Algebra Detour

We need o develop yowa algebreic tools tn ovder o fuish T

proof of Tue Nullstellncatz. gped Geally, we want to show:
Thwm: £ k is «ljabmicallj closed, Twe maximal ideals of  kCa,- %)

ave of Tue forne (’x,—a.J__-) ’X,wa,,\\), where  ag € R,

Note Mok a HW #2 prblem  soys tnat those iduals ave always maximal
butr we want o gheow That Twese ave exoctly Twe maximal idealss.

-T\/tk6 —h/‘-LDVQM/\ d,oq not ho(cl oV a/‘,\o\vloi']'va.mj 'ﬁ'€|J?

Ex: C9c7'+\3§ RCx) i prime awd  Thus  waximal (?MCL R() is
o PID) .

Kin;is + MOJU\[{S

bt R be & ringand M an R-module.

Qef: M is o Einitely Wq‘l‘{,d R-wmiodule £ Twerve ave
s M € M sk fov all VV\&M, Mmire ave Ol,_,._.)a,,\é-R
suchh that m=C & m;

M,

Now, fuppose S 1S a WMj, RCS a subvivxg.

We o treat Jas am R-module, but v fuis special case, S s

called om R“Qlf)e-lo”‘k.




D_-?.f.' (£ S is a ﬁim{{-elj amy-od-e_d R—lmodMIC, Tum S s module ~Fimke
(OV, Sivvxplaﬁj M‘O ouer R.

n

in S by REV.,.--JV,I\. (RWJklﬂl tis is Twe ring ot "r—vo_ljnaw.iqls"
i Vi, v with o eficienmts in R)

Lt Vi, .., v, €S, Wae denote MSubri:j ymuated by Rov,..,v

Ex: QVZ] SR is tne sk ot elomomts of e form atblz, whuc
oo, b e @.

Def: S ig Viv\j-ﬁ'hfﬂ over R (ony o F\'hf{—d\tj gx/v\e,va-l-col
R‘&l%lo"ﬁs I+ S=R(:Vl,.-.,v,3 for some V,,___)V,,GS-

Note: I£ S =[2Cv.,_..,vy.\jJ Twre s oo waturul uyjechion

RCxs 7)) —> S

id
whu-e R—=R ol A 2V

Def: £eRCAD s monic if it s of e fovmm "+ q, 1" 4 v, e
e intial coellicient s .

Def: veS & iv\'l‘ejm) over Rif Twwve s o momic Po\ahow{ml f eR(=)
.. 7’3(V3=O. (al e,\olra.io) il R ond S ave f,’{,((k). 5 g iV‘“<3V'0L|

over R it vy VeSS i«



(/l/\-l- bk:

A~

L) Module- amd Vihg- frvitenuss ave bot tramsihive (i\'\’“—jmln}g S Wickier
: —see H
Z} Module - finite = ring - finite e W)

We'll soom show Twat Tue st ol elemants iVH'ejVal ovear R is a gubring
(in '&O‘(‘&W‘Oﬂ(j-@.bVO\B ot S, called Tue l'ln{-cjml tloswre of R in 9.

"P R 1S o lvH-ch-ql ol«svvmiml Twe Iml-z,jmf Closure ol R Cwi'h«ovd-

reference o a ‘oijg,ur WV\\j) is The \'Vl'(‘t\jml closure in ite fidd
ot Hrachmg.

E_X: 1) R(x) i y,‘mj_-F(v\H-c over R but not module- finite o ivn-l-c&ra»l.

2) RC‘;)/(‘)‘») = R +R&‘ s NOM[L—-A'V\{‘M) H'V\_?—-A'y\(-l-e) M\,d I'V\’I‘erﬂl over R

2) QUETT, 12, ) s iwbegal over @, bub not ving- ov

module = Fite.

n fact, module-finitencss is a S’rvvhju conditin, Twan im+tjvull'+3.
We 'l prove a.s(ijlnﬂ\j wea lker osserhon'

?ﬁﬁi RQS) S am im{-cjml domain, v e, TFRAE:

) v s ivH-cjral over R

2) ROv] is module -finite overr R.

3) Thwve's o 5ubrinj RIQS m{-aiw,hj REVj ot 's



module —finite over R,

P 1) = 2)  vhea vty s0.:0, «;€R

h
= V eR+R\I+.-.+RVh-I =) W’“’) power ol V s in Theve
= R(V]) & modu(e-finite.

2) = 3.3 R{ = R(:\/J

3-3$13 S\Appos-e R’ 0% g,um os am  R-~module bv W, ..., Wa.

e e —

Tham VW= agW, 4o+, Wy a5 eR

aq al’" - —: W,

v W n v, BN W,

wi

- VI-(Q.\&) o (w“\ n  its kund, & i+ has zevo deter minond

= Vh + lowur an:j terms =0 = Vs im{-tsmk over R D

Cor: Tar st of dements o S et ode M+e\<jml over R is oo
Fub ving A D mhiv\fltj R (called Tue m&;m\ doswre of R mS)

Pe. a,b (mh_jml over R

—d

= R(a] module-finite over R, ond b i“‘l‘ﬁjm\ over R (o)

= RCa,lo—) (5 medule -finike oy, RCO»:) and. taugy  over R

1 R'=Rab) owad veal o b oavd we apply



'Prup) (VARNES ih*‘ﬂml 0 Vv R. D

C_OI" Sumook % 1% \r(v\j-(l\’v\{k OV-UrR- T,

S module-finite over R = S in{-e\:jm\ ovar R

’Pi: Assume S module- finite ov<r R.

Tan it Q_GSJ RCO»]QSJ So  a iy iM-:j\fa\ over R (3)=>13>

Tkms, S ig iv\-\-&jrq' ovVev R

Now assume S IS in’rc\jm\ over R
£ we wuite S—.REV,)___)V;SJ MRL\IJ & wiod —fowite over R

Assumna RC\/\,.-.JV‘] 1S wmod-finite ov<vr R,

Vi I8 .'M-c\jm( oV ev RCVt,...JVJ %0 RCV,,___JVM‘] g module-finte
oLV RCV“..._,V‘:)J md Thug  over R

Done by iwduchon. D

Fields

16 KEL are fGelds, K(v, ..V, s twe fed ot fmchims/q,wh'm’r
Bd of K(vinov]  (also ta smallest field conbaiving Ku,, .V, )

M: L is « f-\'m'*'dn W—\-td Reld extemsion ot kL




L= KV b Sowe Vi, vae L

L is oam u\jebmu'c extunsion o K if all fTue demmants of L

owe alj,e,bml"c, ova K.

E_KZ (DC\/E_] (“ @ (JE)\ IS am cbbz‘ovou'c extemsisn of ®
(elts of fua fvim  « +BV5  «, pe @) o Lok s e dule -

Linite over Q.

@ (1) s not algebraic/ @.

Check: & KEL are fields, fum Tue eloments o2 K Twat

avre a(azbm;’a OVWk 'Govvn o Subfield.

Claim " AH-\n.oush K("‘) IS oo Givxﬂ-dtj g,w\.u,-od’ed field extemsion o la]

it'¢ ot v—im_s-—[]-[\m'\-e over R.
Ef_—' Su\opo.&a. ke (x)= \‘[Vu---,\f;},

Taw 3 bek(®] st by ek ¥ v (ie Clear dunominators)

Let  cek(x) be irveducible st. ¢ doesn't divide b.

( . . .
We Com Write T o a k-lncar wwbination o monowmials

in TV\L, \/(‘S.

= 3 N >0 s.k. E c—kC"_J, o ¢ onhadichion. O

C



Claim : k[x] is its own im+<\jml closure i k('x)_

—

PE Lt ze k(a) (h+¢jml ovev k().

T Ehi'ah-( %k-{*'-u ta, :O/ o @kC‘K),

[+ we write 2"*‘?‘ , ¥, qe k(%) el prime, tae, Vmul{-ipt\j;mj
T\av\mjln by 9 we gt
§W+€h_(7ch-‘\j L +a°$=0 = 9 divides § o jek_ 0

ou’\n’sipz bl’)J

Now we weed oo bl’3 Teorom  befoe we com Ffinish M prosd
of Mo Nulldellensatz

Thna: Lt KL be fdds. [ L is (rt'vxj—@ivui+c oV v K)
om0 0s mOcqua.——'P[m'-l-{ (Wwo\ Twus Cklabblf&ic aver K

E{Z_: Lt L- K[VI,.--,VV.—J. We ' || prove bta nduthtyy, o w.

14 el consider X (23> K(w)

X >V

K{V) s o field, so KRQw)F ktﬂ/w) , Fto

Thus JL(VJ =0 = v, i aljz,\olral'(, over K = k[\"] i

module - finike over K.



Now assume Twe slatemunt holds for extemsiong gen. by n-l elts.

Twam L= k(v')[\’z)---;vn.} s M°CL“1’~"I\11'V\§‘]'< oV k("l)
= l_ a_\y.)oml'c ovr k (Vl).

Cose |- Vv, QIS{,bV'OL[C ovev k Twm k("u) s odﬁ. oV k

\NASN—

By ’rvwmsih\)ﬂ-«.j ol ihl—ﬁml{b) L s aljebm[(, omd g
W\DJML(-P-{M1'+< ouey K) V) | we'lre d-()\/LL

é\",éf:,\?—,: V, not C((nglfaic, ovev k

T K (1) =k <V,) (€X€r(.l'<a<3

he .
Each v satisfies Vv, + Vv T, O 4s<|-e’<("'\

Choose. ae K(v) twat i¢ a multiple of al deviominators o e 4 .
Multiplying by a™ we 9et

n{ ne -l
(aVi) +Qa£l(aV£3 t.. =0 , Where all coeffc are now in i Cvil,
Wuj av; IS ‘.Vl{‘f.j VU.] ovelr k CV:\ ;

I\/tunovw, fov 2&(,) 3 N0 st Ve e [ [vl][avzjavsj_-.Javh],

Thug, since \'vd-ejml et v a rfnj = oV2 s in{-ejm( over [ (vi)

Ser =L e KO whae cek(W) is prime b @.



Thm %—N s ivﬂ~<_jm\ oVLv REVJJ%‘D\N\LN>(D- o % GKEVJ,
0 (,um{‘va,did’l'()h lmﬂ e oabove claim. O

Now we cam ww\p\.d'e, Tue provf- oA T Nullsfellemgatsz:

Theovewn: | ks a‘ﬂ,&,lav-a_icauv osed and  m C k(x,,.., %, ]=R ig «

maximagl ideal, T Wn:('x‘-a,,...,'xh-a.,‘)) whue acek.

PE Lt L= Thew L ois a Field and kel

L s ln'nj~#fw'+e over k, w L g a(g,dowaic ovw k.

| £ Tz-eLI Twen 'P(%):O) cone Fe k(™). But k 13 Qlj,b[ﬂl’&i(&“&] closed,
o e k. Thus L=k.

Thus, for all %, D aek o A =4 i L =D x-a em.

= (’K,~&‘J_"J ’xh—ah)g_’h«, lru t i% maxiww,(, %o 'h/u.all’e C‘[MAI D

=



