called the base and the number 3 is called the exponent or power.  In that example, we say “two to the power of three is eight” or simply “two cubed is eight”.  

More generally, for any positive integer a  the expression  an  represents:

an = a*a*a….*a  (a is repeated n times)

and is read “a to the power ” or “ raised to the power .”  By using repeated multiplication and rearrangement of terms, we can simplify certain exponential expressions algebraically. For example,   can be written as




Notes:
· Most calculators, including scientific calculators, have a ^  key to compute an exponent. For example, you enter 2^4 to compute  

· The operation of computing a power is performed before other operations in an expression involving exponents unless there are parentheses. For instance, 

                 and 

                                               


Positive integer exponents 

We first cover the case of positive integer exponents in more detail before we discuss the case of negative exponents.  When  is a positive integer, the way that the expression  increases or decreases is determined by the value of . We will now review such properties of exponents by considering examples for each of the three cases for the values of .

Examples with a>1:  
For Clearly, the higher the power 3 is raised to, the larger the value. By trying different values of a (greater than 1),  we can conclude that the expression  is increasing as the exponent  increases.

Examples with <a<1: 

For a=, we obtain 
Similarly, for a= The expression  is decreasing as the exponent  increases. If we keep taking a higher power of a, we observe that  is getting closer and closer to zero. 

Note that for very small and very large numbers, using scientific notation with decimals would be helpful. A short review of scientific notation is covered as an optional section.

Examples with a<: 

For a=-1,  

For a=-2,  

The result is a positive number if the exponent is even, and it is negative if the exponent is an odd number.


TRY THESE:

Answer each of the following questions based on your understanding of the expressions with integer exponents:

4. What happens if a= or a=1 in an expression  where  is a positive integer?



5. What is   Is there a shorter way to represent it?



6. How would you represent in a shorter way?





7. How might you evaluate  Can you generalize this result to 




8. Consider what the negative exponent (-1) means in the expression? Does it make the expression a negative number?




 
The exercises 7 and 8 above don’t actually involve positive exponents. The expressions  and  are perhaps less intuitive than expressions with positive integers.  We are now ready to consider more general cases including the negative exponents.




Negative Exponents

A negative exponent in an exponential expression indicates how many times we divide 1 by the base. For example,    (also called the reciprocal of 2) since we obtain ½ or  if we divide 1 by 2 (once). If we divide this result by 2 once again, we obtain . Similarly,   involves dividing 1 by 5 twice: 

.
	
9. Rewrite each of the following as a fraction using the method described above:    , , 








10. Compute the value of each of the following and then state a rule from the pattern you observe:  









More generally, if  is a positive integer, then =1/ since 1 is divided by  exactly  times. Even though this description is useful for integer exponents, it gets less intuitive to explain its meaning for even more general cases. For instance, what does  mean? How do we compute it? We are going to address such generalizations by considering the “rational exponents” case.

There are some rules that help us simplify expressions with exponents and compute their values algebraically. 

11. Compute and compare the expressions   and . Are they equal?






We now list a few very useful rules of exponents below that we expect to use more frequently in this lesson. 



Rules of Exponents

Let a and b be non-zero real numbers, and m and n be integers. Then, the following rules hold:

a.  and if  

b. If , then   

c. If , then . More generally, 

  d.  

  e. .

  f.  If , then.   


By taking advantage of these rules, we can recompute the TRY THESE exercises 5 and 6 as follows:  

 	and	 

· Note that  is not equal to  in general (unless  or . 
· Similarly,  is not equal to  in general.


12.  In the table given below, both the product rule of exponents (rule (a)) and the direct multiplication with rearrangement are applied in the first row.  Using a similar approach, simplify the other expressions in the remaining rows.

	 
	(
	

	
	
	

	
	
	



13. Using the rules of the exponents listed above, simplify the following expressions as much as possible:

a.   =


b.  = 



c. 


14. Simplify the expressions below such that the exponents are not negative. For example, you would rewrite  as  .
a.   



b.     where  and 



c.      where 




NEXT STEPS:  Rational Exponents

In this section, we will generalize the integer exponents to the case of rational exponents, and discuss their connections with the radical expressions. We first start with a short review of the notation for the radicals and principal nth roots on simple examples with integer exponents:

Consider the expressions   and   When the base 2 is raised to the third power, we obtain the result 8. If we reverse this operation starting from 8, then we say that the cube root of 8 is 2. One way to write this fact mathematically is to use the radical notation:   Similarly, when we reverse the operation in the expression  to solve for ,  we notice that there are two solutions of these equation, namely  =-2 and  =2.  So both would be a “square root” of 4. In this case, we use the notation  or simply  to denote the positive square root or the principal square root of 4, which is 2. However, an expression like   is not a real number since the square of no real number would be equal to -1.  Expressions like  are called imaginary numbers and are interpreted in the context of complex numbers (which are out of the scope of this lesson).

More generally, if  is a positive integer larger than 1 and  is a real number, then the notation    denotes the principal nth root of .  In the radical expression ,  is called the index and  is called the radicand.  

For example, in the equation   the index is 3 and radicand is 8.

The expression    means that  as long as these expressions make sense mathematically. For example,   since   However,  is not defined as a real number (can you explain why?). More specifically, the facts below are valid for the principal nth roots:

· if  is an even number and  is non-negative, then   is also non-negative,
· if  is even and  is negative, then   is not a real number,
· when  is odd,    and  have the same sign (or both are zero). 

We also have the following rules for simplifying the principal nth roots:

 if   is an odd integer larger than 2.

  if   is an even integer larger than or equal to 2.

Examples 

The following are some examples of “perfect roots” where each result is an exact integers or a rational number (a fraction of integers) so no numerical approximation is needed:

1.  and 

2. 

3. 

4. 

If a radical expression doesn’t have a perfect root as a rational number, then the result is called an irrational number. For example, the expressions  are examples of irrational numbers. We can approximate them through some decimal representations using a calculator. However, they cannot be written as an exact fraction or decimal number. For example, if we use a calculator to compute , we get an approximate value like  but we can never find an exact decimal number whose square will be 2.
 
Note that  Therefore, if we want to represent   as an expression with exponents, it would be  so that  is confirmed.

More generally, for a nonnegative real number  holds. For example, using this new notation,  . 

Similarly, the cubic root expressions  can be written as  Representing radicals with exponents is usually very helpful in simplifying them via the rules of exponents. For example, if   is any real number, then =  is always valid. We can also manipulate this expression backwards as  

More examples of simplifying radical expressions:

 =

 = 

(-)(+)= +





Note that expressions like   and  are not the same. In fact, the latter one is not a real number while    


15. Decide which of the expressions below are irrational and which ones are perfect roots.  If an expression is a perfect root, then find its value.

a.   



b.  



c.  



d.   



e.  




16. Simplify the following radical expressions:

a.  





b.  






c.  (2 -)(2 +)




 Scientific Notation (OPTIONAL LESSON)

Scientific notation is a very useful tool when working with very small or very large numbers. For example, a small decimal number like  can be represented by the expression . Likewise, a relatively large number like  can be written as , using the scientific notation. Therefore, this format is preferred whenever a small decimal number or a large number contains many zeros. 

When we multiply or divide the expressions that are written in scientific notation, we use the rules of exponents. For example, consider the product of the expressions and  through rearrangement:

              

In order to perform addition and subtraction operations algebraically, the exponents of the expressions with the scientific notation should be the same. For example,

 and 



Note that if you use a calculator, you may notice expressions of the form 1.5 E +4. Such an expression actually represents a number like   written in scientific notation. Similarly, 1.5 E -4 would represent  .

17.  Simplify the following expressions which are given in the scientific notation: 

a. 



b.   



c.  




d.   




Lesson 3.1:  Rules of Exponents
Student TAKE-IT-HOME ACTIVITIES & EXERCISES

It is easy to forget the rules of exponents unless they are practiced frequently and applied consciously. Moreover, it takes time to know which rules would apply in which order for simplifying a complicated exponential expression. The activities and exercises below are intended to provide you with more practice and improve your skills in working with the exponents of various forms.

1. In the table given below, repeated multiplication, rearrangement of the terms and power rule are applied to simplify the expression in the first row.  Using a similar manner, simplify the other expressions.

	 
	      (4
	   

	 /b
	
	

	
	
	



2. Evaluate each of the following expressions:

a.  


b. 


c. 


d. 


e. 


3. Simplify the following radicals as much as possible. 

a. -



b. 



c.  

d. 



e. (3 -) (3 +)



4. Assuming that the numbers a and b are non-zero real numbers, simplify the following radicals.

a. -


b.  



c.  



d. +



5. There are plenty of free online sources for you to review and practice expressions with exponents and other algebra concepts. For example, you may visit the Khan Academy Basic Toolkit site to test your skills in various topics of algebra at 

https://www.khanacademy.org/mission/algebra-basics . 

The purpose of this exercise is to get you familiar with this toolkit and improve your skills when working with both exponents.  Visit the following site and work on the sample questions until you get five correct answers in a row: 

https://www.khanacademy.org/math/algebra/exponent-equations/alg-integer-exponents/e/exponents_2
        

Additional Sources: The links below include some external sources for more examples and real life applications including the use calculators in the context of exponential expressions. 

· http://www.sciencealert.com/features/20142007-25891.html 
· http://www.mathsisfun.com/algebra/exponent-laws.html 
· http://www.purplemath.com/modules/exponent5.htm
· https://www.khanacademy.org/mission/algebra-basics
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