Hilbertt  Nullgtellemsatz

Recall Tue velatimships  we know s0 far hefween ideals  aud

alg,o,lov-al'(, Sets .

We have a map V: {,'.&”'C‘(S in kC""l;-..J‘XJE‘_’ {aij- swhs in A:}
® map i iv\clusim—rev<rsihj L eJ = V(O-) < VCI).
° Wkd'e,c;h'v(_ (k\:‘ def)

ols X i algebreic, V(Z(X))=X, 50 T s a i'jln{- N verse.

¢ V(x) = V(=), o it's not ingechue

e However, V(T =V(T).

£ we leshret cur attembon b radical rdeals, IS V a bide(,‘h‘lfh?
Note twat tuis is not bue ovur ey R -

x ey iy irreducible, Tus (7‘7'*’32') ot ("‘a‘j) ave both  prime omdl
Thus ad ical over R. Howeu-evl e Bevo et o each iy (0,0).

T Nullgtellensatz says twat £ ks o\(gz,bmica“lj closed, we do g,(,-(-

o b;dcchlm’-

Hilbert's Nullstellensatz: Let k be algehraically cloged ome




T Skla,.,7) am ideal. T TV (T))=(T.

(T‘AM L s aleft ivvwse whem V is reshicted fo radial I‘Am(fb

ln ovder o prove This, we first ned Twe \‘u((ovoivzl.

Weak Nullstellemsatz: [+ kR is aljebml’ca\(j closed  oand ng[z,J,..Jz:J
a propu idal, tn  V(T) ¥ 8

Pe: Find a maximal idwal  wm2L. T V(W )EV (T
Claim ij maxima | ideal ’W\_QkC’KU...)’XD is of Twe fovm
(ﬂ\‘al,..._,'xh‘quy) Q; el‘.
Cwell prve  This hext ‘H\M{..)

o \/(’VV\B -‘-{(“:,.--,au}g. ln \oav‘hcu\q", V (I) * P 3

Pool of Nulldellomsatz: We kuow VI S L (V (Iﬁ

et T = (§\J"-)£r), Suppo%c jé__r(\/ (I})
Lt R=kCr, ) omd S =k(x, o).
Defive 3--" (:F.J._.J'-FV-) 7(“4-\3‘ l} < S

What i \/(UBQ/AMZ | £ PeV(3> Then J‘c(p)’o Voo,
) j(P)=O.



s, A g -1 evaluakred at P e ot 0. = V(3)=6.

J

The  weak Nullstellemsatz iW\pll‘-eg ™Mot T'—S, so leJ

= 2 ad +‘o(n+.j-‘) = | for some a,, .., be Q.

Let N be 1ue lm'jhl-s{- o we i vd ?(hﬂappe.ayit\j in Twe Aqwuh’tm)
I
omd et Yt

MuH‘i\Olljiv:j both sides s twa e,ql,wcﬁmq loc‘) LJN ol c,awxc.r;“iv\j all
Tme  Xpe's lafd&s

Za’( :Fl * E (j —j\ = UN, wheie a‘u---aa'r;tekcxla--'-‘x""j-)‘

Subshibubing g for 9, we g 9" = F 0 whwe FeT,

do you see. why
we'ke allowed P
dw twis ?

o 3GE-G

Cor: We now howe Hw L’ﬂ""“"“"js ot o d(oﬁ'(sv:avg et ween

=

commutative al}cbm omd aljebvm'c g,cm'h«j Lot 8=k[’7‘|,-~u7‘h\).

Al gbraic Loy Fative
g ovatvy aig,&low—
Alg/cbmic Sets T bod rcal ideals
A" < w S

lrredmeible algdbaic . prinne i dealg
Getg ¥ oA S



: s Mmaxival Tdeo (s

- . W
points i /A (W g ('}(l—Q‘,.--)‘xk"ah\

(e, oo, 63)
g <« () =9
A" «—— (o)

Iclusion (veverse) T clngitn,
ok algpbreit = @ i deals
s

iV'V‘e,Gl wol IOLQ.— “WLQLU-CIOIOLQ ‘oul owirals
"\W"’WVMS (up to SLa\f\/\j

o\lz,ubvou'c, mlogely o g Radccal idealg < rodical tdeale
T n S S wontrtning T
ok V(L) /i See HwHZ j

Ex:  Conside L= ( x(y-1), x2*) € C(y,2)
= 67)(‘3-11 2-7') =) \('_]: = Cq) (\}_[J%')

V(T) = V(x)U \V(y-\, 2).

[rireducrble alg,«,larar(, substts of \/(IX

/r(/ = i subsehs o V()Y U {imn subsets of V(t,-l,a}
%,0)

Clupd/ 05 0092) o tue algebaic subgehs comvapond fo rose in
Twe plane.

~

@[*,‘3,'&3/{‘1_\)%)2 Clx), « tue propur- alJ. tubwls ale dMH- points
cnd &

Cor: K al}cbml'ca“'a closc,d) IQkC’x,J_”fo,‘\PS o tdeal.  Tweu



V(T) is fuke < S/I s a finte dimensitnal k-vechor spate.

Ex: ) k0D hay k-basic L ah od V(0)=A', whieh 5
mfinite.

e

)

k(xiv) ~ _= . -
) e VG R, i ke ks LA

\/(’x"—v) is infiwite

%) -
‘53 h( %‘1)3) hey  k—loocgis ‘J‘X , ©  Alwumiion Z, ol
V() 200,008 fike.

4) k[x,ﬂﬂjj'x(xq)) also hay bbasis L, X, ond dim 2, but
VCORICEN RRIODNTUDL

k()
l;,) | £ £ GkCXj 19 o pul\ahmf\/\ia( oA a(.kj J>O} T e ’%f_))
X~ is & k-linnar covmbinatton of lower d—t_jw{ tams,  so

, X, 2T fame e bagis.

Note: Thiy  dimen sitn dimk_ (S/IB i% Ca“e,o( e D(LMJ‘W Y S | VY
COWLSYaov.dFVj "gcf/ww\@‘,‘ Evum 'haoujl'\ \/("(z,‘a) = V('x,lj)) -h/\.,(_
two ideals defive difLeramt grhumas.

*— Verswg ®

We'll tome badk t this in o e weeks.



PE A C«Oroua.wj: Fint ossuma du'w\kcs/]:\ <o ot Pu---; [ GV(I)

. | if i=§
C\[’w: We cam find :)CU,-.J-F., €S it TF( <P35={0 shacvwise

%L!_gi_’/\uq-
p :f'Clal'm: For each ¢ find ji livear s.t. gt. (P;B =0 but j"('Pd) +0

for J* (ice. a [«g‘uvplal«&, a\miolfv\j 'PD'

¢
- L AR ™
SQ* Jzé = oL jl jz Jd \jV
.PZ
with o< prdudk of 4; eval at P P
P, "

We want b thow tHhat twe .
— P

£ % ave lincarly independint iw S/I

et 2,2 ¢k st 27\.‘?;:0- T, 2 2:4;6 L.

Sina Péé \/(I)) 0 = Z);;F;(PQ: Ay, % A;=0 fovall 1.

T, ave linearly indepondint v v dim (84) <o = V(T
finite.

T

Now wgsuina \/(I) =€—P|,---,P.—}, i-€. \/(I) is frute

For each j eélJ._.Jh‘g , Aefive :Fé = (’Xd‘ - al&X"‘d -4 <'xé—q"<'l>

whev e C(;J = dh" coovrdinate of- Pi.'

Tha sz(Px.B:O Vv ‘;nd._) So :Fd S I(V(I)3 = \FI,E



Thus, I N>>0 (t acdf" T ¥ .

re — Nr

= §&”=O) W X is o k-livear combination o gmaller

Pow ers

T W Com gamerate Vo a8 4 vechor spaw by Anitely many
. S
monomials. = dnmk</-l—_5<oo. y

EHechve Nullste|lonsatz
LL+ I = C"Fl.)---.: ,C'_B g— k.C’X,).-.J'Xh]_

£ 3P0  Hrvall PeV(T), tum sine VE=T(V(D),

gNeI for o NJ >0

Question: [s e on Uuppev bound on Twe minimum N
Tviat Wov\cs?

T (Ko“al’l (°)88> (£ ‘F; ave l/lUVV\oa,uw._ouLs ol OL,J dc>2,

—_—

v je\l__l:<=>JNG-7_— &VSNMQ N§—(j_d.,

[£ r<h, ho smaller N will  wovle in gj/v\y\/a(



