
 
Morphismsatprojectarieties

Consider the function IP P2 defined
s E s2 sf t2

For sit c IP and 7 10

sit Cts Xt i 2s2 Pst Ft S2Sf t2 so this map
is well defined

Since 5 t st the image of thismaplies in V z 5 Ep
so this defines a map IP C

Ih U ELP themap becomes l lies 2
EYEIP
Ccy z

i e it corresponds to the map 1A 1A

t.u.c.no

b
i e this map restricts locally to a

Ut morphism of affine varieties



Def let Elp and AVE1pm be projective algebraicsets A
function 4 V W is a morphinism if for every PeV there is

a Zariski open U EV containing P and homogeneous

F Fini i

s t the mapYu agrees with the map
U 1pm

Q 1 F Q Fm Q

Nine For differentpoints we may need different polynomials but
maybe hot lie maybe U V

Exi let C V 2x y2 Elp a plane ionic Consider C P
defined

x y z
x D if x 10 i e on U
y z if 2 to ie on Us

This is well defined if X 2 to then y to so

x yl Ext yz7 Cy2 y z y z

Def 4 V W is an isomorphism if there is an inverse

morphism W V

Ex Vfx z y2 IP is an isomorphism w inverse

sit s2 stity



fist Cst t when s t to

Pwj ech dmes
anti antin 11

let T K kht be a linear changeof coordinates as vectorspaces

Then T o O and T takes lines through the origin to lines

through the origin so T induces a map IP IP called a

pejective changeofcoordinates

i e T CF Fa Fut where the Fi are linearly independent

forms of degreeone We can represent T by an htt htt

invertible matrix thinkofthevariables
as a naturalbasis

Ncte T and TT induce the same map on Ph so the

change of coordinates correspond to GL htt k where
invertibleM XM X fO nnxCntDmatrices

This is a greyp under multiplication i e composition and is
called the projectivegenerallitreargroup denoted PGL htt k
In fact these are the only automorphisms of Ph We won't show
this but you can use complexanalysis to try the K G n 2
case

Def V WE P algebraicsets are projectivelyequivalent if 7 a

projective change of coordinates that restricts to an isomorphism
W



Ex V x and V y E P are projectively equivalent

Ex y z 1 y z is the Corr change of coordinates w matrix

D
Similarly x and V y x are proj equiv

x y z y x i y i z

i is
hesH pwj.chqHwodinates exer

T P P a prog change of words w T Ti In 1

1 V V F Fr F homogeneous then T t V V F T Fut I

2 T induces isomorphisms f v f T v1 K V k T VI
Otero V Op T v1

3 If WE IP is a linear subvariety 7 T s t

T t w V xdz Xun where d dim W
Convention D 1 if V 0

caution Two affine algebraic sets are isomorphic F their coordinate



rings are isomorphic However doesn't hold in the projective
case

EE x z y2 E P2 and P are isomorphic but their homog
coordinate rings

k Y 2 z yay and KCs t are not theformer is

not a UFD This is because their affine cones aren't isomorphic

s
c
c

Projectiveequivalence drones guarantee an isomorphism between

homog coordinaterings


