
 Dimension

Intuitively we know that Ah and Pu have dimension h
Though we already have an algebraic definition of the
dimension of an affine variety we can alsogive an

equivalent definition in terms of the fields of rational
functions Roughly it measures how many variables you
need to adjoin to k to get k x for a varietyX

Note For U EX open k U k X so any definition of
dimension involvingonly k x will imply that opensets have

the same dimension as thevariety that they sit inside
e.g Ah Ui p

Recalli If L Ek are fields LG vn is the field of
fractions of Lcv Vn also the smallest field containingL v vn

K is a finitelygenerated fieldextension of Lif
k L v Tn for some V TheK

DIE let K be a fg field extension of k Thetranscendence
degree of K over K written trdegnk is the smallest ns.t
F x xn cK s t K is algebraic over k x xn

We then say K is an algebraicfunctionfield in u variablesoverk



E K Crs 11 x has tr deg 2 over Q since

k is algebraic over Tix

Ex If V Va x2 y k G K k V then

K is algebraic over y since x2 y O

Thus K has tr deg 1 over G

Def If X is a variety the dimension of X is

dim x tr.degrkX

Pep Let K be an alg function field in one variable over k
eg Kfieldofrat'tlet x c K XIEk k alg closed functionsEuwe

1 K is algebraic over k x

2 If char k O F ye k s t K k x y PrimitiveelementThm

3 If R is an integral domain w field of fractions K s t

KER then if PER is a nonzero prime ideal the
map K Rfp is an isomorphism

PI 1 let t e k s t K is algebraic over k t Then x is

algebraic over k t so 7 a polynomial f g t f t x O

X is not algebraic k so t must appear in f



t is algebraic over k x k x t algebraic over Ktx
K algebraic over Ktx

3 Suppose x c R s t I cRIP is not in k let yep
Choose polynomials ai sit f x y Ea x yi 0

Factoring out powers of y we can assume ao x 1 0

But then a x is divisible by y so it's in P so a I 0

But I is not algebraic over k so we get a contradiction.D

We can now easily conclude somebasic facts about dimension

P es sion
let X be a variety

If U E X is open then dimU dimX k U R x

In particular if X is an affine variety and I its

projective closure then dim x dim I

dimX O X is a point
PI If dimX 0 intersect w an 1A and take its closure

to get an affine varietyV Then KU k since it's algebraic
so T V k a point



Every proper closedsubvariety of a curve C is a point
Pfi AssumeWLOG C is affine let VEC a closed

subvariety R CC P I v Then T V Pyp

so TCU k k V k

A closed subvariety of AZ resp P2 has dimension one iff
it's an affine resp projective plane curve Rf Exer

Rational maps
let X Y bevarieties

Def A rational map f from X to Y denoted

f X y

is a morphism from an open nonempty subvariety UEX
to Y U Y that cannot be extended to a morphismfrom

any larger open subvariety to Y

Ex f 1A 4A defined x Yx is a morphism on 1A 03

but cannot be extended to 1A

In fact any morphismfrom an open set U EX to Y
determines a unique rational map X Y This is
because of the following



Chaim If f g X Y are morphisms of varieties and

they agree on a dense set of X then f g

PETCH We can define a morphism fog X YxY
Claim the set 0 y y EY Y is closed

Thus G g dy x Hx g x is closed but it contains a

dense open set so it's all of X so f g D

sinceany open set is dense in X this implies that
any rational map is uniquely determined by its restriction
to any open set

Die f X Y dehart if 5 U is dense in Y

Just as in the case of affine morphisms as long as f is
dominant it induces a map on the fields of rational functions

Pep let t X Y be dominant let UE X and VEY be
affine open sets st fill V a morphism Then

f't c v U

is injective so it extends to an injective map k V k U
a
KCY kcx

PI Similar idea to affine case D



Q what does f look like if it induces an isomorphism
on rational functions

Def 1 f X Y is birational if 7 UE X VEY open s t
f U V is an isomorphism

2 Varieties X and Y are birationallyequivalent if 7 a

birational map f X Y

Ed The map f 1A IP x xn i Cx xn is

birational

Ed consider the map f P P2 defined
a b a3 ab b3

The image is Vy3 X22 which is singular so the map
g P y XI is not an isomorphism

However we'll soon see that it is buinadinmal In fact the

only cubics that are birationally equivalent to f are singular
The smooth cubics are elliptic curveswhich are hot birational

to IP

Right away we can deduce that f X Y birational
The inducedmap f k Y k X is an isomorphism



p p
In fact the converse holds In order to prove it we need
a little more algebra

Def If A and B are local rings A EB then B dminates A
if MAEMB

lemma Let f X Y be dominant

1 If PEX in the domain of f and f P Q Then
Op X dominates f o Y

2 If Po X QCY and Op X dominates f Oo Y then

P is in the domain of f and f P Q

PI 1 If f c O Y then f F foot bot P b Q 1 0

Thus f GQ Y COp Y Similarly if I c Ma then

a Q o aof P 0 so the max't ideal maps into the
max't ideal

2 Take affine neighborhoods V of P W of Q let

w kly ay Then f yi ab ai hit fly bi P 0

Then setting bb bn we have f t w E T Vb But Vb
is an affine variety so this corresponds to a unwigue morphism

g Vp W which thus agrees w f



If d E f W vanishes at Q then f d Emp so x vanishes

at P Thus g P Q D

Using the above Iemma we can show that any mapbetween
fields of rationalfunctions is inducedby a dominant rational

map

Ther let X and Y be varieties Any nonzero homomorphism

4 k Y k Y is induced by a unique dominant
rational map X Y

PI Since any rational map on an open set ofX uniquely
determines a rational map on X we can replace
X and Y with open attires Thus assume X and

Y are attire

Then consider 4 KY C k X Just as before we

can find some beCX so 4 r Y E f Xb
so we get a morphism Xb Y which determines
a unique rational map X Y

Since 4 is injective the rational map is dominant D

Now we can prove our main theorem



Them X and Y are birationally equivalent k HEk Y

Pt L k x k U I k v k Y for UEX open
affine V E Y open affine s t U V

If 4 k x k Y is an isomorphism again replace
X and Y w open attires

Then just as above 4 t x C NYb some bet Y and
4 t Y E f Xd some d cTEX

Thus 4 f Xd y y E T b god since

a

d 4 b 4cal b and 4 a c t Yb
Similarly the other inclusion holds Thus The corresponding
spaces are isomorphic D

Def A variety is rational if it is birationally equivalent to
IP for some h

Wstm Are cubic fourfolds degree 3 hypersurfaces
in 1ps all rational

The above theorem leads to the following powerful
corollary



E ry Every curve is birationally equivalent to a

plane curve

PI For char 0 If V is a curve K V has trdeg 1
over k so from before k V Kla b

Consider the ringmap k x y s kCab Ek V
7

polyring
all its kernel I kCa b has no Zero divisors so
I is prime Thus V V I EIA is an affine variety

V kfx.gl I kCaib7 so K V Ek V Thus
dimV l and V is a plane curve D


