
 
Algebraicset

let k be a field For our purposes we only want to
consider fields that are algebraically closed we will seewhy
soon

Def A field k is algebraically closed if every polynomial
with coefficients in K has a root in k That is if fckCx7
there is some de k s t f x 0

Note By induction this implies that every polynomial in
KCx is the product of linear factors i e f p x xDGan
for some B hi Xu C K

Ex Cl is algebraically closed see Math 123 but
x 1 has no roots in 112 so IR is not algebraically closed

Def Affinen space denoted Api or just 1A is the

set of h tuples of elements of k to distinguish it
from the vectorspace k

let f e RG xw Then a san cIA is a Zero of f if
f a san O

Ex Comics in IAI



A comic is the set of zeros of a quadratic equation

g x g ax't boxy c y date y f

If we just consider the real locus we get the following
familiar conics

ellipse

parabola

hyperbola

ftwo lines e.g xy
if g is reducible over 112

But the 112 locus doesn't always give a very complete
picture

In IR x y defines a single point and x y2 1 defines

the empty set whereas they have infinitely many
solutions over G

Hete It usually makes sense to require a b or c to be
nonzero to avoid lines eg x and the whole plane o

More generally we can describe Zero loci using more than



gener y g
one polynomial

Def let SEKca xn be a set of polynomials

Define VCs Pea f P O for all f c S

X EIA is an algebraic if X V S for some S

ideas
let SEkCx xu and let I be the ideal generated
by S

Chaim VCs VCI

PI If PE I then f P O t f c S since SEI
Thus P c s

If P c s Then if gc I g a fit tamfm for some
Ai E KCxi Xn ties Thus g P Ot 0 0 so

Pe V I D

Lor Every algebraic set is equal to V I for some ideal
I

EX If f EKG Xu and I t then f VCI
In this case V I is called a hypersurface



If f y c kCx y f The x axis

We can now deduceseveral basic properties at V S

1 It's inclusion reversing If I C J then V I IV J

Ex x E x y VG

vk.MY

2 If In is a collection of ideals

f Ia V YI V ideal gem by Ix

i.e intersections of algebraic sets are alg sets

3 f g e kCx xn V f UV g V fg
More generally VCI UU J IJ

i e finite unions of aly sets are alg sets

Note Infinite even countable unions are not alwaysalg
sets tf X V I E 1A then f c I is 0 or has

finitely many roots so X is finite of all of 1A



4 V o Ah V l 0 and Vfx a xn an Ca and

so any finite set is algebraic

Properties 2 4 show that algebraic sets behave like
closed sets In fact

Def X C IA is a Zariskiclosedset if X is an algebraic
set Y is Zariskiopey if AMY is Zariski closed

The collection of Zariski open sets in A is called theZariski
topology

Ex The Zariski open sets on 1A are the empty set and
the cofinite sets

Nate If youknow any topology the Zariski topology is
strictly water that the standard Euclidean topology
i e algebraic sets are all closed in the standard
topology as well


