
 
Affineplane curves

Recall that an irreducible affine plane curve CEA
corresponds to an ideal f Ek x y where f is irreducible

However we want to consider reducible curves w

multiple components so we define them more generally

let f g e kCxy Note that f g A f 7g 0 17 c k

Def Ah affineplaneive is an equivalenceclass of
nonconstant polynomials in KC y under the equivalence
relation fry f Ag

In this case f and g are equivalent The degree at

the curve is the degree of the defining polynomial

Note We are nowallowing reducible polynomials even those

that generate nonradical ideals i e even though Vfx V x4
x and I are different curves

A curve of degree one is a line

If f ITfiei fi irreducible then the fi are the components
of f and e the multiplicity of fi



If e L ti is a simple component

Tangutlicalmles

How do we find thetangent line to a plane curve at a point

Calculus method

t t Y

f 2x fy 2y
f P R2 fy p p

Tangent line F x E tr y E O y x tr

Det P is a simple point or smooth point if f P 1 0 or

fy P 1 0

In this case we know from calculus that

f P x a fy P y b O

is the tangentine to f at P a b

A point that's not simple is called multiple or singular



If all the points on f are simple f is regular or smooth

Ex over

l f y2 x

Real locus f I 3 2 0 x 3

4 24 0 4 0

O Et V f so t is

nonsingular

Nete lowestdegree term is which is thetangent line at 0,0

2 g y x3

g 3 2
gy 2y so g is

T t

Note lowest degree term y and

y is tangent line at o o
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Can check these are both
0 x y O

µ lowest degree term
3 2y y

3

y 3 2 y
2

y rsx g rsx y
P

looklike3
tangentlines

Need a more algebraic approach in order to understand what's

going on here

Homogeneouspolytnomials

Def F cKEY Xu is hyeon or a torn of deg d if it can
be written as the sum of monomials of degree d

We can deh ize F w respect to xn bysetting
f F Xi Xu i l cKfx Xu i

This is the same as taking the image of F in EKG and

If t e kCx xn is any polynomial of deg d we can write

f fo t f t fd



where fi is a possibly 0 form of degree i fd 1 0

Def the homogenization of f is defined

F Xundfo t Xindi f t t fd C k Xi Xn

Thin F is a formof degree d

EE If F x2z y2z x 22 23 a form ofdegree 3

Then we dehomogenize with respect to 2 and get

x y txt 1 a polynomial of degree 2 So if we homogenize

again we get x y x z 22 f F

Ncte Homogenization commutes w multiplication but not addition
check

Pep If F c Kay is homogeneous k algebraically closed then F
factors into a product of linear forms

PI Write F y G too s t y doesn't divide G

Then the dehomogenization of G is d Ti x ti 4,7 ck

G L Ii x ti y F ay tt x ti y D



Multiplicities

let f be a plane curve D 0,0

Write f fmtfm.tt t fm n where fi is a form of deg i

and fm1 0

Def The initials off at P 0,0 is in f Fm

The multiplicity of f at P 0,0 is mp f _degfm m

Remark 0,0 c V t s my o f 0

Pep P 0,0 is a simple point of f Mp f L

PI For i20 fi and fi y are 0 or forms of degree
i l So f p f P 0 and fy P f y p to

If f ax by then f P fy P O a b O D

EamEheck In this case f is thetangent line to f at P

Set in Mp t We can write

fm IT where the Li are distinct lines



Def The Li are tangent lines to fat P o o

fm is called the tangent code to f at theorigin

ri is the multiply of the tangent line

If f has m mp t duishinct tangents at P i e 4 1 or

equivalently thetangent cone is reduced thin P is an

ordinary point of f

An ordinary doublepoint i e point of mutt 2 is a node

Ex

in f y Baty Fs y in f txtg x y in f y
o.o is an ordinary o is a co o is a singular
triple point hode point but not

ordinary

Note You can check that these are in fact tangent lines using
the standard calculus definition by parametrizing the curve and
finding the tangent line along each branch

Remate in fg in f in g



Thus if f IThie is the factorization into irreducible

components Mp f Eeimp hi

Pointsoncurvesawaytheorigin

let P Ca b and TIA AZ defined

1 x y xta Ytb

Then 1 f f x ta y b

G
T

q
a

Define mp f myo T t

If Li xx By is a tangent line to 1 f at 0,0 w

multiplicity ei then d x a t p y b is a tangent line
to f at P

In other words we can do an affine change of coordinates
so that the point we're interested in is at the origin

Ex let f x3 y 3 2 4y 3 13



Then f 3 2 6 3 f is singular if x L y 2
fy 2y 4 and i 2 cVH1

So we can look at g f x I y 2 y 1 3 which is how

singular at the origin
f

1,2
Thus me f Mcoo g 2

and the tangent line is
g z and n mu tip yg 2

T pacestocaei.gs

We'll soon see the relationshipbetween the localgeometry of
a curve and the local ring at a point but here's a
preview

let f c Ktx y be a curve and P a point of f let

Op f be the local ring at P and m p the Max't ideal

Def The cotent spay of f at P is the Imp5k
vector space MPmf

Ed let f X y P o O



Then Op f h hanassfanhffefwm t.ge facts

Mp 5,5 mp 52 g2 Ty
But I y3 so Mp Ty F J

Thus Mpfmpz has k pasis g so it's one dimensional

Ex Let f x y Then Mp has k basis I J YI but

Ty 53 E nip so dimpmmp 2

y
Def The Zariskitangentspace of f at P is the dual of
mPmf as a k vector space i e it's the space of
k linear maps Vmf k

Howdoesthis give us a tangentspare geometrically

f y 3 213 D o o

Mp x y but y 3 x x3

so it has basis X X x3

to Mpfmf has dimension k Moreover g Fx 53 0

but 53 0 so j Ix



The linear maps Mpfm k send x a y 3a

for each a c k This describes an embedding 1A IA
a 1 a 3a

If you want to know more details thiswould be agood final
projecttopic


