
 Rationalfections

let 0 t V EA be a Variety i e irreducible

T V is an integral domain we havethe followingdef

Det The fieldotrationalfunctions on V denoted KCV is

the field of fractions of T V f e k V is a rationalfition
on V

In V xy E EAP is the same rational function as

Def A rational function f c k V is defined or regular at PeV
if F g he v s t f hot and h P 1 0

In the previous example f Iz F is defined at x y z if
2 to o y1 0

Polesotrational functions

Def Let f e k V PEV P is a pile of f if f is notdefined
at f i e every possible denominator vanishes at P

Ex 1 if f V is a UFD thenup to multiplication by units
f t k V can be written uniquely as f F where
a b rel prime so the poleset of f is V b



2 In the xy E example thepole set of F is
FT EV xy E

Propi The set of poles of a rational function is an algebraic
subset of V

PI Suppose VEA let f e k V Let Jt get v lyfe
Easy to check Jf is an ideal

WTS V Jf poleset of f

P is het a pole off 7 a be f V st f f b P 10
F b c JI s t b P 1 0

P Jf D

Localvingsatpoints

DEI Let Pete Op v C k V is the set of rational
functions on V that are defined at P called the localring of
V at P

Equation Opa k P

Ex P V x EIA



P k Ek se k P Ek

However Fe p H but I Op Ht so Op A is

not a field

Although x evaluated at P is 0 x 1 0 inOp A

More generally Opdepends on V whereas HP CP 1k always

Claim Op v is a subring of k V

PI AJ DEcOp V s t b P d P 10 Then b P d P 10

so products anddifferences are in p V

So k Ef v COp V Ek V D
f 1 tf

Propi T V p p V for V a variety lie avi is exactlythe
rat l functionsdefinedateverypointof v

Pf We know E If f cphew p V then f has no poles

so if Jf get v Igfc flu Js 0

I c Jg WeakNullstellensatz f cTCU D

If f cOp v we can evaluate at P



If f of off a P b P a P b P bay gY
1 anonzeroon p

i e evaluation of f is well defined

Evaluationgives us a homomorphism

Op v k
f f p

since kEOp V maps to itself this map is surjective

The kernel is thus max l calledthe maximalidealot VatP

defined Mp V non units ofOp V f gc Ir p

Def a A ring R is a locating if it satisfies the
following equivalent conditions

1 The set of non units in R is an ideal

2 R has a unique maximal ideal M

i e Op v is in fact a local ring

PI 1 2 let us be the ideal consisting of non units
If I ER is an ideal it contains no units so I EM

2 l let me be the unique maximal ideal Then if



AER is not a unit a ER so a Em Thus rn

contains all non units so it is exactly the set of
non units D

Ex I I let R E I a BER bodd

R is a ring check

c R is a non unit c GI where b is odd
ee 2

Thus R is a local ring

2 x is het a local ring x 11 and X are non units

but txt1 x L so the non units don't form an ideal

3 let R f cKtx IasbcKG and b has a nonzero constantterm

Exner R is a local ring w Max'tideal F

In fact R QCA

Prep Op v is Noetherian

PI Let I COp V WTS I is finitely generated

Consider J Ihf V J is an ideal of CV



V is Noetherian so J fi fr E 1 v

let fc I COp v Then f cof a bc NV b P 10

Thus bt a c In Tlv J

bf a f t tarfr ai CTLV

f f t F fr I t fr D

let 4 V W be a regularmap of affine varieties

Consider 4 t f w CV
kfw k v

can we extend 4 to k w

If so there's only one possible map

hot 44
4 h

But if heker4 this doesn't work

Note it doeswork if 4 is dominant Do youseewhythis is true
geometrically

Instead let Pete Set Q 4 P

let h c f w s t h Q 1 0



Then V whisk
P Q hQ 40

y h

Thus it f is defined at Q and H Q 1 0

then 44g is defined at P

In fact this gives us a well defined check map so

4 t ines a morphism

Oo w Op v

Furthermore if I E m w then g Q O

so Y g P g Y P g Q 0

so Y f c Mp V That is mo W getsmapped into

Mp V


