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What is a likelihood encoder?

@ a stochastic source encoder: f,: X" — M

X Ercaer ) {Beeoder )

Given
@ a codebook {y"(m)},, m < [1: 2]
@ a joint distribution Pxy

the likelihood function for each codeword:
L(m[x") £ Pxajya(x"ly"(m)) = ]| Pxjy (x"ly"(m))

the likelihood encoder determines the message index according to:

L(m|x")

m’ €[1:27R] E(m’|x”)

Puixn(m|x") = 5 o L(m|x").

Song, Cuff, Poor (Princeton University) Likelihood Encoder July 3, 2014

2/1



What can a likelihood encoder do?

It can be used for achievability proofs of
@ Point-to-point rate-distortion theory [Cuff & Song, ITW '13]
@ Wyner-Ziv (this talk)
@ Berger-Tung inner bound (this talk)

o Rate-distortion based secrecy systems (Schieler & Cuff, Satpathy &
Cuff, ISIT "14 Mon)
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Why likelihood encoder?

@ Simpler proofs
> no “error” events
» soft-covering lemma

@ Results hold for both discrete and continuous alphabets

@ No need for Markov lemma, mutual packing lemma, ...
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Warm-up | — total variation distance

P — Qll7v = sup
ACF

[P(A) = Q(A)l.

Continuity: If f(x) has bounded range with width b € R, then

IP-Qllrv <e = |Ep[f(X)] — EQ[f(X)]‘ < eb.
@ Triangle inequality:

1P = @llrv < [IP=Slrv + 5= Ql7v.

Multiplicative identity:

[PxPyix — QxPyxllTv = [[Px — Qx| 1v.

Joint-Marginal inequality:
|IPx — QxllTv < ||Pxy — Qxv| Tv-
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Warm-up Il — Soft-Covering lemma
Lemma (Wyner '75; Han-Verdd '93; Cuff '12)

o Given
1) ny
2) random C") of sequences Y"(m) ~ [17_; Py(y:),
m e [1:2F],
@ Pxn: the output distribution induced by
1) M ~ Unif[1 : 2"R]
2) M — Y"(M) = ] Pxy

Then if R > I(X; Y),
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Review — point-to-point rate distortion theory

e Distortion measure d(-,-)
> d(x",y") = 5 20, d(xe, ve)
> dmax = MaX(x,y)exxy d(x, )
@ i.i.d. source sequence X" ~ [[ Px = Pxn

o E[d(X",Y")] <, D

X" M yn

R(D) = _ min %(X; Y)
Py x:E[d(X,Y)]<D

@ System induced distribution:

Pxnmyn(x", m, y") = Pxn(x")PLe(m|x")Pp(y"|m)
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Recipe

@ System induced distribution P

o ldealized distribution Q

o Distortion under Q <> single-letter distortion
e SC=|P-Qlrv —n0
°

Distortion under P —,, Distortion under Q
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Achievability scheme

o Fix
» D
> ﬁy|x: Es[d(X;Y)] < D
» R>I5(X;Y)

Codebook generation: Independently generate 2R sequences in )"
according to [[7_; Py(yt) and index them by m € [1 : 27F].

@ Encoder: the likelihood encoder with
L(m|x") = Pxajyn(x"|Y"(m)).

@ Decoder: codeword lookup Pp(y"|m) = 1{y" = Y"(m)}.
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Analysis

M Y"™"(M) — X"

@ ldealized distribution
n n 1 n n - )
Qxoyom(x",y" m) = Zp1{y" =Y (m)} TT Pxiy (xelye)
t=1

@ Properties of Q:
> QM‘Xn(m|Xn) = P[_E(m|X")

> Qyrm(y"|m) = Pp(y"[m)
> Ec[Qxnyn(x", y")] = Pxnya(x", y")
> Ecw [Eq[d(X", Y]] = E5[d(X, Y)]
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Analysis — continued
e Pand Qareclosein TV, R > /5(X;Y)

Ecw [[[Pxnyn — QxnynllTv] < Eow [[IPxoyopm — Qxoyom|7v]

(M) -

=" Ec [[[Pxn — Qxn | 7v]
sC

< €, —n0

@ Bound the expected distortion under P

Ecwm [Ep[d(X", YN)]] = Eci [Eq[d (X", Y]]
Ecwm [[Ep[d(X", Y")] — Eq[d(X", Y")]|]

—

IA IAD IA

dmaxEC(n) [HPX”Y" - QXnyn H TV]
dmaxﬁn

o Finally,

EC(") [Ep[d(X”, Yn)]] < D + dmax€n
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Warm-up IlI-Approximation lemma

Lemma

For a distribution Pyyx and 0 < e < 1,

PlU#V]<e =

|Pux — Pux|lTv < e.
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Wyner-Ziv
e i.i.d. source with correlated side info X"Z" ~ [ Pxz

o E[d(X",Y")] <, D

n

M yn

n

R(D)=_ min  Ix(X;V|2)
Py|xz€M(D)
M(D):{ﬁV|XZ: V—X—Z,
V<X +1,

and there exists a function ¢ s.t.

E[d(X,Y)]<D,Y 2 ¢(V,Z)}.
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Wyner-Ziv

X" yn
Encoder f, Decoder g,

@ System induced distribution:

n n ! Al n
Px"anM'/\“//fyn(X yZ o, mom,m,y )

= Pxnzo(x", 2")Pre(m, m'|x")Pp (A |m, z")Pe(y"|m, A, z")
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Achievability scheme

o Fix
» D
> Py|xz € M(D) with corresponding ¢
> R+ R > I5(X; V), R < Ix(V; 2)
@ Codebook generation: Independently generate 2n(R+R) sequences in
V" according to [[7_; Pv(vi) and index by
(m,m') € [1:2"R] x [1:2"K].

@ Encoder: the likelihood encoder with

L(m, m|x") = Pxoyn(x"|V"(m, m')).

@ Decoder
» Pp(/'|m,z"): a good channel decoder w.r.t.
* sub-codebook C(")(ml: {v"(m,a)}a
* memoryless channel Pzy
» Po(y"|m, A, z") = 1{y" = ¢"(V"(m, "), z")}
* ¢"(v",z") is the concatenation {¢(vt, z¢)} -1
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Analysis

M Vi(M,M') — X"
M/ Zn

@ ldealized distribution
/
Qxnzovopmr (X", 2", v, m,m’)

1 no_ _
- Wﬂ{vn = V(m, m,)}HPX\V(Xt|Vt)PZ|X(Zt|Xt)

t=1

@ Properties of Q:
> Quinxn(m, m'|x") = Pre(m, m'[x")
> EC(“) [anznvn(x”,z”, Vn)] = PXnvan(Xn7Zn, Vn)
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Analysis—continued

@ Two distributions

(1) vy
Qo zonanpsaryn (X" 275 my ', A, y7)
/

2 Qxozommr (X", 2", m, mPp (A |m, z")Pe(y"|m, ', z")

2 A
Q§<32”MM’M’Y"(X 2% m,m', fif, y")
2 Qxozopmr (X", 2", m, mPp (A |m, z")Pe(y"|m, m', z")

e P and QM are close in TV

sc
(1)
Ecw [”PX"Z"MM’I\A/I’Y" Qoo yo TV < €0 —n 0

@ Distortion under Q(2)

Eow [Eqa[d(X", Y™M)]] = Epld(X, Y)]
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Analysis—continued
o Pou[M' # M| = Poe [M' # M']
@ Channel coding for fixed M

Yl

M Vo (M, M) — z" M
c(n) Pziv channel decoder]—»

M/

v

sub-codebook C(”)(m_) ={v"(m,a)},
memoryless channel Pz,

R < I5(V; Z) = B¢ []P’Q(U[M’ # /\71’]] < 5y —4n 0

v

v

v

A

EC(") |:||QS'?Z"MMIY" - Qg?'?Z"MM’Y"”TV} S 5”
(2) (7)

-} EC(") |:HPXnYn — QX"Y"”TV] < ep+ (5n

©)
o Ep [Ep[d(X™, YN < Exs[d(X, )] + dmax(€n + 0n)
i EE T



Berger-Tung inner bound

@ i.i.d. source sequences X1"Xo" ~ ]_[ﬁxlx2
o E[di(X1", Y1")] <, D1, E[da(X2", Y2™)] <p D2

O

X" M Y1
o
Decoder g,
-
X" M, Yo"
N

Ry > Is(Xy; Ur]Us),
Ry > I5(Xa; Uz|Ur),
Ri+ Ry > (X1, Xz; Uy, Us),

ﬁU1U2|X1X2 DU = X1 = Xo = Uy,
qf)k(-, ) s.t. ]E[dk(Xk, Yk)] < Dy, where Y £ ¢k(U1, U2)7 k=1,2.
@ not convex: can be improved through time-sharing
o sufficient to show for corner points:
Cl £ (Iﬁ(Xl; Ul), %(XZ U2‘U1)). C2 = (%(Xl; U1|U2)7 /ﬁ(Xg; UQ))
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Achievability proof idea

e Demonstrate with C; £ (lﬁ(Xl; Ur), ls(Xa; U2|U1))

@ System induced distribution:

PXI"XQ"UI"MlMQMWng"YQ" = Px,nx,"P1P2

» Pi(my, u1"[x1") = Prea(ma|x1")Pp1(ur”|my)
* same form as P2P
* Puynixn(m, y"|x") = PLe(m|x")Pp(y"|m)
> Pa(ma, my, iy, 1", 2" [x2", 11 ") =
PLe2(m2, my|x2")Pp (M| ma, un") [ T4y o Pok(yi"[us”, ma, i)
* same form as WZ
* PMM’M’Y"\X"Z"(mv m' /', y"x", 2") =
PLE(m, ITI,‘XH)PD(I/'hI|I'I‘I7 Zn)Pq)(yn|Zn, m, r'h')
o Fix
> Dy, Do
> Puixax : Ui — X1 — Xo — Us
and ¢y s.t. E[dk(Xk, Yk)] < Dy, where Yy £ (bk(Ul, Ug)
> Ry > lﬁ(Xl; Ul), Ry + Ré > /ﬁ(XQ; U2), Ré < /ﬁ(Ul; U2)
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@ Codebook generation:
> Ci"): independently generate 2™ sequences in U;" according to
[17—; Pu,(u1¢) and index them by my € [1: 27R1]
> Cé"): independently generate 2"(R:+R2) sequences in U," according to
17—, Pu,(u2,) and index them by (my, mj) € [1: 27R] x [1: 27R¢]
@ Encoders:
» Prei(my|x1"): likelihood encoder with

L(my|x1") = Px,npn (0" UL"(m1))
> Prea(mo, mh|x2"): likelihood encoder with
L(mz, my|xo") = Py (2" U2" (ma, my"))

@ Decoder:
» Ppi(ui"|my)=1{w," = U,"(m)}, C§") codeword lookup
» Pp(my'|ms, u1"): a good channel decoder w.r.t.
* sub-codebook Cé")(mi) = {"(m>,a)}a
* memoryless channel Py, y,
> Pos(yk"[tn", ma, y)= 1{yx" = ¢x"(tn", Ua"(m2, 3))}
* ¢r"(ur", up") is the concatenation {¢(u1y, u2e) }o—1
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Analysis—key steps

° Q]-X1”X2"U1"M1M2M£’\A/’£Y1”Y2” = Q1M1U1nX1"X2"P2
> ldealized distribution:

1 — _
Q1 = W]l{ul" = Uln(ml)}lenluln(X1n|Uln)PXanxln(X2n|X1n)

sc
> B Q1 —Pll7v] < €1y
° Q7 = E(}g") |:Q1X1"X2"U1"M2M£I\A/I£Y1"an] = PXlnX2"U1"P2
> Eco [Ep [d(X", Vi)l < Eq; [di(Xe", Yi")] + dkmax€in

@ Treat Q7 as “P in WZ"
» SC+-channel coding
> B [Eaq: [de(X", Y]] < Ep [di(Xi, Yie)] + dimax (€25 + 1)

o Finally,
Egon |Egon [Ep [de (X", Vi)l
< Eﬁ [dk(Xk7 Yk)] + dkmaxeln + dkmax(€2n + 5")
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Summary

@ Tool: Soft-covering lemma
@ Likelihood encoder for achievability proofs of
» P2P
> Wyner-Ziv
» Berger-Tung inner bound
@ Joint-typicality encoder: Markov lemma, subtleties in decoding bin
index, etc...
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