39

Appendix. Comparing Five Theories of Presupposition Projection

In this Appendix, we define one base language (called L) and study five accounts of presupposition projection in
that language: dynamic semantics, the Transparency theory, our version of local satisfaction, a supervaluationist
alternative, and a Strong Kleene alternative.

1. Syntax of L
-Generalized Quantifiers: Q ::= Q,
-Predicates: P ::= P; | P,P,
-Propositions: p ::= p; | pipx
-Formulas F::= pl(notF)| (Fand F) | (For F) I Gif F.F) | (Q,;P .P)
To state some of our principles, the official object language is enriched with:
(a) predicate conjunction: if P and P’ are predicates, so is (P and P’).
(b) restrictions of predicative and propositional types:
if ¢’ is a predicative context variable and if P is a predicate, P is a predicative expression;
if ¢’ is a propositional context variable and if F is a formula, “F is a formula.
Terminology: The ‘propositional fragment’ of L is the language defined by the expressions in bold

We start by defining a classical semantics, which we call /. On a technical level, we assume that:

-each propositional letter is assigned by I a function of type <s, t>

-each predicate is letter is assigned by I a function of type <s, <e, t>>

-each generalized quantifier Q; corresponds to a ‘tree of numbers’ f;, which associates a truth value to each pair
of the form (a, b) with a = the number of elements that satisfy the restrictor but not the nuclear scope and b =
the number of elements that satisfy both the restrictor and the nuclear scope.

Logical constants are given a syncategorematic semantics.

Instead of writing I(F)(w) = 1, we sometimes use the notation w |I= F. We will also abbreviate I(F)(w) as [F]
or even as F" . When we use an extended language to state some of our principles, we will sometimes need
assignment functions, and we will write w |I=° F, I(F)(w) or [ F]™ ® to indicate relativization of the relevant
notions to the assignment function s.

When certain elements are optional, we place angle brackets (< >) around them and around the corresponding
part of the semantic rules.

w

2. Classical Semantics (called 7 in what follows)
wl=piffp¥ =1
wl=pp'iffp"=pV =1
w = (not F) iff w Iz F
wl=(Fand G) iff wl=Fand w =G
wl=(ForG)iff wl=Forwl=G
wil=(GfF.G)iff wlzForwl|=G
w I= (Q<P>P'.<Q>Q)) iff fi(a,, b,)=1 with a,={dED: <P*(d) = 1 and>P"™(d) = 1 and (<Q%(d) =0 or> Q"™(d)
=0)}, b,={dED: <P¥(d) = 1 and>P"™(d) = 1 and <Q%(d) =1 and> Q"™(d) =1}
Additions (a) and (b) in 1 can be interpreted thanks to 5b below.

For reasons of simplicity, we will assume throughout that L is extremely expressive: any proposition or property
can be expressed by an atomic expression:

3. Expressivity
Every proposition and every property is denoted by some atomic expression of L.

We repeat from the text our definitions of generalized entailment and generalized conjunction; they are intended
for much richer type-theoretic languages, but are applicable in the present framework.

4. Generalized Entailment
a. If x and X’ are two objects of a type T that ‘ends in t’, and can take at most n arguments, X < X’ just in case
whenever y,, ..., y, are objects of the appropriate type, if x(y,) ... (y,) = 1, then X’(y)) ... (y,) =1
b. If E and E’ are two expressions of a type T that ‘ends in t’,
w =" (E<E)iff [E]"*® <[E]™°®

5. Generalized Conjunction
a. If x and X’ are two objects of a type T that ‘ends in t’, and can take at most n arguments of types T, , ..., T,



40

respectively, then

XAX =AY M X0 e () =X o () = 1

b.If E and E’ are two expressions of a type T that ‘ends in t’,
[FE ™ = [(E" and B) |"* = [E']"* A [E"]""

We define on the basis of 2 a dynamic semantics which is in full agreement with Heim’s analysis (Heim 1983),
except for disjunction, which she does not discuss; here we follow Beaver 2001.

6. Dynamic Semantics
Clpl={weC:p"=1}
Clpp'] = # iff for some w € C,p"=0; if ##,C[pp'l ={weE C: p™V=1}
Cl(not F)] = # iff C[F] = #; if 2 #, C[(not F)] = C - C[F]
C[(F and G)] = # iff C[F] = # or (C[F] # # and C[F][G] = #); if # #, C[(F and G)] = C[F][G]
C[(F or G)] = #iff C[F] = # or (C[F] # # and C[not F][G] = #); if # #, C[(F or G)] = C[F] U C[not F][G]
CIGf F. G)] = # iff C[F] = # or (C[F] # # and C[F][G] = #); if # #, C[(if F.G)] = C-C[F][not G]
C[(Q; <P>P'.<R>R")] = # iff <for some w € C, for some d € D, P*(d) = 0> or <for some w € C, for some d
€ D, <P"(d) = 1 and>P™(d) = 1 and R¥(d) = 0>. If # #, C[(Q;<P>P'.<R>R']) = {w € C: f,(a%, b") = 1} with
a"={d€D:P%"(d)=1and R¥(d)=0},b"={dED: P"(d)=1and R™¥(d) =1}

The Transparency theory is based on the classical semantics in 2; it comes in an incremental version and in a
symmetric version.

7. Transparency: Principles
a. Be Articulate
In any syntactic environment, express the meaning of an expression dd’ as (d and dd’)
b. Be Brief - Incremental Version
Given a context set C, a predicative or propositional occurrence of d is infelicitous in a sentence that begins
with a (d and if for any expression y of the same type as d and for any good final 8, Cl=a (dand y) p < a
Y B.
c. Be Brief - Symmetric Version
Given a context set C, a predicative or propositional occurrence of d is (somewhat) infelicitous in a sentence
of the form « (d and d’) B if for any expression y of the same type asd, Cl=a (dandy) p < ay p.
d. Ordering of Principles
Be Brief [in either version] >> Be Articulate

8. Transparency: Derived Notions
a. Incremental Transparency = Be Articulate + Incremental Version of Be Brief
Let C be a context set and F be a formula. F satisfies Incremental Transparency relative to C (abbreviation:
Transp'(C, F)) just in case for any presuppositional expression dd’, for any strings  and B, if F= o dd’ B,
then for any constituent y of the same type as d and for any good final ’,
C=oa(dandy)p’ < ayp’
b. Symmetric Transparency = Be Articulate + Symmetric Version of Be Brief
Let C be a context set and F be a formula. F satisfies Symmetric Transparency relative to C (abbreviation:
Transp’(C, F)) just in case for any presuppositional expression dd’, for any strings a and g, if F=a dd’ B,
then for any constituent y of the same type as d,
C=o(dandy)p=ayp

In a broad range of cases, the incremental version of the Transparency theory is equivalent to standard dynamic
semantics.

9. Incremental Transparency vs. Standard Dynamic Semantics (from Schlenker 2007a)
a. Non-Triviality
Let C € W be a context set and let F be a formula. <C, F> satisfies Non-Triviality just in case for any
initial string of F of the form o A, where A is a quantificational clause (i.e. a formula of the form (Q; G. H)),
there is a good final S such that:
CzaABp<=aTp
CzaAp<aFp
where T is a tautology and F is a contradiction.
b. Constancy
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Let C be a context set and F be a formula. <C, F> satisfies Constancy just in case (i) the (unique) domain of
individuals is of constant finite size over C, and (ii) the extension of each restrictor that appears in F is of
constant size over C.

c. Theorem 1: Consider the propositional fragment of L. Let C & W be a context set and let F be a formula.
Then:

(i) Transp'(C, F) iff C[F] # #.

(i) If C[F] # #,C[F] = {w € C: w I=F}.

d. Theorem 2 [here we only state a consequence of Theorem 2 from Schlenker 2007a]: Let C & W be a
context set and let F' be a formula of L. Suppose that <C, F> satisfies Non-Triviality and Constancy. Then:
(i) Transp'(C, F) iff C[F] # #.

(i) If C[F] # #,C[F] = {w € C: w I=F}.

We now turn to the definition of transparent restrictions, of local contexts and of local satisfaction.

10. Transparent Restrictions
Let C © W be a context set and let a d b be a formula, where d has a type that ‘ends in t’; let ¢’ be a variable
of the same type as d.
a.tr'(C, d, a_b) = {x: x is an object of the type specified by d and for every constituent d’ of the same type as
d, for every good final b’,C 1= "*a“d’b’ < ad b’}
b. tr’(C, d, a_b) = {x: x is an object of the type specified by d and for every constituent d’ of the same type as
d,Cl="""ad’b < ad b}

11. Local Contexts
a.1c/(C, d, a_b) = the bottom element of tr'(C, d, a_b), if such an element exists; # otherwise.
b.1c*(C, d, a_b) = the bottom element of tr*(C, d, a_b), if such an element exists; # otherwise.

12-16 are concerned with the existence of local contexts.

12.Lemma 1. Propositional Fragment. .
For any C € W, for any formula E, if a E b is a formula of the propositional fragment, Ic'(C, E, a_b) # # and
Ic*(C,E, a_b) # #.

Proof: We define

LC' :=Aw. 1 iff for some formula g, for some good final b’, w I#
contradiction.

Step 1: LC' € tr'(C, E, a_b)

For every w € C, either LCi(W) = 1, in which case the contextual restriction LC! is innocuous at w and w
|:c’ —-1c!

f>Fafob’ < agh’, where Fisa

a®gb’ < agb’;or LC(w) =0, which means that for every formula g, for every good final b’, w =\

“Falgh < agh,andthuswl="""“agh’ < agh’.
Step 2: For every x € tri(C, F,a_b), LC' entails x.

Suppose, for contradiction, that LC'(w) = 1 and x(w) = 0. Since x € tr'(C, F, a_b), for every formula g, for
every good final b’, w I=°""*a“g b’ < a g b’ and since x(w) =0 and the logic is extensional, w I=">F a 'g
b’ < a g b’. But by the definition of LC' this means that LC(w) = 0, contrary to hypothesis.

The proof of 1¢’(C, F, a_b) # # is similar.

13. Lemma 2: Closure under Finite Conjunction
For any C € W, for any formula a d b, tr'(C, d, a_b) and tr*(C, d, a_b) are closed under finite conjunction.
Proof: Assume that x’, x” € tr'(C, d, a_b). We have in particular that for any admissible @’ and for any good
final b’,

[.Cl=t7¥r¥e ==X g’ b’ < a(c”and d’) b’ [by the semantics of “F]

2. C =t XA =X = g €0 and d°) b’ <> a (¢” and d°) b’ [because x* € tr'(C, d, a_b)]
3.Cl=t7 e == g (¢’ and d) b’ < a“d’ b’ [by the semantics of ¢ F]
4.Cl=t7ir e ==X P < a’d b [because x” € tr'(C, d, a_b)]

5. Clee XA e == e b o g @ b [by 1.-4.]

6.CI=7""" adb =adb [by 5., since ¢’ and ¢” don’t appear]
7. A x”) EF(C, d, a_b)
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15.

16.

17.

18.

19.
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The proof is similar for tr’(C, d, a_b).

Lemma 3: Finite Sets
For every v € {i, g}, if tr'(C, d, a_b) is finite, Ic'(C, d, a_b) # #.
Proof: Immediate from 13.

Lemma 4: Point-wise Construction of Local Contexts
(This lemma crucially relies on the extensionality of the fragment)
For every v € {i, g}, if forevery w € C, Ic'({w}, ad, a_b) # #, then Ic'(C, d, a_b) # #.

Proof: The idea is to construct the bottom element point-wise, i.e. world by world.

We define LC" as Aw, . Ic'({w}, d, a_b) if w € C; z otherwise

where z is the null object of type t if d is propositional, and where z is the null object of type <e, t>if d is
predicative.

-It is immediate that LC' € tr'(C, d, a_b) (because of the extensionality of the fragment).

-Suppose, for contradiction, that for some x € tr'(C, d, a_b), x is not entailed by LC". Then there is some
world w such that x(w) is not entailed by LC"(w). It couldn’t be that w & C, since in that case LC'(w) = z,
which entails everything. So w € C. Clearly, since x € tr'(C, d, a_b), x(w) € tr'({w}, d, a_b). But by
assumption LCY(w) is the bottom element of tr'({w}, d, a_b), so it entails X(w), contra hypothesis.

Existence Theorem: Existence of Local Contexts

Let C © W be a context set and let a E b be any formula.

a.If a dd b belongs to the propositional fragment, then for every v € {i, s}, 1c'(C, E, a_b) # #.

b. If for every w € C, the domain of individuals in w is of finite size, then for every v € {i, s}, 1c'(C, E,
a_b) # #.

Proof:

(a) is just Lemma 1 [12]

(b) follows from Lemma 3 [14] and Lemma 4 [15], together with the following observation:

if the domain of individuals in w, D, is finite, then for any intensional type T there are only finitely many
functions of type T with D, = {w}*. It follows that tr'({w}, E, a_b) is finite. By Lemma 3 [14], we construct
Ic'({w}, E, a_b) for every w € C. By Lemma 4 [15], this makes it possible to construct 1c'(C, E, a_b).

Definition of Local Satisfaction - Special Case (when local contexts exist)

Let C C W be a context set.

a. For every v € {i, s}, for all expressions dd’, a, b, if 1c'(C,dd’, a_b) = #, Sat'(C, dd’, a_b) just in case
Ic'(C,dd’,a_b)<d

b. For every v € {i, s}, for every formula F', if for all expressions a, b, ee’ such that F = aee’ b, I1c'(C, dd’,
a_b) = #, Sat"(C, F) just in case for every expression ee’, for all strings a, b, if F = a ee’ b, then Sat"(C, ee’,
a_b).

Definition of Local Satisfaction - General Case (local contexts need not exist)

Let C C W be a context set.

a. For every v € {i, s}, for all expressions dd’, a, b, Sat’*(C,dd’, a_b) iff for some X € tr'(C, dd’, a_b),
for every X, if [X’ < X and X’ € tr'(C,dd’, a_b)],then C|I=" "X ¢’ <d

b. Forevery v € {i, s}, for every formula F', Sat’*(C, F) just in case for every expression ee’, for all strings
a,b,if F=aee’ b, Sat’’(C, ee’, a_b).

Lemma 5: when local contexts exist, 18 and 17 are equivalent.
For every v € {i, s}, if Ic'(C,dd’, a_b) # #, Sat'(C,dd’, a_b) iff Sat’’(C,dd’, a_b)
Proof: First, if Sat*(C, dd’, a_b), then by taking X =1c¢'(C, dd’, a_b), we can find an X € tr'(C, dd’, a_b)

2 The proof is by induction on primitive types relative to w. Clearly, D, and {0, 1} are finite. Furthermore, if E
is finite, so are D, — E and {0, 1} — E.
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such that, for every X, if [X’ < X and X’ € tr'(C, dd’, a_b)], then C I= ~* ¢’ < d. Second, if Sat’*(C,dd’,
a_b), there is some X such that, for every X, if [X’ < X and X’ € tr'(C,dd’, a_b)],then C I=" " ¥ ¢’ <d.
Since 1c¢'(C, dd’, a_b) is the bottom element of tr'(C,dd’, a_b),1c'(C, dd’, a_b) < X, and therefore C I=°~
'(C.dd" ab) o0 < By the definition tr'(C, dd’, a_b) and 1c*(C, dd’, a_b), it must be the case that Ic*(C, dd’,
a_b) < C. Therefore 1¢'(C,dd’, a_b) <d. In other words, Sat*(C, dd’, a_b).

Before we go further, it is worth pointing out that the incremental version of local satisfaction systematically
predicts presuppositions that are at least as strong as those predicted by the symmetric version (the same
conclusion holds of the incremental vs. symmetric version of all the theories under study in this Appendix).

20.

Incremental Satisfaction predicts stronger presuppositions than Symmetric Satisfaction
For any context set C, for all expressions dd’ and for all strings a, b,

a. tr'(C,dd’, a_b) C tr’(C,dd’, a_b).

Furthermore, if 1cS(C, d, a_b) # # and Ic'(C, d, a_b) # #,

b.1c%(C, d, a_b) <Ic'(C, d, a_b)

c. if Sat'((C, d, a_b), then Sat*(C, d, a_b)

Proof: Immediate.

We now turn to a comparison between Incremental Satisfaction, Incremental Transparency and Dynamic
Semantics.

21.

22.

Theorem. Equivalence with Transparency

Let C C W be a context set. Then:

(i) For any v € {i, s}, for every formula that has the form a dd’ b, Sat’*(C,dd’, a _b) iff Transp'(C,dd’, a _
b).

(ii) In particular, for any v € {i, s}, for every formula F, Sat’*(C, F) iff Transp*(C, F).

Proof of (i):

We start with the incremental version.

=>: Suppose that Sat’i(C, dd’, a_b). Then for some X € tr'(C, dd’, a_b),
Cl="%¢ <d

For every expression d” of the same type as d, for every good final b’,
Cl=“"*a(dandd”) b’ < a(dandd”) b’

Cl="*a“(dandd”)b’ @ a“d’ b’

Cl=""%a’d”b <ad’ v

Hence

Cl=a(dandd”) b’ < ad’b’

<=: Suppose that Transp'(C,dd’, a_b) .
Clearly, d € tr'(C, dd’, a_b). Furthermore, for every X’,
[X’ €tr(C,dd’,a_b)and X’ <d] =>C I=" "% ¢’ = d. So Sat’(C, dd’, a_b).

The argument is similar for the symmetric version of Sar and Transp.

Proof of (ii): Immediate given (i).

Theorem. Equivalence with Standard Dynamic Semantics

Let C & W be a context set and F be a formula which satisfy Non-Triviality and Constancy. Then:
(i) for all expressions a, b, dd’ ,if F=add’ b, Ic'(C, dd’, a _ b) # #. Furthermore,

(i) Sat'(C, F) iff Sat’'(C, F) iff C[F] # #.

Proof of (i): Immediate from 16b and the fact that Constancy implies that each w € C, the set of individuals
in w is of finite size.

Proof of (ii): The first equivalence follows from (i) and the Lemma in 19. The second equivalence follows
from (i), 9c and 21(ii).

Before going further, we consider an example in which local contexts do not exist, which makes it necessary to
resort to the alternative definition of satisfaction, Sat’, whose incremental version yields full equivalence with
Dynamic Semantics
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Infinitely Many

Consider the formula F = (Infinitely-many P . QQ’). We assume that there are infinitely many elements in
P(w).

a. QQ’ has no local context in the context set {w}.

b. Sat’(C, F) (or equivalently Transp'(C, F)) need not entail that C |= (Every P . Q)

Proof:

a. First, we note that if ¢’ is transparent, ¢’(w) must itself contains infinitely many elements. For if not,
(infinitely-many P . “'P) would be false at w but (infinitely-many P . P) would be true - and ¢’ wouldn’t be
transparent. Second, we show that for any transparent value x for ¢’, we can find a ‘smaller’ value x’ which
is also transparent. Since X(w) must contain infinitely many elements, we just take one arbitrary element out
of x(w), obtaining an x’(w) distinct from x(w) with x’(w) < x(w) (and also x <x”). And it is clear that x’,
which itself contains infinitely many elements, is transparent (because the truth of the statement infinitely
many Ps are Qs is insensitive to whatever happens to any given finite set of elements). Since x was arbitrary,
we have shown that the set of transparent context denotations simply does not have a bottom element.

b. Assume that in w Q holds true of all P-individuals except a (non-zero) finite number. We have that for
any predicative D, w |= (Infinitely-many P . (Q and D)) < (Infinitely-many P . D), so Transp'(C, F), and
therefore (by 21) Sat'(C, F). Still, w I (Every P . Q).

We turn to the trivalent alternatives to existing theories of presupposition; we start from a version of a
supervaluationist account (somewhat adapted to the present framework), and then turn to a version of Strong
Kleene (derived from the supervaluationist account). The following systems are approximations of theories
pioneered by Peters, Beaver and Krahmer, and more recently George, and Fox. This entire discussion relies
heavily on George’s and Fox’s ongoing research (George 2007, Fox 2007).

24.Supervaluations I: Extensions of an interpretation

25.

Let I be an interpretation defined by 2. We start from the idea that pp’(w) or PP’(w)(d) are indeterminate if
p(w) # 1 and P(w)(d) # 1. The set Ext(I) of extensions of the interpretation I is defined by the following
procedure.

1. First, we treat expressions of the form pp’ or PP’ as atomic symbols of a classical language [rather than as
complex symbols as in 2]; in effect, we obtain a new language L* which is identical to L except that
expressions of the form pp’ are PP’ are part of the lexicon (in L they are syntactically complex). For
simplicity, we identify formulas of L* with string identical formulas of L (despite the fact that they may be
generated in distinct ways). We call I* the interpretation of L* which agrees with I, in the sense that for any
expressions of the form pp’ or PP’ , I*(pp’) = I(pp’) and I*(PP’) = I(PP’). It is immediate that such an
interpretation I* can be found.

2. Second, for all interpretations i and i’ of L*, we define i £ i’ (meaning that i’ is an extension of i) just in
case for every atomic expression E:

-if E does not contain any underlined element, i(E) = i’(E)

-for every p, p’, if E = pp’, then for every world w, if i(p)(w)= 1, i’=(pp’)(W) = i(pp’)(W).

-for every P, P’, if E = PP’, then for every world w, for every individual d, if i(P)(w)(d) = 1, then
1'(BP”)(w)(d) = i(BP")(w)(d).

Note that in case i(p)(w) =0, i’(pp’)(W) may freely take the values 0 and 1; similarly, in case i(P)(w)(d) =0,
i’(PP’)(w)(d) may freely take the value O and 1. This captures the intuition that in such cases the value of pp’
or PP’ is unknown, and could be ‘resolved’ in various ways.

3. Third, we define: Ext(I) := {i’: i’ is a classical interpretation of L* and I* £ 1’}

Supervaluations II: Truth

As before, I is the classical interpretation defined by 2. For any formula F' of L:

F is super-true at w (notation: Super(F, w) = 1) if and only if for every i € Ext(I), i(F)(w) =1

F is super-false at w (notation: Super(F, w) = 0) if and only if for every i € Ext(I), i(F)(w) =0

F is super-indeterminate at w (notation: Super(F, w) = #) if and only if F is neither true nor false at w.

26.Supervaluations III: Acceptability

a. Incremental Acceptability

F is incrementally super-acceptable in C (notation: Super-accept'(C, F)) just in case for any
presuppositional expression dd’, for any strings « and B, if F=a dd’ 8, then for any good final 8’ which
does not contain any underlined expressions, for any world w € C, Super(o. dd’p’, w) # #

b. Symmetric Acceptability
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F is symmetrically super-acceptable relative to C (abbreviation: Super-accept’(C, F)) just in case for any
world w € C, Super(a dd’f, w) # #.

Strong Kleene logic is usually defined as a compositional trivalent logic (by contrast, supervaluationist
semantics is not compositional). It will be convenient, however, to define Strong Kleene in terms of
supervaluations; we will show in 40-41 that in the propositional case our definition derives the same results as
the standard definition (the equivalence extends to the full quantificational fragment, but giving a proof would
require that we discuss the extension of Strong Kleene to generalized quantifiers, which isn’t so common to
begin with).

27.

28.

29.

30.

31.

Definitions: [s]’, L** and I**

a. Let s be any string. We define [s]” to be identical to s, except that every occurrence of the form pp’ or PP’
is replaced with pp’" and PP’"if it is the n™ occurrence of its type in s (counting from left to right). We
abbreviate [F]* as F* when there is no risk of ambiguity.

Examples:  [((p, and p,ps) or plpz)]i = ((p, and p,p;') or p;p,')
[((p, and p,ps) or p,ps)1” = ((p, and p,p;') or p,ps’)

b. We define a set for formulas L¥* = L* U {F": F is a formula of L*}. L** is a subset of a language defined
directly by the syntactic rules in 1, supplemented with: P ::= P,P," and p ::= ppp.".

c. For every atomic expression e of L, we define e = ¢ if e does not contain any superscript; and if e = ¢’" for
some atomic expression ¢’ and some superscript n,e” =e’.

d. We define an interpretation I** for L** as: for every atomic expressions e of L, I**(e) = I*(e)

Strong Kleene I: Truth from Supervaluations

Let F be a formula of L, interpreted by I. I** is defined for L** as specified in 27, and we apply the
definition of extensions of an interpretation and supervaluationist truth in 24(2-3) and 25, but replacing L*
and I* with L** and I** respectively. Finally, we define:

F is Kleene-true at w (notation: Kleene(F, w) = 1) iff F* is super-true at w (i.e. Super(F*, w) = 1).

F is Kleene-false at w (notation: Kleene(F, w) = 0) iff F” is super-false at w (i.e. Super(F*, w) = 0).

F is Kleene-indeterminate at w (notation: Kleene(F, w) = #) iff F" is super-indeterminate at w (i.e. Super(F’,
w) =#).

Strong Kleene II: Acceptability

a. Incremental Acceptability

F is incrementally Kleene-acceptable relative to C (notation: Kleene-accept'(C, F)) just in case for any
presuppositional expression dd’, for any strings « and B, if F=a dd’ 8, then for any good final 8’ which
does not contain any underlined expressions, for any world w € C, Kleene(a dd’p’, w) # #.

b. Symmetric Acceptability

F is symmetrically Kleene-acceptable relative to C (notation: Kleene-accept’(C, F)) just in case for any
world w € C, Kleene(F, w) # #.

Lemma 6. Let F be any formula of L, and assume that for every expression dd’, if dd’ occurs in F, it occurs
exactly once. Then for any world w, Super(F, w) = Kleene(F, w)

Proof: The result is trivial, since in that case F* is obtained from F by uniform replacement of certain
propositional and predicative constants with other constants that have the same value.

Lemma 7. For any formula F, for any world w, if Kleene(F, w) # #, then Super(F, w) # # and Super(F, w) =
Kleene(F, w).

Proof: Suppose that Kleene(F, w) # #. This means that for some v € {0, 1}, for all i’ € Ext(I*%), i’(F") = v.
Let E be the set {i: i is an interpretation of L** and for all integers n, k, for all underlined expressions dd’,
i(dd’™) = i(dd’®)}. For each formula F of L, for each interpretation i’ of Ext(I*), there is an interpretation i of
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E such that i(F*) = i’(F). It follows that for all i’ € Ext(I**), i’(F) = v, and thus Super(F, w) # # and Super(F,
w) = v = Kleene(F, w).

Lemma 8. For every v € {i, s}, for any formula F, for any context set C C W, if Kleene-accept'(C, F), then:
(i) Super-accept'(C, F), and
(ii) for every w € C, Kleene(F, w) = Super(F, w).

Proof: This is a consequence of 31.

-Suppose that Kleene-accept'(C, F). For any presuppositional expression dd’, for any strings a and 3, if F =
a dd’ B, then for any good final S’ which does not contain any underlined expressions, for any world w € C,
Kleene(a dd’p’, w) # #, whence by 31 Super(a dd’f’, w) # #. It follows that Super-accepti(C, F).

-Suppose that Kleene-accept’(C, F), then for every w € C, Kleene(F, w) # #, and by 31 Super(F, w) # #.
Therefore Super-accept’(C, F).

-If Kleene-accept(C, F), a fortiori Kleene-accept®(C, F). And if Kleene-accept’(C, F), Kleene(F, w) # #
and by 31 Super(F, w) = Kleene(F, w).

Definitions

For any formula F, for any context set C & W, for every integer n = 0:

a. Super-accepti(C, F, n) iff for every underlined expression dd’, for all strings «, ,if F = o dd’ B and there
are at most n underlined tokens in & dd’, then for every good final 8’ which does not contain any underlined
expressions, for every world w € C, Super(a dd’f’, w) # #.

b. Kleene-accept'(C, F, n) iff for every underlined expression dd’, for all strings «, 8, if F= o dd’ § and
there are at most n underlined tokens in a dd’, then for every good final 8 which does not contain any
underlined expressions, for every world w € C, Kleene(a dd’f’, w) # #.

c. Transp'(C, F, n) iff for every underlined expression dd’, for all strings a, 8, if F = oo dd’ § and there are at
most n underlined tokens in a dd’, then for every good final 8’ which does not contain any underlined
expressions, Transpi(C, a dd’p’).

d. Ext(F, n) = {i: for all atomic expressions e, if e is not one the first n underlined tokens of F, i(e) = [¥*(e)
and if e is one of the n first underlined tokens of F, I**(e) £ i*(e)}

Note: Super-accepti(C, F,0), Kleene-accepti(C, F,0) and Transpi(C, F, 0) are all trivially true, since it is
never the case that F = a dd’  with at most O underlined tokens in & dd’.

Lemma 9

a. Kleene-accepti(C, F,n) iff for every underlined expression dd’, for all strings «, B,if F=a dd’ f and
there are at most n underlined tokens in a dd’, then for every good final 8’ which does not contain any
underlined expressions, for all i, i’ € Ext(F*, n), forall w € C, i([a. dd’1*B") =i’([a dd’]* B").

b. If Kleene-accept'(C, F, n), then for all strings «, B, if F = o P and there are at most n underlined tokens in
a, then for any good final 8’ that does not contain any underlined material, for every world w € C, Kleene(a

B, w) = I*¥*(a f7)(W).

Proof:

a. Immediate given the definition of Kleene-accept'(C, F, n).

b. The case n =0 is trivial. Forn > 1, if Kleene-accepti(C, F,n), then for every underlined expression dd’,
for all strings a, B,if F = a dd’ f and there are at most n underlined tokens in oz dd’, then for every good
final 8’ which does not contain any underlined expressions, for all i, i’ € Ext(F*, n), for all w € C, i([o. dd’]*
B)=1i([o dd’1* B’). But it is clear that I** &€ Ext(F*, n), so for all i € Ext(F*, n), for all w € C, i([o. dd’]*
B) =T#*([a dd’]’ p’) = I¥*(ar dd’ B’) (by the definition of I**). The result follows.

Lemma 10

a. If Super—accepti(C, F, n), then for every underlined expression dd’, for all strings o, §, if F=a dd’ § and
there are at most n underlined tokens in a dd’, then for any good final 8’ that does not contain any
underlined material, Super-accept'(C, o dd’ B’) and therefore Super-accept(C, o dd’ B).

b. If Kleene-accept(C, F,n), then for every underlined expression dd’, for all strings a, 8,if F=o dd’
and there are at most n-1 underlined tokens in «, then for any good final 8’ that does not contain any
underlined material, Kleene-accepti(C, a dd’ p’) and therefore Kleene-accept’(C, o dd’ ).
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Proof: Immediate given the relevant definitions.

36. Theorem. Incremental Kleene = Incremental Supervaluations

37.

38.

For any formula F, for any context set C & W,
a. Kleene-accepti(Cf F) iff Super-accept(C, F), and
b.if Kleene-accept'(C, F), then for every world w € C, Kleene(F, w) = Super(F, w).

Proof:

-Part (b) is just 32 (ii).

-Part (a): By 32 (i), if Kleene-accept'(C, F), then Super-accept'(C, F). To prove the converse, we establish by
induction the following result for every integer n > 1:

P(n): If Super-accept(C, F, n), Kleene-accepti(C, F,n).
By choosing n greater than the number of underlined expressions in F, the desired result will follow.

n = 0: Trivial.

n =m+1: Suppose that Super-accept'(C, F, m+1). Then in particular Super-accept'(C, F, m), and by the
induction hypothesis Kleene-accept'(C, F, m). Suppose that F = o dd’ B, where « contains m underlined
expressions. We consider the set E = {D: D is a non-underlined expression of the same semantic type as dd’
and for some i’ such that I** £ i’, [**(D) = i’(dd’)}. By our assumption of Expressivity (in 3), E fully
describes the possible extensions of dd’: {I*¥*(D): D € E} = {i’(dd’): I** £ i’}. Since Kleene-accept'(C,F,
m), for all D € E, for every good finals 8’ that does not contain any underlined expression, for all w € W,
for all i’ such that I** £ i’, for some v € {0, 1}, i’(a D B’)(w) = v. Since D 8’ does not contain any
underlined expressions, by the induction hypothesis Kleene-accept'(C, oo D ’, m), hence by 34b Kleene-
accept’(C, oo D B”), and thus for some v’ € {0, 1}, for all i’ such that I** 2 i’,i’(a" D >, w)=v’. By 31 v=
v, and thus for all i’ such that I** 2 i’,i’(a" D p’, w) =i’(aD B’, w). It follows that for all D € E, for
every good final 8’ that does not contain any underlined material, for all i’ such that [** £ i’,forallw € W,
for some v € {0, 1}, i’(a D B, w) = v - which shows that Kleene-accept'(C, o dd’ f, m+1); in other words,
Kleene-accepti(C, F, m+1).

Lemma 11
If Kleene-accept’(C, F), then Super-accept’(C, F), but in general the converse is not true.

Proof:

-The if part follows from 32 (i).

-To see that the converse is not true, consider the formula (pp’ or (not pp’)): it is symmetrically super-
acceptable relative to W, the set of all possible worlds, but which is not symmetrically Kleene-acceptable
relative to W if p is non-tautologous.

Theorem: Incremental Transparency predicts stronger presuppositions than Incremental Kleene and
Incremental Supervaluations.

If Transp'(C, F), then Kleene-accept'(C, F) (and thus also Super-accept'(C, F)) - but in general the converse
does not hold.

Proof:

a. We show by induction on n = 0 that if Transpi(C, F, n), then Kleene-Accepti(C, F, n). The result will
follow because if Transp'(C, F), then Transpi(C, F, n) for n = the number of underlined tokens in F. From
Kleene-Accept(C, F, n) it then follows that Kleene-Accept'(C, F).

n =0: Trivial.
n = m+1: Suppose that a contains m underlined expressions and let o dd’ be an initial string of F. We
assume that Transp'(C, F, m+1). Thus for every g of the same type as d, for every good final §’,

(i)Cl=a(dandg) p’=agph’
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Let w be any world of C. We define:

G = {g: g is an expression of the same type as d and I**(d and g)(w) = I**(d and d’)(w)}
G” = {I"*(g)(w): g €E G}

D = {i’(dd’™")(w): i’ € Ext(F*, m+1)}

Step 1. We establish that D’ C G.

Case 1: d is propositional.

-Suppose I¥*(d)(w) = 1. Then if i’ € Ext(F*, m+1), i’(dd’™")(w) = I**(d’)(w), and since d’ € G,
’(dd’™hH(w) €G’.

-Suppose I**(d)(w) = 0. Then if i’ € Ext(F*, m+1), i’(dd’™")(w) may have values 0 or 1. By choosing g,
such that w I# g, and g, such that w I= g, (which we can do by the assumption of Expressivity in 3), it is clear
that I**(d and g,)(w) = I**(d and g,)(w) = 0 = I**(d and d’)(w) [no matter what the value of d’ is at w]. So
g, and g, both belong to G, hence 0 and 1 both belong to G’. In other words, for any i’ € Ext(F*, m+1),
’(dd’™hHw) €G’.

Case 2: d is predicative.

If i’ € Ext(F*, m+1), i’(dd’™")(w) guarantees that for any individual x, if I**(d)(w)(x) = 1, then
i’(dd’™"(w)(x) = I**¥(d”)(w)(x). By Expressivity, we find g such that for every individual x, I**(g)(w)(x) =
P )(W)(x) [= 17(dd™™ )(W)OT i T##(d)(wW)(x) = T and T**(g)(w)(x) = i’ (dd™™ ) (w)(x) if T##(d")(w)(x) =
0. It is clear that I**(g)(w) = i’(d)(w), and furthermore that for every individual x I**(d and g)(w)(x) =
I**(d and d’)(W)(X), i.e. that I**(d and g)(w) = I**(d and d’)(w). So g € G, and thus I**(g)(w), which is
identical to i’(d)(w), belongs to G’.

Step 2. Now we show that for every string a, for every underlined expression dd’, for every string g3, if a dd’
contains at most m+1 underlined expressions and F = o dd’ 8, then for any good final 8’ which does not
contain any underlined expressions, if i’ € Ext([a dd’]’ B, m+1), for any world w € C, i’([o. dd’]* B*)(w) =
I**(a dd’ B7)(w); by 34 this will derive the desired result, namely that Kleene-Accepti(C, F, m+1)

* Since D’ C G, for some g € G, i’(fa. dd’]’ B)(w) = i’(af g f°)(w) with g satisfying [**(g)(w) =
i’(dd’™")(w). Furthermore, by the induction hypothesis Kleene-Accept(C, F, m), and thus by 34 Kleene(o”
g B7)(W) =T¥*(ag B’)(W), and thus also i’(a’ g B7)(w) = I**(arg f7)(W).

« Since Transp'(C, F, m+1), I**(o g $”)(w) = I**(a(d and g) p”)(w). By the definition of g, I**(d and g)(w)
=I*%(d and d’)(w), hence i’(a g B)(w) = I¥*(ag B*)(w) = I¥*(a(d and g) B’)(W) = I**(ou(d and d°)
B’)(w). This completes the proof.

b. To show that Kleene-accepti(C, F) need not entail that Transpi(C, F), we consider the formula and the
situation in (ii):

(i) a.(NoP.QQ)
b. C = {w}, and there are two P-individuals d, and d, in w: d, does not satisfy Q, but d, does, and d,
also satisfies Q’.

It was shown in (35) that Incremental Satisfaction predicts that (iia) presupposes that every P-individual in w
satisfies Q. But since d, satisfies both Q and Q’, Incremental Kleene and Incremental Supervaluations
predict that (iia) should be acceptable in C.

Theorem. Symmetric Transparency and Symmetric Kleene are incomparable.

a. Sometimes Symmetric Kleene and Symmetric Supervaluations predict stronger presuppositions than
Symmetric Transparency.

b. Sometimes Symmetric Transparency predicts stronger presuppositions than Symmetric Kleene and
Symmetric Supervaluations.

Proof:
a. Let us consider the formula and the situation in (i):

() a.(pp’and gq’)
b.C={w,,w,}, w,l#p,w, l#q,w,|l=pand w, |=q

Let w belong to C. If w = w, , Symmetric Transparency is satisfied because for all g:
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(i) a.wl=((pp’ and (q and g)) < (pp’ and g) [both sides are false because w, I# p and thus w, | pp’]
b.wI=((p and g) and gq’) < (g and gq’) [both sides are false because w, I# q and thus w, I qq’]

If w = w,, Symmetric Transparency is trivially satisfied in w.
By contrast, both Symmetric Kleene and Symmetric Supervaluations predict the sentence to be a
presupposition failure.

b. The example is the same as in 38 b (in this case there is no difference between incremental and
symmetric notions, because the presupposition trigger appears at the end of the formula).

Strong Kleene: Standard definition (propositional case)

We only give rules for the atomic case, as well as and and not; the semantics of the other connectives
follows from standard rules of inderdefinability (which of course hold in Supervaluationist semantics as
well).

We assume once again that a classical interpretation I is defined as in 2, and we use it to define a standard
Strong Kleene interpretation - with the usual convention that pp’ is indeterminate whenever p is false. As
before, we abbreviate I, (F) as F¥, and we define the standard Strong Kleene (called here Standard-Kleene)
by specifying that for any world w and any formula F:

if F = pp’, Standard-Kleene(F, w) = 1 iff p¥ = p’" = 1; Standard-Kleene(F, w) = 0 iff p* = 1 and p’* = 0;
Standard-Kleene(F, w) = # otherwise.

if F = (G and H), Standard-Kleene(F, w) = 1 iff Standard-Kleene(G, w) = Standard-Kleene(H, w) = 1;
Standard-Kleene(F, w) = 0 iff Standard-Kleene(G, w) = 0 or Standard-Kleene(H, w) = 0; Standard-
Kleene(F, w) = # otherwise.

if F = (not G), Standard-Kleene(F, w) = 1 iff Standard-Kleene(G, w) = 0; Standard-Kleene(F, w) = 0 iff
Standard-Kleene(G, w) = 1; Standard-Kleene(F, w) = # otherwise.

Theorem. Equivalence between the two definitions of Strong Kleene in the propositional case.
If F belongs to the propositional fragment of 1, Standard-Kleene(F, w) = Kleene(F, w)

Proof:

As before, we start from a classical interpretation I for the fragment in 1, and we call I** the classical
interpretation determined for the set of formulas of the form F or F*, where F is a formula of 1. We can then
study the interpretation of these formulas according to our version of Strong Kleene and Standard Strong
Kleene.

Since Standard Strong Kleene is compositional, it is immediate that for any formula F of 1, for any world w,
Standard-Kleene(F, w) = Standard-Kleene(F*, w). By the definition of our version of Strong Kleene, it is
also clear that Kleene(F, w) = Kleene(F, w). All that remains to show, then, is that Standard-Kleene(F*, w)
= Kleene(F*, w). Since by construction F* contains at most one occurrence of any underlined expression, by
30 all we have to show is that Standard-Kleene(F*, w) = Super(F*, w). The proof is by induction on the
construction of F*.

If for some i, F = p;, the result is immediate.

If some i,k,n, F=pp,", Standard-Kleene(F, w) = # iff p," = 0, iff Super(F, w) = #. It is immediate that if
Standard-Kleene(F, w) # #, Standard-Kleene(F, w) = F" = Super(F, w).

If F = (not G), the result is immediate.

If F=(G and H), there are three cases to consider: Standard-Kleene(F, w) = 1, Standard-Kleene(F, w) = 0,
and Standard-Kleene(F, w) = #.

¢ Case 1: Standard-Kleene(F, w) = 1. Then Standard-Kleene(G, w) = Standard-Kleene(H, w) = 1, hence by
the induction hypothesis, for every i’€ Ext(I), i’(G) = i’(H) = 1, and hence i’(F) = 1. Therefore Super(F, w)
=1.

e Case 2: Standard-Kleene(F, w) = 0. Then Standard-Kleene(G, w) = 0 or Standard-Kleene(H, w) = 0. Let us
assume that Standard-Kleene(G, w) (the other case is similar). By the induction hypothesis, for every i’ €
Ext(I),1’(G) = 0, and thus i’(F) = 0. Therefore Super(F, w) =0.

¢ Case 3: Standard-Kleene(F, w) = #.

(a) If Standard-Kleene(G, w) = 1 and Standard-Kleene(H, w) = # (or conversely - the reasoning is the same),
by the induction hypothesis we have that for every every i’ € Ext(I), i’(G, w) = 1 and for some j’,j” €
Ext(I),j’(H) = 1 and j”(H) = 0. It follows that j’(F) = 1 and j”(F) = 0, hence Super(F, w) = #.
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(b) If Standard-Kleene(G, w) = Standard-Kleene(H, w) = #, for some bivalenti’,i”,j’,j” € Ext(I),i’(G) =
JH)=1,i"(G) =j’(H) = 0. Let us call At the set of all atomic propositions, and At(F) the set of atomic
propositions that occur in F. We can define two new interpretations of atomic elements as follows:

i""j’ = i,/(At-At(G)) ) j’/At(H)

1”"']'” = i”/(At-At(G)) ) j’/At(H)

Since i’,1i”,j’,j” € Ext(]), it is also clear that i’+j” € Ext(I) and i"+j” € Ext(I). Since At(G) N At(H) =@,
i’+j°(G) =1’(G) and i’+j’(H) = j’(H) ; and similarly i”+j”(G) = 1”(G) and i”+j”(H) = j”(H). It follows in
particular that

i’+j°(G) =1’+j°(H) = 1, hence i’+j’(F) = 1

i”+j”(G) =1"+j”(H) = 0, hence i"’+j”(F) = 0

and thus Super(F, w) = #.
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