
 
DiscretevaluationringRs

Before we can go into more depth about the geometry of a
curve hear a point we need some more algebra

Prop Det let R be an integral domain that is not a field
Then R is a DIR if it satisfies either of the two

equivalent properties

1 R is Noetherian and local and its maximal ideal is
principal

2 There is an irreducible t c R St every nonzero 2c R
can be written uniquely as Z ut U a unit heRzo

PI 2 let me t be the maximal ideal

Suppose ut v th u and u units and n m

Then u th m V so th m is a unit so n m U V

This proves uniqueness

Now let 2 ER be nonzero If Z is a unit 2 2to
and we're done



Otherwise 2 e t so 2 z t If 2 is a unit we're done

Otherwise Z Zz t

Continuing this process we get Zi Zz W Zn 2nut

If some Zi is a unit then 2 Ziti and we're done

Otherwise 2DE Za E which stabilizes since R is Noetherian

Zn Zun some h so 2 n VZn some VER

So Zn Zn t vznt zu l ut O Vt but
t isn't a unit so we get a contradiction

2 By 2 M t is exactly the set of nohunits so R is local

and the max 1 ideal is principal

Thus we just need to show R is Noetherian Suppose IER

is an ideal let h 20 be the minimum integer s t
t c I Then th C I and if 2 c I 2 utm tmtI
so m 2h so Ze th Thus I th D

Det t in 2 is called a uniformizingparamet for R It is

fixed up to multiplication by a unit



Reina From theproof we see that if R is a DVR w uniformizing

parameter t then the ideals are exactly 1 3ft 3 t'D

Ex let a IA Then 0 A FI F cKHA g a toa

The maximal ideal of 0 1A non units x a
a

So
a A is aDVR w uniformizing parameter x a

Ex The ironunits in QoofA are ofthe form g where

f 0,01 0 ie f has 0 constant term Thus myo IA x y

But Hy is not principal W Quo IA is not a DVR
eventhough it's local

Orderfunctions
let R be aDVR and fix a uniformizing parameter t

let k be the field of fractions of R

Then for f c K f ut g vtm f duth m f c R a unit
OxIn fact exercise every element 2cK has a unique expression

u th u a unit in R he 7

Def he is the order of 2 denoted cord Z



Define ord o x Exer ord is independentof thechoice of

uniformizing parameter

Then R 2 e KLord Z 20 and the Max 1 ideal is

me Ezeklord z o E R

Exner Ord ab ord a cord b

and ord at b 2 min ord a ord b

QuotientsotDVRse

Ex let 12 00CIA Max't ideal m x

let M H htt E x This is a k vector space
since KER

Then every 2 EM can be written as 1 f o 40

Note that f x x f o xn since higher powers of
vanish

z f x so M is l dimensional
ink

ally



let R be a DVR containing a field k s t Thecomposition

K R Rtm
X

is an isomorphism

Let t eR be a uniformizing parameter Consider 2 em

Then z u th U a unit

Then the image of u in Rtm is nonzero so I t Ek s t

a D u

Thus u It at c R some are R

2 7th a tht

But then if we look at I cWfmt weget I At
Thus dimµ mYmhti l

Since dimp.frm l by induction we get the following
shortexactsequenceof kvectorspaces

O Mynatt Rfmuti Rhun O

i t 9
dim l dimwth dim a

Note ord z n z mi so ord Z _dimp Mz



Multiplicitiegrevisited
let f be an irreducible curve Denote

t t UCH Op f Op ft k f k V ft

Q on If P is a point on f when is p t a DVR

Ex f y x2 P 0,0

Then Op f gh_Ig 0,0 to Ek f

µ Mp f x y x x 2 x so

Op t is a DVR

Ex f x3 y P 0,0 In this case the maximal
ideal is mp f x y which is hit principal exercise

Op f is not a DVR

7
Them let P be a point on an irreducible curve f
Then for h SO

Mp f dimpfmpfm.pt
9

multiplicity Max't ideal in Gps f

Pfsketchi Consider the short exact sequence



O MYmnti Mmm 04mm O

Chaim dimp Fri temp t t s s a constant as long ashemp t

seeThin Z in section 3.2 of Fulton for pf

Then for h s 0 dimp
mYmht htt Mp f s nmp f s Mp f D

So if p t is a DVR Mp f dim Tmnt L so P is
a simple point In fact the converse holds

The Let f be an irreducible plane curve Pe V f Then

P is a simplepointof f F Op t is a DVR

PI is done

Assume P is a simple point By changing coordinates

we can assume P o.o and y is the tangent line

Then x is not tangent to f at P

We want to show that the maximal ideal m mp f x

Note that m x y

f y higherdeg terms so we can write

f yg x h where g I higherterms hekCx



So in T f yg x'h

g o o I 1 0 so g is a unit in0pct

Thus in Op t y f x c x Mp f x D

In fact if L axtbytc is any line through P not tangent to
f at P there is some change of coordinates set L x

and the tangent line y Thus L is a uniformizing
parameter in Op t

f

µ

x

Theorderfunctionatsitmplepoints

let P be a simplepoint on an irreducible curve f

Then p t is a DVR so there is an order function ordpt

on the field of fractions of Op t which is equal to k t

Recall T f COp f E k f

let l be a linethrough P



If L is not tangent to f at P then LcOp f is a uniformizing

parameter so ordpt L L

If L is tangent to f at P we can assume we're in the situation

where L y and y_high

g P 1 0 so x doesn'tdivide g while x inay divide h so

ordpt L 22

To summarize

Them let P be a simple point on an irreducible curve f Let L

be a line

1 ordpt L O doesn't containp

2 ordpf L Lpassesthrough P but is not tangent to fat P

3 ordf L 22 L is tangent to f at P


