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CHAPTER 1

Introduction

Our goal in this class is to use algebraic geometry to understand (certain) groups. Why
might this be a good idea? Well, many of the most interesting groups are groups of matrices,

and we learn early on that
a b\ (e f\ _[(ac+bg af+0bh
¢c d)j\g h) \cet+dg bf-+dh

a b\ ' 1 d —b
(c d> _ad—bc<—c a)'
Notably, the product and inverse operations on matrices can be specified by polynomial and
rational equations. This is exactly the domain of algebraic geometry, and we will gain a lot of

insight into the structure and representation theory of matrix groups by understanding them
geometrically.

and







CHAPTER 2

Basics

1. Algebraic groups

Let C be a category with products and a terminal object denoted by %. Then a group
object or, simply, a group in € is a quadruple (G, m,e,:) where G € € and

m:GxG—G
is the “multiplication”,
e:x— G
is the “identity”, and
t:G—=G
is the inverse. These are subject to the commutativity of the following diagrams:
(Associativity)
GxGxG ™S Ggxa
idel lm
GxG —"G.
(Identity)
xx G 2 G x @ G xx
S
G
(Inverses)

exid idxe

G— GxG+——G
*k x.

e e

EXERCISE 1.0.1. Prove that there is an isomorphism X X * ~ X for any X € C.

We denote by Grp(C) the category of groups in C, the morphisms are morphisms in C,
¢ : G — G’ such that the following diagrams commute

GxG 2% g xa

¢ — s a.

We also note that we always have the forgetful functor Grp(€) — € which extracts G.

EXERCISE 1.0.2. Prove the forgetful functor Grp(€C) — € is conservative, i.e., a morphism
v : G — G’ is an isomorphims if and only if it is an isomorphims as a morphism in C.

ExaMPLE 1.0.3. A group in the category Set is the usual notion of a group.

EXAMPLE 1.0.4. We have the category Mfd of manifolds. Then objects in Grp(Mfd) are
called Lie groups.
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The focus of this class will be the notion of group objects in the category of schemes, but
pretty soon we will focus only on group objects in affine varieties. We begin by letting k& be
a ring, though very quickly it will be a field. We write Schy, to be the category of k-schemes;
we also write x = Speck. If k is a field, recall that a k-variety or, if the context is clear, a
variety, is an integral k-scheme X such that the morphism X — Speck is separated and finite

type.

DEFINITION 1.0.5. An algebraic group over k (or, simply, an algebraic group if the
context is clear; we also sometimes refer to these things as group schemes) is a group object
G in Schy. If G is affine, then we call it a affine algebraic group.

Before we go on, we make a remark on extension of scalars. Recall that if k¥ — k' is a
morphism of rings, then we have the base change functor

SChk — SChk/ X = X X kK =: X
which, for an affine scheme Spec R, we get (SpecR)r = SpecR ®y, k'.
EXERCISE 1.0.6. Prove that Gy is an algebraic group if G is.

One of the features of the algebraic group theory is that there possible forms of groups,
i.e., variations on how the group “looks like” as we change scalars.

2. Examples and how to verify them

2.1. Algebraic group as group-valued functors. Let X be a k-scheme. Then we can
consider the following functor

X : CAlgy — Set R — Homgep, (Spec R, X).
The functor above is called X as well precisely because there is no loss of information:
LEMMA 2.1.1. The functor
Schy, — Fun(CAlgy, Set)
described above is fully faithful.

The point of the above lemma is a combination of Yoneda’s lemma plus descent. We will
not get into the proof, but it provides a way to think about algebraic groups: we have a forgetful
functor Grp — Set and we can consider group-valued functors, i.e., those functors that factors
as

2
-
-
-
-
-
-

CAlg, —— Set.

LEMMA 2.1.2. We have the following commutative diagram of categories

Grp(Schg) —— Fun(CAlgy, Grp)

| |

Schy, ——— Fun(CAlgy, Set).

Therefore the data of a group scheme over k consists of specifying for each k-algebra R, a
group G(R) and for each morphism R — R’ a group homomorphism G(R) — G(R’) subject to
compatibilities such that we get a functor. This gives a very simple proof of the following:

EXERCISE 2.1.3. Explain why it is immediate that a morphism of groups ¢ : G — G’
preserve identities and inverses.
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Of course, a random functor from CAlg; to Set need not come from a scheme, but in
practice we will be handed an obvious scheme which we can then verify has a functor-of-points
which land in the category of groups. All of this makes it convenient to actually specify algebraic
groups.

EXAMPLE 2.1.4 (The additive group). Recall the scheme A} represents the forgetful functor:
AL(R) =R.

A ring is, in particular, a group. Hence we obtain the structure of an algebraic group on A}C;
in the literature this algebraic group is often called the additive group. Similarly, we obtain
the structure of an algebraic group on A}.

EXAMPLE 2.1.5 (The multiplicative group). Recall the scheme A}~ {0} represents invertible
elements in a ring:

A}~ {0}(R) = R*.

Hence, obtain the structure of an algebraic group on A} \ {0}. We often denote this algebraic
group as (G,,)x and call it the multiplicative group.

These groups are both commutative which can be expressed via diagrams or the fact that
the functor-of-points factor through the category of abelian groups.

EXAMPLE 2.1.6 (The general and special linear groups). As a scheme, the general linear
group is the complement of the divisor det < A7*™. It is also the affine scheme

SPEC k[Tll, ce 7Tij7 s ;Tnn] (det_l) ;

we denote it by (GL,,);. What are its functor-of-points? Well it is easy to see that GL, (R) is
the matrix group of invertible n X n-matrices with the usual law of matrix multiplication.

For each R, we also have SL,(R) C GL,(R) of those matrices of determinant 1. This is
also an algebraic group, defined as the closed subscheme of (GL,, ), where det = 1. We should
then define the notion of a subgroup in this context.

Suppose that k is a field, and V is a finite dimensional vector space of rank n. We have a
coordinate-free description of GL,, as the algebraic group GL(V). Its functor-of-points is given
by R — GL(Vgr) where the latter means R-linear automorphisms of Vg. Choosing a basis is
equivalent to given an identification of algebraic groups GL(V) ~ GL,,.

DEFINITION 2.1.7. If G is an algebraic group, then a subgroup of G is a closed subscheme
H < G such that we have factorizations

It is easy to verify that SL, is a subgroup of GL,, via the following general fact since it is
the kernel of the determinant homomorphism GL,, — G,,.
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EXERCISE 2.1.8. The kernel of a morphism of algebraic groups ¢ : G — H is defined as
the pullback

ker (p) —— G
J ”
* —>— H.
Prove that ker (¢) < G is always a subgroup.

EXERCISE 2.1.9. Using Exercise 7?7, compute T .SL,.

EXAMPLE 2.1.10. A (split) k-torus is an algebraic group T such that T = (G,,)} for some
n > 1. If k is a field, then a k-torus is an algebraic group over k such that there exists a finite
separable extension L of k one such that Ty, = (G,,)}’. The exercise below illustrates this:

EXERCISE 2.1.11. Consider the affine scheme over R which we denote by X defined by the
equation 2 + y> = 1. Prove that naturally can be given the structure of a R-algebraic group
(hint: after looking at the example of orthogonal groups below, prove that X = SO(z? + y?)) to
obtain the group structure) . Prove that this scheme is not isomorphic, over R, with (G,,)r.
Howewver, prove that X¢ is a (split) C-torus. This is an example of a non-split torus.

EXAMPLE 2.1.12. Let k be a field of characteristic not two. A nondegenerate quadratic
space, which is a finite dimensional vector space V with a nondegenerate quadratic form ¢.
The orthogonal group is the subgroup of GL(V) given by the functor of points:

R — {g:q(gv) = q(v)Vv € Vg} C GL(V).
We write it as O(V, q); these are the orthogonal groups. For an explicit example of a quadratic
form that one might be interested in we have either the even ones:
T1%2 + T2x3 + - - Tan—1T2n
or the odd ones
Ty + X1 + Tog + -+ Ton_1T2n.
These things actually behave differently as we shall see. We also have SO(V,¢q) the special
orthogonal groups which are defined as the kernel of the determinant map O(V,q) — Gy,.

EXAMPLE 2.1.13. Let k be a field, again of characteristic not two. Recall that we have the
symplectic form:
0 I,
B

which is an example of a nondegenerate alternating form on a vector space V (necessarily of
dimension 2n). More generally, we let w be a nondegenerate alternating form on V. Then we
can consider the subgroup of GL(V) given by functor of points
R~ {g: w(gv, gw) = w(v,w)Vv,w € Vg}.
For the standard symplectic matrix we denote the corresponding algebraic group by Sp,,, and,
more generally, we write Sp(V,w); these are the symplectic groups.
EXERCISE 2.1.14. Prove that O(V,q) and Sp(V,w) are indeed schemes.

Next, we consider group schemes which feel a bit different:

DEFINITION 2.1.15. A k-algebraic group G is finite if the structure morphism G — * is
finite. In the literature, these are often called finite group schemes

IRecall that a quadratic form is a function ¢ : V — k such that q(az) = o2q(z) and such that its
polarization:
(z,9) = q(z +y) —a(z) —a(y)
is bilinear; we say that it is nondegenerate if the associated bilinear form is.
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This exactly means that O(G) is finite dimensional k-vector space.

EXAMPLE 2.1.16. The easiest examples come from finite group theory: if G is a finite group
we take |G| copies of * and consider it as a group. This gives a functor Grp — Grp(Set) landing
in finite group schemes which we again denote by G. Note that |G| is exactly the dimension of

0(G)

—z™

EXAMPLE 2.1.17. We define the group of m-th roots of unity by u,, := ker(G,, ——
G.n). This is a finite group scheme which is not of the form above (in general); it is the Spec
of the ring k[T]/(T™ — 1)

EXERCISE 2.1.18. Prove that ker(yp) is a subgroup of G; that is: it is a closed subscheme
of G which inherits the group structure of G.

EXAMPLE 2.1.19. There are interesting finite group schemes whose underlying space is just
a point; let k be a field which is characteristic p > 0, then:
(1) we have pn as defined above;
(2) we have a,» which is the kernel of the map

on
P

Gy, — G,
We note that this is well-defined as a morphism of groups only in characteristic p > 0.
The ring of functions of a,» is given by k[T]/(T?").

EXERCISE 2.1.20. Prove that apn and p,n are isomorphic as k-schemes but not isomorphic
as algebraic groups.

2.2. Hopf algebras. Most of the groups we have seen so far are affine and we will stick
to this for the most part. This will remain the case for most of the class. An example to keep
in mind:

ExaMpPLE 2.2.1. An elliptic curve over a field k is a smooth, projective 1-dimensional
variety of genus 1 equipped with a prescribed point 0 € E. By definition, this cannot be affine.
Away from characteristics two and three, these are defined by homogeneous equations of the
form y2 = 2% + ax + b. A standard fact that is that an elliptic curve is a group variety, which
is furthermore commutative. These kind of groups, which we will mostly ignore for the rest of
class, are called anti-affine which are defined to be those algebraic groups such that O(G) = k.

Now, if G is affine, the ring of functions O(G), a k-algebra, completely describes G.

DEFINITION 2.2.2. A Hopf algebra over k (or, simply a Hopf algebra if the context is
clear) is a k-algebra A equipped with morphisms of k-algebras called a comultiplication

A:A— AR, A,
an augmentation
e:A—k,
and an antipode
t:A— A

such that taking Spec gives Spec A the structure of a k-algebraic group.

Appropriately defined the category of Hopf algebras is equivalent to the category of k-
groups which are affine. These are all tedious checks. One utility of this language is to do
computations with representations of G, another gives us a way to think about subgroups (the
same way that ideals let us think about closed subschemes):

DEFINITION 2.2.3. A Hopf ideal is an ideal I of A such that:
AN CARI+I®A
eI)=0
oI) C L.
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LEMMA 2.2.4. There is a 1-1 inclusion reversing bijection between Hopf ideals and subgroups
of SpecA.

ProoOF. It suffices to note that A/T is a Hopf algebra if I is a Hopf ideal. We will leave
verification to the reader.
O

EXERCISE 2.2.5. Write down the comultiplication for O(GL,,) as a Hopf algebra, verify that
(det — 1) is a Hopf ideal. Write down explicitly the antipode and the augmentation for SLs.

3. Schematic properties of algebraic groups

We work over a fixed field k for the rest of this chapter. We now delve into some geometric
properties of algebraic groups, chief among which is that it is smooth in characteristic zero.
More generally, the smoothness of a group is entirely about the absence of nilpotents as we will
see later.

3.1. Separatedness. To begin with, we note that algebraic groups over k are, in general,
separated schemes.

EXERCISE 3.1.1. Let X be a k-scheme, prove that if v : Speck — X is a section of the
structure morphism, then v is a closed immersion. On the other hand, show that sections of
morphisms of schemes in general need not be a closed immersion.

Algebraic groups over k do not suffer pathologies like the “bug-eyed point”:
PRrROPOSITION 3.1.2. Any algebraic group over k is separated.

ProoF. By the above exercise the morphism e : x — X is closed immersion. Now, the
diagonal map A : G — G x G fits into the pullback diagram

G— GxG

l lm(ide)

* —— G,

whence the claim follows from the fact that closed immersions are stable under pullback. [

3.2. Connectedness. In scheme theory, a connected component containing a point =
refers to the a maximal connected subset of the underlying topological space. Every point is
contained in a connected component and that connected components are closed but it might not
be open (which is a little weird). Noetherian assumptions ensure that this does not happen: in
fact locally noetherian schemes have connected components which are closed and open (hence
clopen).

REMARK 3.2.1. The functorial perspective should always be taken into account when trying
to give some intuition about algebraic groups. Let us have a look at G, = GL;. If we look at
G (R), then we are looking at (R~ {0}) which is, topologically, two points. This is disconnected
as a topological space. On the other hand, if we look at G,,(C) we are looking at C ~. 0 which
is, topologically, the circle S'. This latter space is connected.

Clearly finite groups cannot ever be connected. We instead write G° for the connected
component of the identity of G, i.e., this is the largest connected component of G containing
the image of e. In particular, we have a clopen immersion G° — G.

LEMMA 3.2.2. G is a subgroup of G.

PROOF. We first claim that the map G° x G — G factors through G°. By standard facts
from topology, it suffices to prove that G x G? is connected; it is not true that the product of
connected schemes is connected as explained in the remark below. What is true, however, is

that GY is actually geometrically connected, in which case the claim is true.
O
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REMARK 3.2.3. Let F — L be a finite Galois extension with Galois group G, then SpecL is
clearly a connected scheme (it is just a single point), but SpecL Xgpec w Spec L = SpecL®p L =
Ug Spec L. One sees that the problem here is arithmetic in nature: SpecL is connected but not
geometrically connected.

Recall that a scheme X is said to be geometrically connected if for any separable al-
gebraic closure k of k, Xy is connected. The above remark shows that L is not geometrically
connected, even though it is connected. To prove the above result, we will need the following
result from algebraic geometry:

LEMMA 3.2.4. Let X be a k-scheme. Then:

(1) if X has a k-rational point, and X is connected then X is geometrically connected;
(2) if Y is connected and X is geometrically connected then X x Y is connected.

PROOF. These are [?, Tag 04KV] and [?, Tag 0385] respectively.

EXERCISE 3.2.5. Prove that SL,, is connected over arbitrary fields.

EXERCISE 3.2.6. Let k be an algebraically closed field of characteristic not two. We remind
the reader that any quadratic form (of rank n) in this case is isomorphic to x2 + ---x2. Prove
that Oy, is not connected (hint: use the determinant to construct a map O, — x U *). Describe

(On)°.

3.2.7. A remark on the algebraic versus analytic theory. Consider the Lie group (R*,-);
clearly it is disconnected, but we can nonetheless take the neutral component ((R*)°,-) which
is itself a Lie group. Now we have the exponential and logarithm which defines isomorphisms
of Lie groups

(R)°,) = (R, +).
In some sense, this says that in the world of Lie groups (G,,)° ~ G,. This is plain false in
the world of algebraic groups and is one of the key differences of the algebraic theory from the
analytic theory.

3.3. Smoothness. We now discuss smoothness, probably the first important idea in the
course; for more details we refer the reader to Section ?77.

DEFINITION 3.3.1. Let k be a field and X a locally finite type k-scheme. Then X is smooth
if Xz is a regular scheme: for all z € X the local rings Ox , satisfy: dim(Ox ;) = dim(m/m?).

REMARK 3.3.2. In fact, one of the crucial points of modern algebraic geometry is that
smoothness is a relative notion, unlike regularity which is an absolute notion. In other words it
is not quite appropriate to say that X is “smooth” but rather that the structure map Speck is
smooth. For the purposes of this class we will mostly only discuss what it means for a scheme
to be smooth over a field.

REMARK 3.3.3. In Section ?? we discuss three perspectives on smoothness:

(1) first, we have the Jacobian criterion which is a way to verify smoothness given defining
equations,

(2) the Cohen’s structure theorem which characterizes regular local rings concrete,

(3) the functorial point of view or Grothendieck’s criterion

All three perspectives are important and have their own merits and the reader is encouraged
to flip to the appendix to read about them.

Some algebraic groups are smooth in an obvious way. Let us verify this in the case of GL,,,
unconditionally over any field.

LEMMA 3.3.4. The algebraic group GL,, is smooth over any field.
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PROOF. Let us use Grothendieck’s criterion: we have a map A — A/I of k-algebras such
that 12 = 0. Our goal is to prove that the map

GLy(A) — GLy, (A/T)

is surjective. To even be able to do this in general let us examine n = 1: we are asking that
Gm(A) = G, (A/T) is surjective, i.e, that the map of unit groups

A% = (A/D)*

is surjective. But this is the case! For example we know that G,, is a smooth scheme since it
is an open subscheme of A! which is obviously smooth. More explicitly: let w € (A/I)* and let
u be a lift. Since u reduces to an invertible element, there exists an r such that

ru=1+35  j el

But 1+ 5" is invertible since j’ 2 = 0. Hence ru is a unit which means that v must be invertible.
Now, let M € GL,,(A/T), and let M be a lift. We need to prove that M is, in fact, invertible
which we can do by checking that det(M) is invertible; but we know that det(M) is invertible in

A/T and det(M) reduces mod I to det(M) and so the claim reduces to the previous paragraph.
O

EXERCISE 3.3.5. Prove, via the infinitesimal criterion or other means, that SL,, is smooth
over any field.

We will work towards the following theorem:

THEOREM 3.3.6. Let k be a field of characteristic zero, then every affine algebraic k-group
is smooth.

To do so we will discuss the idea of homogeneity. At this point let us assume that all
algebraic groups in sight are finite type over a field. We restrict ourselves to the following
situation: let X be a finite type k-scheme and let |X| be the underlying topological space of
closed points of X; note that the residue field at each closed point of X is a finite extension
k(z) of k. We can consider self-maps of k-schemes f : X — X which are invertible; this forms
an abstract group (at least for now) which we will denote by Auty(X). In particular, Autg(X)
acts on |X|. We say that X is homogeneous if this action is transitive on |X|.

ExAMPLE 3.3.7 (Non-homogeneous varieties). Being a homogeneous variety means that
|X]/Autg(X) = . If X is positive dimensional, then this cannot happen if the automorphism
group is finite. Hurwitz’s theorem can be used to compute that this is the case for X a smooth,
proper curve of genus g > 2 over an algebraically closed field k. Hence being homogeneous is
quite a special property of varieties.

EXERCISE 3.3.8. Consider the group scheme p,, over a field k of characteristic not dividing
m. Then if k contains a primitive m-th root of unity prove that
W =2 Z/m.
In particular show that this group is homogeneous. Assume that k does not contain a primitive

cube root of unity (but still charateristic # 3), then show that pz is not homogeneous; hint:
show that s is a disjoint union of * and Spec k[T]/(T? + T + 1).

EXERCISE 3.3.9. Let k be an algebraically closed field, then G is homogeneous.

The following is immediate from definitions and homogeneity of G; note that smoothness,
as explained below, only depends on Gz.

PRrROPOSITION 3.3.10. Let G be an algebraic group over k. Then the following are equivalent:
(1) it is smooth;
(2) the point e is smooth point;
(3) it has at least one smooth point.
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Next, we note that the property of being smooth for a group is equivalent to a weaker
property: being geometrically reduced. This is not at all surprising; here’s the key point and
its proof appears in Lemma 77 in the appendix:

LEMMA 3.3.11. Let k be a perfect field and X be a non-empty finite type k-scheme which is
reduced. Then there is a dense open subscheme of X which is smooth.

PROPOSITION 3.3.12. An algebraic group G over k is smooth if and only if it is geometrically
reduced.

ProoF. If G is geometrically reduced, then it must have at least one smooth point by
Lemma 3.3.11. Therefore Proposition 3.3.10 informs us that G is indeed smooth. g

Therefore, to the list of Proposition 3.3.10 we can add: G is geometrically reduced. This is
what we will verify later on.

LEMMA 3.3.13. An algebraic group is smooth if and only if any nilpotent element of O(G)
is in m2.
PROOF. Because a group G is smooth if and only if it geometrically reduced, the claim
follows from the formula
T.G = Homy,(m./m?2, k).

O

LEMMA 3.3.14. Let A be a Hopf algebra, and let 1 = ker(e), i.e., the kernel of augmentation.
Then

(1) As k-vector spaces A =k ®1;
(2) for all a €1 then a is primitive modulo 1, i.e.,

Ala)=a®1+1®a modI®I

PROOF. These are direct consequences of the properties of Hopf algebras, which we leave
for the reader to verify. O

THEOREM 3.3.15 (Cartier). All affine algebraic groups over a field k of characteristic zero
is smooth.

PROOF. First, let us observe that
m. = ker(e),

we denote this maximal ideal as m. The goal is to use Lemma 3.3.13 to prove that any nilpotent
element is in m2.

There are two cases; first assume that x maps to zero in A, then it maps to zero in
Am/(mAy)? and hence zero in A/m? and hence z is in m?2.

In the second case, we assume that it is not zero in Ay,. There then exists an exponent n
such that ™ = 0 in A, which is minimal in the sense that a”~' # 0 in A,,. Now, there exists
an element s which is not in m such that sa™ = 0 in A, hence we may assume that ¢ =0 in A
and "~ ! # 0 in Ay,. Since A/m = k, and has no nilpotents, we also conclude that a must be
in m.

Now, using Lemma 3.3.14 we have that

Ale)=a®1+1®a+y
where y € m ® m. Since A is a ring map
0=(A(a))"

and so
0=(@®l+1®a+y)"
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Expanding the right hand side we have terms of the form
a"®1l, @ tel)-(1gaty), (@)"(1oa)y’

such that h+i+j = n,i+j > 2. Now, the terms of the last form lie in A ® m? while the terms
of the last form are zero, hence conclude that

n@" ' @1)- (18a+y) =na"' @a+n@ ' @ l)ycAom’

so that
nad" '@aca" Ime A+ Aom

Taking reduction modulo m?, we contemplate the element
na"'®aca" 'm® A/m?

The goal is to prove that @ = 0. By the general vector spaces lemma below, it suffices to
prove that na" ! ¢ o™ 'm. Well there is no way that a®~! € @™ 'm because if it were then
a" ! = a""'m where m € m which would mean that (1—m)a™~! but this means that a"~! = 0
in Ay, since 1 —m € A. This is a contradiction. Now, n is a unit in A using that A is over a

field of characteristic zero. Therefore we conclude that na™ ! cannot be in a” 'm. O

LEMMA 3.3.16. Let V, V' be vector spaces over a field and let W be a subspace of V. Let y
be a nonzero element of V'. Then x € V lies in W if and only if x @ y lies in W @ V',

ProOOF. Writing V=W & W’ we have that V@ V' = (W V')® (W @ V’). Hence z € V
if and only if z ® y avoids the summand W' @ V'. O

3.4. Smoothness of Sp,,, and orthogonal groups. For the next two exercises, use the
lifting criterion:

EXERCISE 3.4.1. Let k be a field of characteristic not two and let w be a symplectic form
over a field k, then prove that

Sp(V, w) (A) — Sp(V, w)(A/I)

is surjective for any k-algebra A and an ideal 1 such that 1> = 0. Describe an isomorphism
between the tangent space of Sp(V,w) and (Sym? V)Y.

EXERCISE 3.4.2. Let k be a field of characteristic not two; assume the classification of
symmetric bilinear forms over an algebraically closed field (they are all equivalent). Prove
that the O(V,q)’s are all smooth. Conclude that SO(V,q)’s are also smooth and describe their
tangent spaces.

4. Quotients

We now discuss the idea of taking quotients of groups. We will focus on the case of taking
the quotient G/H where H is a normal subgroup of G and sketch the general theory. This is
one place where thinking functorially enlightens the situation greatly.

DEFINITION 4.0.1. A morphism of affine group schemes G % Q is called a quotient if it
is faithfully flat.

In particular, the morphism G — Q is surjective. In abstract group theory, a surjective
morphism of groups q : G — Q with kernel N satisfies a universal property of sort: given a map
of groups G — H with kernel K, we have a map Q — H as soon as K contains the kernel of q.
The proof goes something like this: since G — Q is surjective we have that G/N = Q; so as
soon as N < K we do have a map G/N — H. We prove the same result for algebraic groups in
the same style.
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THEOREM 4.0.2. Let ¢ : G — Q be a quotient morphism with kernel N, then any morphism
f G — H whose kernel contains N factors uniquely as

G—215qQ

-
e
lf ///
w

H

If Q was the functor
R — G(R)/N(R)
then the result would follow abstract group theory. However this is too naive: the latter

functor isn’t even a presecheme (in the terminology of these notes). Faithfully flat descent
exactly bridges this gap.

DEFINITION 4.0.3. Let F : CAlgy — Set be functor and let G C F be a subfunctor. We say
that G C F is a flat-equivalence? if for any x : SpecR — F, there exists a faithfully flat map
SpecR’ — SpecR and a filler for the following diagram:

Unwinding definitions, this property is saying that for any z € F(R), there exists a faithfully
flat morphism of rings R — R/ such that x|g, € F(R’) is actually in G(R’) C F(R').

REMARK 4.0.4. We motivate the terminology of “flat-equivalence.” We can ask for the
stronger lifting property:

b
/\[
.
-
.
-
.

SpecR —%— F.

Since G is a subfunctor, this means that G 2 F as functors as it would mean that G — F is
also an epimorphism. The condition in Definition 4.0.3 is asking that we have an epimorphism
only after a faithfully flat covering, which is a much weaker but more flexible notion. In this
sense, “up to flat covers” G and F are isomorphic.

ExAMPLE 4.0.5. Consider the multiplicative group G,,; we have the subgroup G}, C G,,
consisting of those units which are n-divisible, i.e.,  such that there exists a y for which y"™ = z.
For each x € R* classified by = : SpecR — G,, we have a commutative diagram

SpecR[T]/(T" — z) —— G,

| |

SpecR ——%—— G,.
The key property that we need is following extension lemma;:

LEMMA 4.0.6. Let X be a scheme and assume that G C X is a flat-equivalence, then

(1) any morphism of functors f : G — Y extends uniquely to a morphism of schemes
X—=Y;
(2) if G admits a group structure, then it uniquely extends to a group structure on X.

2In Milne’s text, this property is called “fat subfunctor”
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PROOF. We want to take an element z € X(R) and map it to f(z) € Y(R). By assumption,
we have R — R’ a faithfully flat map such that we have the diagram in Definition 4.0.3. Since
Y is a scheme, Corollary 7?7 gives us an equalizer diagram

Y(R) = Y(R) = Y(R' ®r R)

so that an element of Y(R) is described as an element of Y(R’) satisfying the descent condition.
Since we have a map f : G — Y and an element 2’ € G(R’) coming from z € X(R) we can
produce an element f(z') € Y(R') satisfying the descent condition and hence an element in
Y(R). One can check that this element is well defined, i.e., independent of R" (which the reader
is encouraged to check). Therefore, we have a well-defined map X — Y. Part (2) of the Lemma
then follows from part (1). O

REMARK 4.0.7. In effect, we are proving that a statement of the form:
“afppr =~ X

Here, agppr is the functor of sheafification with respect to a Grothendieck topology; this
is a structure on a category C (in this case, the category of commutative k-algebras) which
axiomatizes what it means to be a covering. From the point of view of the flat topology,
Lemma 4.0.6 says that there is no difference between G and X.

PRrROOF OF THEOREM 4.0.2. Define
Q: R+ G(R)/N(R);

there is a canonical map of functors Q — Q. It suffices to prove that this map is a flat-
equivalence. It is a subfunctor: we are looking at the image presheaf of the map ¢ : G — Q.
To prove that it is indeed a flat equivalence, we consider the following commutative diagram
where the outer square is cartesian:

G +—— G xq SpecR

Q +——— SpecR.

Note that the fiber product is an affine scheme and the map to SpecR is faithfully flat. The
dashed arrows then witnesses the fact that Q — Q is a flat-equivalence. O

4.1. Existence of quotients. Next, we address the existence of quotients. If G — Q is
a quotient, then the kernel is a normal subgroup. Indeed, the kernel is taken pointwise and the
result follows from abstract group theory. Going the other way is more subtle and requires us
to construct the quotient G — Q.

THEOREM 4.1.1. Let N < G be a subgroup of affine algebraic groups. Then, if N < G is a
normal subgroup then there exists a quotient map G — Q whose kernel is exactly N.

The strategy to prove Theorem 4.0.2 is to first realize N as the kernel of a representation
G — GL(V). This part is representation-theoretic in nature, though the map G to GL(V)
will almost always not be surjective. Next, we can then appeal to a structural result about
group homomorphisms G — H which states that any such morphism factors as a quotient
followed by a closed immersion. Let us address the representation-theoretic part of the story.
If p: G — GL(V) is a finite dimensional representation and W C V is a subspace, then the
stabilizer Gw C G is the functor

Gw:R—={g€GR): g(We,rR) =W, R}

LEMMA 4.1.2. The stabilizer group Gw < G is a subgroup.
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PROOF. The idea of the proof will be similar to the more interesting Chevalley’s theorem
so let’s give a proof. Let
p:0(G) - Ve 0O(GQ)
be the comodule corrresponding to p. Let (e;)1, be a basis for W which we can extend to a
basis for V which we write as (e;)1,u5. We can write

pled) = Y ¢ ®a
JjelwlJ

Now, let R be an arbitrary k-algebra, then an element g € G(R) is the same thing as map
g: O(G) — R. We can describe the action of

g-: VR = Vgr

in the following way: it acts on e¢; = e; ® 1 € VR as

glei) = Z e; @ g(aji).

jelwUl
Therefore we conclude that g(W ® R) C W @ R if and only if g annihilates a;; for i € Iy and
j € J. Therefore, we see that Gy is represented by the ring O(G)/(a;i,? € Iw,j € J). O

THEOREM 4.1.3 (Chevalley). Let G be an affine algebraic group, then for any subgroup
H < G there exists a representation p : G — GL(V) and a 1-dimensional subspace L C 'V such
that H = GL,

PROOF. Let I be the kernel of the surjective map O(G) — O(H); this is a finitely generated
ideal. Then there exists a finite dimensional subspace V of O(G) containing the generating set
of I for which

A(V) C VR O(G).
Let us set W := 1INV with basis (¢;);ej,, which we extend to a basis (¢;) ey - Let

A@j = Z e; X Qg
i€KUTw
We note that O(Gw) = O(G)/(ai; 1 i € K, j € Jw).

Set I' := (a;; : i € K,j € Jw). We now make two claims: (1) that I’ C I and that (2)
ej = ;1 €(aiz)e; for j € Jw. Having these two claims we see that I’ = I since the e;’s generate
1. Hence we must have that H = Gw. At this point we have furnished a subspace of V for which
H is its stabilizer. To get a one dimensional subspace we simply replace W by the determinant
AW = det(W).

To prove claim 1) we note that

AI) C O(G)®I+1® 0(G)

because the map O(G) — O(H) is a map of Hopf algebras and I was declared to be the kernel.
This means that the a;; € L.

To prove claim 2), we note that ¢(I) = 0 again because O(G) — O(H) is a map of Hopf
algebras. Hence e¢; = (e ®1id)(A)(e;) = Y, €(asj)es as claimed. O

Chevalley’s theorem lets us express H as the stabilizer of a representation. We want to do
a bit better: we want to say that H acts via the trivial character. This is to say that we have
a commutative diagram. If H < G is a subgroup, we say that a character x : H - GL; occurs
in a representation of G if there exists a representation p : G — GL(V) and a 1-dimensional
subspace L C V, such that the following diagram commutes.

G —2— GL(V)

| I
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We also recall that the trivial character x : H — GL; is the character that sends everything to
1, i.e., one that factors through H — {1} — GLj;.

EXERCISE 4.1.4. Prove that a character x : G — G, is the same datum as an invertible
element a € O(G) such that A(a) = a®a. Let a be such an element so that it admits an inverse
a~'; prove that the corresponding character is the dual representation, which we write as —Y.

LEMMA 4.1.5. With the set-up of Theorem 4.1.3 and assume:

(1) over an algebraically closed field k,
(2) H is a normal subgroup.

then, it is possible to choose L in Theorem 4.1.3 such that H acts via the trivial character.

PROOF SKETCH. Let L be as in the conclusion of Theorem 4.1.3, we first claim that over
an algebraically closed field k there exists m > 0 such that L=®™ occurs in a representation
of G. The idea is quite simple and m can, in good cases, be chosen to just be 1. If L C V
is a 1-dimensional subspace as in Theorem 4.1.3 then LY is the obvious space on which H
acts by —x (as in the previous exercise). However, V¥ — LV is not necessarily split as an
H-representation and hence we cannot say that LY occurs directly in VV. What would suffice
is if we can arrange L to be a direct summand of V as an H-representation. To do so, we use
Lemma ?7?; we arrange L to lie in a semisimple H-representation which also happens to have
an extension to a G-structure.

We do the obvious thing: let W be the sum of all 1-dimensional subspaces of V which are
H-stable. This is clearly a semisimple H-representation containing L. as a subobject. But now
L must be a summand as an H-representation. We will be done if we can prove that W is
G-stable. To prove G-stability we consider g € G(k) and the subspace gD. In this case, gD is
stable under gHg~! = H (by normality) and hence W is stable under G(k). To promote this
to G-stability we use the concept of density as in Section ??. Indeed if G(k) is schematically
dense then a G(k)-stable subspace W must be G-stable because Gy is a closed subscheme by
Lemma 4.1.2. We are thus done whenever G is smooth since G(k) is geometrically reduced by
Theorem ??. Indeed, this doesn’t quite work for non-smooth groups, but the result is still true
under tensoring L further by some power (see [?, Lemma 5.16] for details)

Having this claim, we can just take the tensor powers of appropriate representation and
note that L™ @ L®~™ occurs in this large representation and thus H acts via the trivial
character. g

We set one more notation: if p : G — GL(V), then we have the subspace of V fixed by a
group as
VG = {v e G:gur = vg,VR € CAlg,}.
This is also computed in the language of comodules as
Ve ={veV:pw)=val}

COROLLARY 4.1.6. Over an algebraically closed field, any normal subgroup H of G can be
presented as the kernel of a representation, i.e., we have an eract sequence of groups:

1-H— G254 GLV).

PrOOF. By Lemma 4.1.5 we can find a G-representation such that H acts via the trivial
representation. In this case, since H is normal, G stabilizes the H-fixed vectors:

n(g-v)=ng-v=gn -v=g-v n,n €eH,geGuvevV,

hence we have a representation of G on V. Let K be the kernel of this representation, and we
claim that K = H. It is obvious that H C K because we are looking at G acting on VH. But
now, L € VH since H acts on L via the trivial character and k acts trivially on VI by definition.
Hence K C Gr, but, then G, = H as in Theorem 4.1.3.

O
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THEOREM 4.1.7 (Factorization). Any morphism of affine algebraic groups G — H factors
as

cLqQLhH
where q is a quotient and © is a closed immersion.
We will not go into the proof of Theorem 4.1.7 but the main point is [?][Theorem 3.31]

which states that any inclusion of finitely generated Hopf algebras is, in fact, a faithfully flat
map. The factorization G — Q — H is then induced by a factorization

O(H) - C— 0(G)
where the first map is surjective and the second map is injective.
Proor or THEOREM 4.1.1. Consider the base change N — Gy to the closure. We can

express Ny as the kernel of some map of groups G — Hy by Corollary 4.1.6. In fact, we can
choose k'/k a finite extension where this already happens. Hence we have maps

G— Gk/ — Hk’;
which on an k-algebra R takes the form
G — G(Rk/) — H(Rk/)

Now, the first map is injective since R — Ry is faithfully flat, hence the kernel of the composite
is computed as the intersection of G(R) with N(Ry/) which is N(R) itself again because R — Ry
is faithfully flat. Therefore, N is the kernel of the composite G — Hy,. We can thus use
Theorem 4.1.7 to factor it as a map G - Q — Hy, where ¢ is faithfully flat with kernel N. [

4.2. Quotients in general. We first pin down the idea of a quotient G/H where H is not
necessarily normal.

DEFINITION 4.2.1 (Quotient). Let H be a subgroup of G, then a quotient of G by H is a
finite type scheme X equipped with an action

w:GxX—=X
and a base, rational point o € X(k) such that
o : G— X grg-o
realizes G/H — X as a flat-equivalence

This is a bit wordy, but the point is that G/H is flat-equivalent to X. To define maps out
of X is not so hard: assume that we have a morphism of schemes G — Y which is constant on
cosets of H(R) in G(R) for all R, then there is a unique map X — Y under y, [?, Proposition
5.21]. This uses the fact that G/H is flat equivalent to X.

To get a better sense of quotients it is useful to explain the general situation of a group
acting on a scheme X. Suppose that we have such a situation g : G x X — X, then for any
x € X(k) we have the orbit map

ty G =X g~ gx;
which is locally closed [?, Proposition 1.65]. The orbit of x is then the reduced image
e (G) = X.

Again with = € X(k) we have the isotropy of G at z which is the subscheme G, defined via
pullback:

G, — G

| =

Speck —“— X.
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The isotropy of G at x admits the following description:
Gz(R) ={9 € G(R) : gz|r = z|r};

via the pullback description it is obviously a subgroup of G and, in particular, a scheme. To
prove that G/H exists, one employs a similar idea as in the case of normal subgroups.

PROPOSITION 4.2.2. Let p: G x X — X be an action and assume:

(1) G is smooth;
(2) X is separated;
and fix © € X(k). then the quotient G/G, exists and the map G/G, — X is an immersion.

We refer to [?, Theorem 7.18] for details:

THEOREM 4.2.3. If G is a smooth and affine, then G/H exists as a separated scheme of
finite type over k.

PROOF SKETCH. O



CHAPTER 3

The Tannakian philosophy

Let us recall the following idea from Fourier theory: given a square integrable function
f:S! = C we can extract from it a sequence of numbers, its Fourier coefficients:

Cni= | f(t)e 2™t
Sl

Basic Hilbert space theory applied to the space of square-integrable function tells us that we
can recover f from its Fourier coefficients. Regarding ¢, as a Z-sequence of integers, we can
regard the above result as an identification between the space L2(S!) (with its standard Haar
measure) and ¢2(Z). Under this identification, the function on S given by x,(t) := e*™"t,
which form an orthonormal basis for L2(S!), is swapped with the Dirac delta function 6,, which
places 1 at the n-th place and zero otherwise. This is part of abstract harmonic analysis: we
start with a topological group G, like S' and look at its Pontryagin dual computed as the
space of continuous characters Sl o= Hom,s(St, St) which recovers the topological group Z.
One of the miracles of abstract harmonic analysis is that the Pontryagin dual of a compact
abelian group is discrete so the study of them is equivalent to the study of discrete groups.
This allows for conversion of problems which may be difficult in one and easy in the other. The
following question is then natural:

QUESTION 0.0.1. What is the analog of Pontryagin duality for nonabelian groups?

Abstractly, Pontryagin duality is the statement that a compact abelian group may be
recovered from its group of characters; this isn’t going to be enough for nonabelian groups in
general. Tannaka duality provides a setting where this is possible: the group can be recovered
from its category of representations. This is a wildly powerful idea in modern mathematics: we
can recover a widget X by understanding the various ways that X can act on “linear” gadgets.

1. Representation theory

We work over a field k; we also recall the standing assumption that G is of finite type over
k. Let us begin with some basic definitions. A linear representation of an affine algebraic
group G is a group homomorphism

p:G— GL(V),

where V is a k-vector space V; strictly speaking this is a morphism between group objects in
functors from CAlgy to Set. If V is finite dimensional, then clearly GL(V) is a scheme and
we are looking at an honest morphism of algebraic groups. One way to think about a linear
representation is via functor-of-points: for each k-algebra R we are given an action of G(R) on
V ®R, i.e. a group homomorphism

PR G(R) — AutR(VR).

These maps are subject to compatibilities which the reader should take time to unpack. The
fact that G is affine, however, lets us package all of this information in a more economical way.
As already explained above, O(G) is a Hopf-algebra with comultiplication we denote by A; a
right O(G)-comodule is a k-linear map

V = Ve 0(G);

23
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such that the following diagrams commute:
V— 5 Ve,0(G)
/’J lid@A
V @r 0(G) 2294 v e, 0(G) @ 0(G).

and
V 5 Ve, 0(Q)

\‘ l1d®€

V.

REMARK 1.0.1. Comodules and representations are two equivalent pieces of structure. In-
deed, given a representation, we have a tautological element a € G(O(G)) corresponding to the
identity; this gets map to an element

po(c)(a) € Endoq)(V ® 0(G)).
The map po(a)(a) is equivalent to a k-linear map
EXERCISE 1.0.2. Check that this defines a comodule structure on V.

On the other hand, if we are given a comodule structure p : V— V ® O(G), we want to
construct a morphism G — GL(V). For any morphism

f € G(R) f:0(G) =R,
we get an automorphism of Vg as follows:

Vi 224 Ve 0G) @R

From now on, we will abuse this equivalence and write comodule structures using the same
Greek letters as representations: p: O(G) — V ®; O(G).

id® f®id VoR®R id®@m V.

REMARK 1.0.3. There is a more “equational” way to understand comodule structures: pick
a basis for a finite dimensional vector space V, ej,---,e, and suppose that we are given a
k-linear map

p:V-=>VeO(G).

Then we can generically write it as
ple;) = e @ aij,

where a;; € O(G). Unwinding the definition of a comodule leads us to conclude that p is a
comodule structure if and only if:

(1) Alai;) = >y aie ® ag;
(2) €(a;j) = 0;5, where §;; is the usual indicator function.
Under the correspondence above we can also be more explicit about the corresponding
representation: G — GL(V). On k-points g € G(k) is sent to the automorphism described by

ej — Z €iai;(g).
The reader is also encouraged to check that the map on function O(GLy) — O(G) is given by
sending T;; to a;.

EXAMPLE 1.0.4. The standard representation of GL(V) on the vector space V can be
described as GL(VR) on Vg via functor-of-points. What is the coaction? Well we need to
provide a coaction map

p:V—=>V®O(GLV));
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after choosing a basis for V (say ey, -, e,) this can be written down explicitly:
p:V%V@k[Tij,det_l] € — Z 61®T7]
1<i<n
1.1. Linearity of algebraic groups. One of the most pleasant aspects of the theory of
affine algebraic groups is that they are all linear: subgroups of GL(V) for some finite dimensional

vector space V. This means that we can choose coordinates on G and reduce a lot of problems
to problems about matrices.

DEFINITION 1.1.1. A representation p is said to be faithful if the maps
pr : G(R) = GL(Vr)
are all injective.

DEFINITION 1.1.2. A group G is linear if there exists a finite dimensional vector space V
and a faithful representation p : G — GL(V).

REMARK 1.1.3. In fact, one can prove that any faithful representation p defines a closed
immersion G < GL(V). This means that we can realize G as a subgroup of GL(V). We might
prove this later on.

We will soon prove that affine algebraic groups are linear via the regular representation.
At this point it is useful to introduce the notion of a group action on a scheme.

DEFINITION 1.1.4. Let X be a k-scheme, then a left G-action on X is a morphism G x X —
X such that for any R
G[R) x X(R) = X(R)
defines a G(R) action on X(R).
If X is affine, then an action is the same thing as a ring map
0(X) = 0(X) ® 0(G)
such that the map on underlying k-vector spaces define an O(G)-comodule structure on O(X).

Of course O(X) tends to be infinite dimensional in general, as a k-vector space. However the
action is, in some sense, “locally finite.”

LEMMA 1.1.5. Let V be a (possibly infinite dimensional) representation of an affine algebraic
group G over k. Then every finite-dimensional k-subspace of V is contained in some finite-
dimensional subrepresentation of V.

PROOF. Let {e,} be a basis for O(G) and define a3 € O(G) by
Alen) = Zaag ® eg.

(Note that for a fixed 8 there are only finitely many « with ang # 0). Now let {v;} be a basis
for our finite-dimensional vector subspace V( and let define w;, by

p(’Ui) = Zwia @ eq-
a

Note again that only finitely many w;, are non-zero, and let W be the span of these w;,. We
claim that this is a subrepresentation of V which contains V. To see that W contains V, note
that
v, = (id®¢€)op(v;) = Ze(ea)wia.
«

To see that W is a subrepresentation of V, note that

(p@id)op(v) =) plwia) ® ea
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is equal to

(id ® &) 0 p(vi) = ) wia ® Alea) = ) | Wia ® dap ® s = Y Wip ® aga @ ca.
« o, oz,ﬁ
(For the last equality we just reindexed the sum.) Since {e, } is a basis for O(G) this implies that
p(Wia) = 35 wip ®aga. This shows that p(W) € W@ O(G), i.e. that W is a subrepresentation
of V. O

REMARK 1.1.6. Here’s another way to interpret Lemma 1.1.5 via k-points. We see that
G(k) acts on O(X): given a g € G(k) then it does:

fr=(g- @) = fg(x)).

But now, in the notation of the proof, we see that the function ¢ - f is just > h;(g)f. So
Lemma 1.1.5 says that the G(k)-action on O(X) is such that any point is contained in a finite
dimensional k-vector space of O(X) which is G(k)-invariant.

THEOREM 1.1.7. Let G be an affine algebraic group over k, then there exists a finite dimen-
stonal vector space V such that G is a subgroup of GL(V). That is, affine algebraic groups are
linear.

PROOF OF THEOREM 1.1.7. The comultiplication A : O(G) — O(G) ®; O(G) defines an
O(G)-comodule structure on O(G). Of course O(G) is far from being finite dimensional as a
vector space over k but, by Lemma 1.1.5 we can find V, a finite dimensional (as a k-vector
space) A-comodule which contains the generators of O(G) as a k-algebra; we write these as
e1,- - en. We then have a map of schemes G — GL(V). The goal is to prove that this map is
a closed immersion, which is to say that the map

O(GL(V)) — 0(G)

is surjective. Writing the comultiplication on e; as
A(ej) = Zei (39 Qg

we see that the image of O(GL(V)) — O(G) contains the a;;’s (because this map is T;; — a;;).
We claim that, in fact, the image contains e;’s. This follows from the identity axiom:

e; = (e®1d)(A(ey) = Y ele;)ai.

Hence we conclude that the image contains V; but V generates A as a k-algebra and the above
map is a k-algebra map. We conclude that it must be surjective. O

In other words, algebraic groups are linear.

1.2. Graded vector spaces versus G,,-representations. Before we embark on repre-
sentation theory proper, we will discuss an example of the process of geometrization which has
become a really powerful idea. It is one of those things which does not really have a precise
definition but one knows it when one sees it. We want to discuss the notion of a graded vector
space. If k is a field, then a graded vector space V is just the datum of a decomposition of V

into k-vector spaces:
V= V).
i€z
This structure occurs all over mathematics — from Hodge theory, to algebraic topology and
even in combinatorics. I want to explain the following result:

PROPOSITION 1.2.1. There is an equivalence of categories between G, -representations over
k and k-vector spaces.
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Let us denote the category of G,,-representations are Rep(G,,); morphisms in this category
are maps of k-vector spaces V— W which commute with the G,,-action. On the other hand,
the category of graded vector spaces is denoted grVect,; note that the category of graded vector
spaces is a functor category of functors from the discrete category Z° to Vecty. The morphisms
are morphisms of vector spaces which preserve grading. One of the points of this result is that
the reader should appreciate what it means to give a k-linear map

V= V®0O(G,,)=V[tt 1]
PRrROOF. First we construct a functor:
Rep(G,,) — grVecty,.

We break this down into several observations. First, observe that we have an isomorphism of
k-vector spaces:
A% Qk k[t7 til] = @V(.])v
jEZ

where we set (this is a convention we choose) that

V(i) = V{t~7}.
Explicitly we write elements in V() as vt~/ where v € V and so the above map can be described
as

PV @VG) T (0 €VE) = X (N
JEZ
We note that the direct sum indicates that the components of (p;(f)) is finitely supported, i.e.,
zero except for finitely many j’s.
The second observation is that any f € V can actually be written uniquely as

F=%_pih).
This is a consequence of the identity axiom. Indeed, we note that the augmentation V ®
k[t,t~!] — V is given by “evaluation at 1” so, in the direct sum presentation, the map

PBvi) -V

is given by (f;) — (3 fjt_j)t:1 = > f;. Since the identity axiom dictates the composite

t—1

V@) v
jEZ
must be the identity, we get that for any f € V

f = ij(f)a
JEZ

so that any f can be uniquely written as a finite sum of the p;(f)’s.
The third observation is that p is, in a sense, idempotent:

p(pi(f)) = p;i(f)-

Let us prove this first. Coassociativity of the comodule structure gives the commutativity of

the following diagram:

V— 5 P, V()

B,z V() —2 Bez Brez V(k).

In coordinates: let f € V; generically we can write p(f) = Y., pi(f)t~* then going to the right
and down gives:

p(p(f)) = p(z pi(f)t") = Z plpi(f)E
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while going down and then left gives

Ap(f)) = A(Z pi(f)t7) = Z_m(f)A(f") = Zpi(fww;

so that, comparing coefficients, we conclude.

At this point we can define a grading on V by saying that f is homogeneous of degree 7 if
and only if p(f) = ft=*. The well-definedness of this definition is observation 3 and the fact
that any element in V can be written as a sum of homogeneous pieces is observation 2.

We leave the reader to define, out of a grading, a G,,-action where the equivalence will

become obvious.
O

So what are we geometrizing? In effect, we are giving a geometric interpretation of the
category of graded vector spaces: it is the algebro-geometric category of G,,-representations.
In fact, one can do slightly better using the language of stacks which we will not explore in this
class (but is extremely useful in representation theory). The category of G,,-representations is
the same thing as the category of quasicoherent sheaves over the classifying stack BG,,.

EXERCISE 1.2.2. Let A be an abelian group and let A% be the category whose objects are
elements of A and there is no non-trivial morphisms. The category of A-graded vector spaces
is the category Fun(A%, Vecty).

(1) The group algebra of A is the algebra k[A] whose elements are of the form
Z Cal the sum is finite,
a€A
and addition is given componentwise
Z Cal + Z byra = Z Ca + baa
acA a’€A acA

and multiplication is given by

(Z caa) (Z ba/a’> = chb (a+ad).

a€A a’€A

Prove that k[A] is naturally a Hopf algebra. Write the corresponding group scheme as
G* (note that G% = G,,).
(2) Prove that we have an equivalence of categories

Fun(A, Vect,) ~ Rep(G*).

We note that the diagram A only depends on the order of A; what will distinguish them is
the additive structure which will be reflected on the tensor structure of Fun(A%, Vecty,), an idea
that we will elaborate upon.

EXERCISE 1.2.3 (Representation of G,). We will work through the representation of G,.

(1) observe that a representation of G, gives rise to a map
p: V= VeET]
hence we write p(v) = 3,5, pi(v) @ t'. This means we have maps
pi:V—=>V 7> 0.

Use the condition on the coaction to deduce that: py = id and that

1+
PiPj = i Pi+j-

(2) In characteristic zero, prove that p, = %p{b
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(8) Prove that, in characteristic zero, the category of G,-representation is the same thing
as the category of locally nilpotent endomorphisms: k-vector spaces V equipped with
an endomorphism T such that for any v € V T°*v =0 for k> 0.

2. Lie algebras

Arguably the next simplest algebraic group we can think of is SLy. The representation
theory of SLs is actually quite simple, but to describe it we do need more theory. What follows
is the infinitesimal description of algebraic groups, a theme that we have alluded to throughout
the lectures. In particular, we describe the key structure that’s available to us.

DEFINITION 2.0.1. A Lie algebra over a field k is a k-vector space g equipped with a
k-bilinear map
[ —l:axg—g
called the Lie bracket such that
(1) [z,z] =0for all z € g;
(2) [z,[y, 2]] + [y, [z, =]] + |7, |z,y]] = O for all elements z,y, z € g.
A morphism of Lie algebras is a k-linear map ¢ : g — b such that

e([x,y]) = [p(z), p(y)]-

We write Liey for the category of Lie algebras over k. A sub-Lie algebra of g is a sub-vector
space b C g closed under the Lie bracket. A Lie algebra is finite dimensional if its underlying
vector space is finite dimensional.

There are a couple of lemmas about Lie algebras which are standard and left to the reader
to verify; they tell us how move brackets within a bracket:

LEMMA 2.0.2. Let g be a Lie algebra with bracket [—, —]. Then:
(1) [—,—] is skew-symmetric: that is [z,y] = —[y, x];
(2) for all x,y,z € g, we have that [z, [y, 2]] = [y, [z, 2] = [[z, 4], =]

The next two examples are key:
ExAMPLE 2.0.3. If A is an associative k-algebra, we set
[a,b] = ab — ba

to get a Lie algebra. A key example for us will be the vector space Endy (V) of endomorphisms
of a k-vector space V, which is an associative k-algebra under function composition. We write
the Lie algebra as gl(V).

ExAMPLE 2.0.4. A more interesting example arises from the theory of derivations. If A
is a commutative k-algebra, and M is an A-module then a k-derivation valued in M is a
k-linear map

D:A—-M
which satisfies Liebniz’s rule:
D(fg) = gD(f) + fD(g).

We write Dery (A, M) to be the set of k-linear derivations. We can add derivations pointwise to
get a derivation and multiply by a scalar to get a derivation, hence Dery(A, M) is naturally a
k-vector space.

Of particular interest for us is when M = A. Since a derivation is, in particular, a k-
linear endomorphism of A we can compose them. However, be warned, that composition of a
derivation is not a derivation. What one can check easily that the commutator:

[D,Ej]=DoE—-EoD

is a derivation. In particular, we learn that Derg(A, A) is, in fact, a Lie algebra.



30 3. THE TANNAKIAN PHILOSOPHY

We want to study representation theory of algebraic groups using the representation theory
of Lie algebras; the definition of the latter is:

DEFINITION 2.0.5. Let V be a (finite-dimensional) vector space, then a (finite-dimensional)
representation of a Lie algebra g, valued in V, is a Lie algebra homomorphism

g — gl(V).

ExXAMPLE 2.0.6 (Adjoint representation). The following is a key example, it practically
determines the Lie bracket. Since g is itself a vector space we can define the following represen-
tation:

ad: g — gl(V) z = [z,yl.
The claim here is that

LEMMA 2.0.7. The map ad is a Lie algebra homomorphism.
We note that gl(V) has its own Lie bracket irrespective of the original one from V.
PROOF. Let z,y € g, then

ad([z,y])(2) = [z, y], 2] = [z, [y, 2]] = [y, [, 2]];
because of Lemma 2.0.2. On the other hand:

[ad(2),ad(y)](2) = ([z, =] e [y, =] = [y, =] o [, =])(2) = [z, [y, 2]] — [v, [, 2]].

This representation is called the adjoint representation.

2.1. Digression: Lie algebra and Lie groups. We now discuss the manifold version of
what we are discussing, though the reader should be warned that the discussion will be informal.
So let G be a Lie group, how does T.G look like? Well there are two ways to describe T, M for
any manifold M;

(1) a tangent vector is an derivation at x: R-linear maps
D, : C*(M) — R;

such that D,(fg) = f(z)D(g) + g(z)D(f). This gives rise to the idea that things like
%Ifﬂ is an element of the tangent space;

(2) a tangent vector is an equivalence class of a curve germ at x, that is to say a smooth
map 7 : (—e, ) = M such that y(0) = z which are identified up to first order at zero.

The way to translate between them is “take the derivative at x.” Therefore, if we take the
derivation perspective, we can produce a curve germ. One of the main points of Lie theory is
that, we can extend the curve germ to all of R using the group action; let’s call the extension
of v by 7. This gives rise to a rather surprising map called the exponential

exp: T.G—>G  ~v—7(1).

Indeed, if G = S', then one can prove that T,G = R and we get the real exponential R — S!
which is a local diffeomorphism.

Now, another new thing about the groupiness of the situation is that T.G has the structure
of a Lie algebra. Actually Lie algebras abound everywhere in manifold theory. If M is a manifold
then there are two ways of thinking about vector fields on M:

(1) the most slick definition is as a section of the tangent bundle s : M — TM. That is to
say: we pick for each x € M a derivation at x, D, and the assignment s : x — D, is
continuous in an appropriate sense;

(2) a more algebraic perspective is that it is a “global derivation”: a derivation

D : C(M) — C(M).
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Indeed, from a definition as in 1, we can produce the derivation that sends

f=D(f)(@) = Da(f).

Now, by Example 2.0.4, we see that C°°(M) is a Lie algebra. This is, however, a huge Lie algebra
which is probably not finite dimensional; it is related to the Lie group of self-diffeomorphisms
of the manifold. If X is a Lie group, however, there is a smaller vector space which also inherits
the Lie bracket. It is based on the following lemma:

LEMMA 2.1.1. There is an isomorphism between T.G and left-invariant vector fields. Fur-
thermore, T.G is closed under the Lie bracket of vector fields.

This Lie algebra is usually denoted by g; of course the underlying vector space is just T.G.
This leads to, again, two perspectives on what Lie algebras are in this analytic context:

(1) it is the Lie algebra of left-invariant vector fields on G;

(2) the Lie group G acts on G by conjugation; this is usually called the adjoint action.
This action preserves the identity, hence for each g € G we get a R-linear map by
taking derivatives:

Ad(g)* : T.G — T.G;
this gives us a map of Lie groups
G — GL(T.G).

Looking at the tangent space at the identity again we get a map

g — gl(g),
which one can prove is given by
x> [z, -]

The point of this digression is to motivate the definition of the “Lie algebras functor” which
will expand on the second perspective above.

2.2. Algebraic groups and their Lie algebras. From now on we write € for a variable
that squares to zero: €2 = 0. We will now expand on the relationship between algebraic groups
and Lie algebras. From Exercise 77, we learn how to define the tangent space at a k-point of
a scheme. Indeed if X is a k-scheme, then the fact that Homge, (k[e], X) is described via the
data of a k-point of X and an element in the tangent space:

T,X = Homy(m/m?, k)
can be reformulated as saying that we have the following pullback square (of sets):

TwX Emd HomSchk (k[d, X)

(2.2.1) l l

{*} 4“ HOHlSChk (k‘,X);

and further observing that T,X has a natural structure of a k-vector space. We remark that
this is the analog of the curve germ story that we reviewed above.

Working with a group G rather than an arbitrary scheme, the tangent space of G at the
identity can be described as the kernel:

T.G = ker (G(k[e]) — G(k)).

Again it is a priori just a group, but it has the structure of k-vector space. Let us expand out
the pullback (2.2.1) in the case of X = G to obtain some intuition about how the tangent space
of a group looks like.

An element of T.G then corresponds to a morphism of k-algebras

v : 0(G) — k[e]
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with the condition that the composite

e—0

0(G) & k[l ==k

is the augmentation (unfortunately also written as €). Let
m, = Ig

be the kernel of augmentation, then p(Ig) C ¢, hence ¢ uniquely factors through a map

71 0(G)/1& — klel;
and we may write

0(G)/1g = k@ Ic/1
and @ can be written as

(f:9) = [ +D(g)e
where D(g) is unique. This defines a map (which turns out to be an isomorphism)
T.(G) = Homy (Ig /T3 (= m /m2), k).

REMARK 2.2.2. Most naturally, D is really a k-derivation O(G) — k. Indeed, if we write
o(f) = e(f) + D(f)e then the fact that ¢ is homomorphism unpacks to the condition that
D: O(G) — k is a derivative. With this perspective the above isomorphism extends to another
isomorphism:

Dery,(0(G), k) = Homy, (I /13 (= me/m?), k).

We refer to Exercise 2.2.7 for a further elabration on this viewpoint.
To fix ideas we define
DEFINITION 2.2.3. The Lie algebra of G is defined to be the k-vector space
Lie(G) := Homy,(Ig /13, k).

EXERCISE 2.2.4. An element o € k acts on kle] by sending € to ae, whence an endomorphism
of TeG. Prove that this is the same as scalar multiplication under the identification of T .G
with Homy, (I /12, k).

We have yet to explain where the bracket is; once we have done that we write g for Lie(G)
with the bracket.

EXAMPLE 2.2.5. An exercise above asks to compute Lie(SL,). Well Lie(GL,,) is easier is
much easier; it is isomorphic to

M, (k) = {I,, + Xe : X € M, (k) }H(C GL(k[e]).
We can regard this as an isomorphism between
Homy(me /ma, k) = TG X — eX =1+ €X;

inspired by the picture in differential topology of exponential being a local diffeomorphism
between the tangent space at the identity and the group. The Lie algebra structure we should
endow is of course the one given by the commutator

[X,Y] = XY - YX.
REMARK 2.2.6. More generally, let us write
eX € T.(G) c GL(k[€])

for the image of X € Lie(G) under the isomorphism Lie(G) = T.G. The point to remember
here is that expressions like 1 + eX “lies in the physical group” whereas X itself is an element
of the k-linear vector space Lie(G).
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EXERCISE 2.2.7. We say that a k-derivation D : O(G) — O(G) is left invariant if the
following diagram commutes:

0(G) —2— 0(Q)

|a
0(G) ® 0(G) 222, o(@).
Write Der(O(G), O(G))¢ for the k-vector space of left invariant derivations. Prove:
(1) Derp(0(G),0(Q)) is a sub-lie algebra of Dery(O(G), O(G));
(2) prove that the map of k-vector spaces:
Der,(0(G), 0(G)) — Deri(0(G), k) D—e¢coD
induces an isomorphism between Dery,(O(G), k) and Dery,(0(G), 9(G))*.
2.3. Construction of the Lie Bracket. We will prove the following theorem:

THEOREM 2.3.1. There is unique functor
Lie : AffGrp, — Lieg
characterized by:
(1) Lie(G) is Homy (I /1%, k) as a k-vector space;
(2) the bracket on Lie(GL,,) = M, (k) is given by
X,Y] = XY — YX.

If we think of Lie(G) with its Lie bracket we write it as g. The first step is to construct an
action of G on Lie(G).

CONSTRUCTION 2.3.2. We wish to construct, in algebraic geometry, the action of G on
Lie(G), i.e., a morphism of algebraic groups
G — GL(Lie(G)).
First, let us understand Lie(G) better; we note that T.G extends as a functor via the exact
sequence:

1 —= T.(G)(R) — G(R[e]) = G(R) — 1.
On the other hand, Lie(G) is a k-vector space and we can extend it as a functor by just taking
R — Lie(G) ® R;
these two extensions are isomorphic as functors:
T.(G)(R) = Hompg (I /T4 ® R,R) = Hom(Ig /T4, k) @1 R = Lie(G) @ R;

this is an R-linear extension of the correspondence we have already explained.

Now, by group theory, G(Rle]) acts via inner automorphisms (in other words, via conjuga-
tion) on T.(G)(R). We note that G(R), sitting canonically as a subgroup of G(R]e]), also acts
on T.G(R).

EXERCISE 2.3.3 (Linear action). Prove that the action of G(R) on T.G(R) is R-linear (hint:
extend Ezercise 2.2.4).

All in all, this builds a map
Ad: G — GL(T.G).

DEFINITION 2.3.4. The adjoint representation is the induced map on taking Lie (equiv-
alently T.) on Ad.
ad : Lie(G) — End(Lie(G)) = Lie(GL(T(G)).
The Lie bracket on Lie(G) is the pairing [—, —] on Lie(G) given by
X, Y] = ad(X)(Y).
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We need one last lemma, left as an easy exercise in diagram chasing:
LEmMMA 2.3.5. The functor
AffGrp,, — Vecty, G—T.G
converts inclusions of (pointwise) injections of groups to injections of vector spaces.

PROOF OF THEOREM 2.3.1. We first observe that, by Lemma 2.3.5, the faithful represen-
tation G — GL(V) from Theorem 1.1.7 induces an injection of the underlying vector spaces
of Lie(G)’s. Hence, requiring that the bracket on Lie(GL,,) be the commutator pins down the
values of the brackets on all other groups. This gives uniqueness of the functor.

We next observe that the bracket as defined in Definition 2.3.4 on GL,, i.e., the adjoint
action is indeed the “naively defined” commutator on n by n matrices. Let us try to compute
the adjoint action (the recipe for computing Lie algebra action from an algebraic group action
will be discussed shortly). We have to get somewhat organized: first and foremost, the action
of GL,, on Lie(GL,) = M,, can be described as follows: for every ring R, write elements of
the latter as 1 + eX where X € M, (R); then the action of g € G(R) on M, (R) is given by
conjugation, which makes sense because:

g1+ eX)g! = g9~ +egXg™' =id +egXg ™"
Indeed, the action of g on M,,(R) is by usual conjugation.
Now we have a commutative diagram

ad

ngeG

|

GLu (k) 224 GL(T.G)(K[d) = GL(T.G[e);

al,

and we wish to compute the top horizontal map. Going down and right sends a matrix X to
1+ X and, subsequently, to an operator that acts on T.G[e] = M,,(k[e]) as follows:

14+ X aet (A+eB) = (1+eX)(A+eB)(1+eX)™F = (1+eX)(A 4 eB)(1 — eX);

where we have used that €2 = 0 and the fact that the Ad-action, as observed in the previous
paragraph, is simply conjugation. Now expanding this, we get

A+ eB + ¢(XA — AX).

So, how do we think of this as an element of gl ? Remember that this is supposed to be
End(T.G); under this identification an endomorphism T is supposed to act on T.G[e] via

(id + Te)(A +eB) = A + eB + €T(A).

So the endomorphism we get is just obtained by “extracting XA — XA”, i.e., we get the com-

mutator!
O

2.4. Computing the Lie algebra representation from an algebraic action. This
section is about elaborating on the above idea involved in the proof of Theorem 2.3.1, it is not
supposed to be deep by any means but it can get a bit confusing. Overall the point here is that
we are trying to take derivatives algebraically.

Suppose that we are given an algebraic representation p : G — GL(V); how do we compute
g — gl(V)? The point here is to always use the commutative diagram:

g 4>Lie(p) gly

| |

G(k[e]) —2— GL(V[¢]).
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We take an element X € g and send it to 1 + eX € G(k[e]). We then send it via p to an
automorphism
p(1 4 €X) : V]e] = V]e].
So one usually evaluates an expression like:
(1 + EX) *act U.

To extract the corresponding endomorphism of V one reverses the process: by commutativity
of the above diagram the resulting automorphism of V[e] must be of the form id + €Y where Y
is an endomorphism of V and the action is by

(id+€Y)(v+ ew) = v+ ew + €Y.
From this point of view: Y = Lie(p)(X).

ExaMpPLE 2.4.1. We know that G,,-representations are the same thing as graded vector
spaces. Suppose that V is homogeneous of degree n, this means that V is one-dimensional with
the G,, action given by

A cact © = A"
the reader is encouraged to write carefully this as a map p,, : G,, — GL;. Doing the procedure
above: we know that T.G,, = k itself; write X € k. The automorphism

on(1+ €X) : k[e] = kle]
is given by:
(1+eX)" (a+ eb) X,a,be€k.
Using the binomial coefficients we see that the coefficient in front of ea is exactly n. Hence the
endomorphism above is given by a +— na.

Using the same idea, we can prove:

EXERCISE 2.4.2. Consider the inclusion of G,, — SLa via

_(* 0 x
Gm_<0 )\_1) AeR

Prove the corresponding inclusion gly — sly is given by

gl = <)0( _OX) X ek

2.5. Representation theory of SLy;. Now we want to give another “hands-on” illustra-
tion of a category of representations. This will motivate the abstract machinery that will appear
very soon in the notes and demonstrate the power of Lie algebras. By Theorem 2.3.1, we see
that any G-representation G — GL(V) defines a Lie algebra representation g — gl(V); the V’s
here are the same V. Hence we have a functor

(2.5.1) Rep(G) — Rep(g).

We will soon see that this functor is, in fact, an equivalence in large generality.
Now we just concentrate on G = SLo. Its Lie algebra was seen to be the 2 x 2-traceless
matrices and its Lie bracket is inherited from Ms(k).

EXERCISE 2.5.2. Verify that sly is 3-dimensional. Let
0 1 0 0 1 0
=) 006

e, fl=h [h,e] = 2e [h, f] = —2f.

Verify the identities

We want to understand irreducible representations of sly; this means:
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DEFINITION 2.5.3. A representation of g (resp. G) p: g — gl(V) (resp. p: G — GL(V)) if
there is no nontrivial (trivial means either {0} or V itself) g-stable subspace (G-stable subspace)
of V (resp. V).

EXERCISE 2.5.4. Prove that the functor above preserves the category of irreducible repre-
sentations.

Remember that being g-stable means gW C W for a subspace V. C W; the same goes for
the algebraic group side. So let us take an irreducible G-representation p : G — GL(V) which
we assume to be irreducible; the corresponding g-representation is also irreducible, which we
denoted by p: g — gl(V).

Now, we make our first move: restrict along G,, < SLy where the embedding is the one
given in Exercise 2.4.2. In this case, the datum of a G,,-action is the same as decomposing V as
V = P V(j); we note that there are only finitely many ¢’s that appear. But by Exercise 2.4.2,
this means that the action of h on V decomposes it into these V(i)’s as follows: an vector
v € V(i) if and only if hv = juv. In this case we say that v is weight j and that the space V()
is the j-th weight space.

Returning to SLs or, rather, slo we get, by Exercise (2.5.2), that

[h,e] = 2e.
Thus if v is of weight j we get that
hev; = (i + 2)ev;;
hence e sends
e:V(j) = V(j+2).
On the other hand, again by Exercise (2.5.2) we have that
hfvi = (j—2)fv
and so f does
fVE) = V(G —2).
But of course, ev; could as well be zero. So we make the following definition:

DEFINITION 2.5.5. A highest weight space of V is defined to be V(j) such that V(j) # 0
but V(j+2) is zero. An element in the highest weight space is called a highest weight vector.
A lowest weight space of V is defined to be V(j) such that V(j) # 0 but V(j — 2) is zero.
An element in the lowest weight space is caleled the lowest weight vector.

At this point, we can illustrate the picture as follows:

e €

S~ TN RN
0 V(lowest) V (lowest + 2) e V(highest — 2) V(highest)

There is something arbitrary about what we mean by “lowest” or “highest” though; this
ultimately depends on the fact that we have chosen the way that G,,, embeds inside SLs. The
following concept will appear more later on

DEFINITION 2.5.6. The normalizer (resp. centralizer) of a subgroup H of G is the algebraic
group defined by

Ne(H)(R) = {g € G(R) : gH(R)g~" = H(R)}
CeH)(R) ={g € G(R) : gh = hgVh € H(R") R is an R-algebra}.
The Weyl group of SL; is the quotient
W(SLZa Gm) = NSL‘2 (Gm)/CSLg (Gm)-
Note that the centralizer of G,, in SLs is itself.



2. LIE ALGEBRAS 37

As in abstract group theory, one considers the Weyl group because it is the group of
automorphisms of H which extends to inner automorphisms of G. In a sense, it is a very
natural group that encodes the symmetries of how H lies inside G. In any case, we have not
yet learned how to take quotient, but the answer turns out to be Z/2.

EXERCISE 2.5.7. Prove that W(SLa, G,,,) (k) = Z/2 whose nontrivial element by the matrix:

0 —1
1 0/
Now, we have the action of W(SLs, G,,) on G,, which intertwines the two possible ways

that G, sits inside SLo. Taking derivatives, i.e., on the level of Lie algebras, we then have an
action of W(SLo, G,,) on k - h = gl inside sly. More precisely, we have an action of

X 0
0 “act (0 —X) .

How do we compute this action? Well on the level of algebraic groups, the action is by
conjugation which one can compute

£ 6 o) (0
e (3 5= (3 )

How does this help us? Well we have used the original embedding G,,, < SLs to decompose
V into its graded pieces. But we could also have used the “negative” of the above embedding:
the Weyl group are automorphisms of G,,, which extends to an inner automorphism of SLs so

we can swap the original embedding with the other one. Of course, in practice, we are making
the computation:

Whence,

ohV(j) = V(=j),
which probably does not need the language of the Weyl group to produce (we only need an
appropriate involution on the torus). But the language of the Weyl group will be important
later on. Anyway, we have learned more about our picture by exploiting this symmetry:

LEMMA 2.5.8. Suppose that n is the highest weight vector, then —n is the lowest weight
vector.

And so our picture looks like:

€ (&

S~ N TN
0 V(—highest) V(lowest + 2) e V(highest — 2) V(highest)

So our pictures look like:

and
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We have yet to use the irreducibility of V though. The following uses characteristic zero:

LEMMA 2.5.9. Let k be a field of characteristic zero. For any g-representation V. Let
v:=uv, #0€V(n). Take

v, fo, -, fFu, - M 0<k<n
Then the above vector are linearly independent and
Span{v,---, ffv} CV
is stable under e, f, h. In particular if V is irreducible then:
Span{v,--- ffv} =V

PROOF. One wants to prove Linear independence by claiming that 1) these are all h-
eigenvectors with distinct eigenvalues as discussed above, 2) none of the f*v’s is actually zero.
Indeed, if we know 2), then 1) is clear because we are in characteristic zero and there is no
way that the eigenvalues that appear are the same. We will postpone 2) in to latter paragraph.
Instead we claim that these vectors are invariant under the action of f, h and e.

Indeed, h-invariance is clear as these are h-eigenvectors. The f-invariance of the vectors
follow from the fact that f®*!v = 0 since the symmetry argument above tells us that f must
be the lowest weight vector. We now compute the action of e on these various vectors. Now
ev = (0. We claim that:

EXERCISE 2.5.10. For all 0 < k < n we have that
e(ffv) = k(n —k+ 1) 1o,
Prove this by induction.

One of the things that this formula also does is prove linear independence: indeed e* f*v is
a nonzeromultiple of v, hence f*v could not have been zero. The proof is now complete.
O

At this point, things are quite satisfying: we know how these representations look like in
the sense that we can compute their dimension, write down a basis if we want to and, in general,
we just have a feel about how the structure of sly acts on V. We can then ask ourselves: how
do we model these representations? In other words, what are they concretely?

DEFINITION 2.5.11. Let V, W be G-representations (with maps py and pw respectively),
then its tensor product is the representation with underlying vector space V ®; W and the
action given by

GR) = GL(Ver WerR)  pv(g) ® pw(9)

In terms of comodules, suppose that we have
pv:0(G) = VR O(G) pw: 0(G) > W 0O(G)
then the comodule structure is given by
0(G) 252 (V@ 0(G)) @ (W@ 0(G)) = (Ve W) ® (0(G) ® 0(G) 222 (Vo W) @ 0(G).

We will soon assemble the tensor product above into a structure called a symmetric monoidal
category. For now, we are interested in the following construction:

EXERCISE 2.5.12. Let k be a field of characteristic zero. We have the standard representa-
tion k®? of SLy; we can take its symmetric algebra

Sym*(kXQ) =k k€B2 o ((k@2)®2)§;2 P ((k®2)®n)2

Endow each homogeneous component with a natural SLa-action. Prove that such the n-th com-
ponent is isomorphic to the unique irreducible representation of slo with highest weight of weight
n.

n
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We have an isomorphism
klz,y] = Sym" (k*?)
and an identification of n-th homogeneous polynomial with the degree n homogeneous piece of

the symmetric algebra. Compute the action of SLa and sl on these homogeneous polynomials.

EXERCISE 2.5.13. Let G be an algebraic group and let V be a representation of G (not
assumed to be over a field of characteristic 0). By definition, Sym®V is (V®2)s,. One can also
consider T'oV, which by definition is (V®2)>2.

(1) Show that ToV can be given the structure of a subrepresentation of V®2.

(2) If V is finite-dimensional, show that T'5(VY) = (Sym* V)V.

(3) In characteristic 0, show that the composition ToV — V&2 — Sym2V is an isomor-
phism.

EXERCISE 2.5.14. The representations of SLo look quite different in positive characteristic.
Let’s see a simple example of this. Consider SLa/k, where k is a field of characteristic 2. Let
Vsiq be the standard representation of SLo.

(1) Show that Sym2 Viq isn’t an irreducible representation of SLo.

(2) Show that Sym? Vg isn't even semisimple.

(3) Show that Vgq = VY, (in any characteristic). Use Ezercise 2.5.18 to conclude that
[oVigiqg 2 Syrn2 Vsta over a field of characteristic 2.

3. Categorical Preliminaries
We begin by gathering some preliminaries from category theory.
3.1. Tensor categories. We recall the notion of a symmetric monoidal category (also
called a tensor category in the context of representation theory); sometimes these are also

called tensor categories in the literature. Let € be a category and suppose that we have a
functor

®:CxC—C.
An associativity constrain for € is a natural isomorphism
exyz: XQ(Y®Z) =N XY)®Z
satisfying the pentagon axiom:

(X®Y)® (Z® W)

e N

(XeY)®Z) W X®(Y®(ZeoW))
p®id id® g
(X®(Y®Z))®W7>X®((Y®Z)®W)

A commutativity constrain for € is a natural isomorphism
Pxy:XOY Y xX

such that
Yy x o Yxy = id.

We say that the commutativity and the associativity constrains are compatible if they satisfy
the hexagon axiom:
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X®(Y®Z)$(Y®Z)®X

@ @
(XeY)®Z Y ®(ZeX)
¥ ®id id @

(Y®X)®ZTY®(X®Z)
A unit object is an object 1 € € equipped with an isomorphism « : 1 =, 1®1 such that
the functor

X—=1®X
is an equivalence of categories. A symmetric monoidal category is the data of (C, ®, ¢, %, 1, u).

One can prove rather easily that the identity object also satisfy natural isomorphisms X ~ X®1
and is unique up to a unique isomorphism.

ExAMPLE 3.1.1. If € has finite products and a terminal object * (which is also known as the
empty limit), then (C, x, %) is an example of a symmetric monoidal category. The isomorphism
datum in this case is not additional datum! It is determined by the universal property of the
product within the category C; in this case we say that the symmetric monoidal structure is
the Cartesian symmetric monoidal structure.

EXAMPLE 3.1.2. Let A be an abelian group. Then we have looked at A%, the category
whose objects are elements of A with no non-trivial morphisms. We can define a symmetric
monoidal structure on this via the addition law:

a®b:=a+b.

This is a rather degenerate case in which the associativity and commutativity constrains are
given by identity maps. The reader is encouraged to check that this defines a symmetric
monoidal structure on A9,

ExampPLE 3.1.3. Equipped with the usual ®-structure, the category Modg of modules over
a commutative ring R is a symmetric monoidal category.

EXAMPLE 3.1.4. The category of graded k-vector spaces is a symmetric monoidal category
with Day convolution:

(V(x) @ W(x)) (n) := €D V(i) @ W(j).
i+j=n

The reader is invited to write down the associativity and commutativity constrains which are
inherited from those from the category of k-vector spaces. In general,

Fun(A%, Vecty,)
admits a symmetric monoidal structure via Day convolution:
(V(x) @ W(x)) (z) :== €D V(a) @ W(b).
at+b=x

EXERCISE 3.1.5. Prove that the above construction indeed furnishes a symmetric monoidal
structure on Fun(A%, Vecty,).
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EXAMPLE 3.1.6 (Super vector spaces). An interesting class of examples in the representa-
tion theory literature are super vector spaces, these are vector spaces V equipped with a
decomposition

V=V 'V,

The tensor product is given also by Day convolution; explicitly:
(VW)= (Vo® Wy @ (Vi @ Wy);
(VeaW); = Vo@W;)® (Vi @ Wy).

The most interesting part of the symmetric monoidal structure on super vector spaces is the
commutativity constrain determined by:

vew— (—1)Yw®wv.

Sometimes we only a monoidal structure as opposed to a symmetric one: so this amounts
to the tuple (€, ®, p,1,u); an example that will be interesting to us is:

ExaMPLE 3.1.7. Let € be a category, then functor composition defines a monoidal structure
on Fun(€, €) (which is not symmetric monoidal since there’s no reason that Fo G = G o F).
The reader is left to verify this.

3.2. Closedness and rigidity. The “dual” notion to tensor products is the notion of
hom/exponential objects.

DEFINITION 3.2.1. Let X, Y € €. An exponential of X by Y is a morphisme : XY®Y — Y
characterized by the following universal property: for all T € €, the map

Hom(T,XY) - Hom(T®Y,XY @Y) < Hom(T ® Y, X)
is an isomorphism,.

The reader is highly encouraged to think about XY as Hom(Y, X), an “internal hom” and
we will sometimes use the latter notation. The map e is a kind of evaluation map. We say that
a tensor category C is closed if internal hom’s exist for all pairs X and Y. This is an important
condition for various manipulations that will follow.

Next, we will discuss the notion of dualizability. Most people understand dualizable objects
as something like Hom(X, 1); in the context of vector spaces this is the notion of the functional
dual. The right notion of dualizability is a bit more elaborate.

DEFINITION 3.2.2. We say that X is dualizable if there exists an object XV and maps
coev:1l — X®XY ev: XX =1

such that the composites

id
id®ev

X coev®id (X®XV) ® X X

and
id®coev

XV Mo, ¥V g (X @ XY) 22, XV
are equal to the identity. We call (XY, ev, coev) the duality datum for X.

EXERCISE 3.2.3. The key example is of course C = Vecty, the category of k-vector spaces.
A wector space V is dualizable if and only if it is finite dimensional. The key point here (and the
only thing you need to explain) is that why the fact that the the two composites in the definition
above being the identity implies that V. must be finite dimensional.

REMARK 3.2.4. In a monoidal category, we have an asymmetric notion of left and right
dualizability. While we will not formulate this, in the example of the monoidal category of
endofunctors, being left (right) dualizable means exactly that a functor F has a left (right)
adjoint. The reader is encouraged to play around with this notion.



42 3. THE TANNAKIAN PHILOSOPHY

At first glance, it seems that dualizability is a structure (one needs to furnish the datum
of the maps above) and not a property. This is not the case: being dualizable is equivalent to
the following: for any other object T, we have an isomorphism

T ® XY ~ Hom(X, T).
In particular, we always have the formula
XY ~ Hom(X, 1),
whenever X is dualizable.

PRrROPOSITION 3.2.5. Assume that C is a closed tensor category. Suppose that we are given
amape:DRX — k. Then e extends to a duality datum (D, e, c) if and only if for any object

T, the map
TeDoX 925 T
exhibits T ® D as the exponential object Hom(X, T): for any other object T’ the map

Hom(T', T ® D) — Hom(T' ® X, T® D ® X) 22, Hom(T' ® X, T)

s an isomorphism.

PROOF. Assume that D extends to a duality datum and fix T. The inverse to the above
isomorphism is furnished by coev:

*
coev

Hom(T' ® X, T) - Hom(T' ® X ® D, T ® D) —— Hom(T', T ® D),
the reader is encouraged to check this claim.
Assume that second condition is satisfied, then plugging in T = X, T’ = 1 we get
Hom(1,X ® D) = Hom(X, X)
and the coevaluation map is the image of the identity under the above isomorphism. O
REMARK 3.2.6 (Traces). By Proposition 3.2.5, we have that Hom (X, X) & XV ®X whenever

X is dualizable; and so the evaluation map takes the form Hom(X, X) — 1. Applying Hom(1, —)
we get

Hom(X,X) — Hom(1,1);
which we call the trace map. In the case of vector spaces, this coincides with the usual trace.
The rank of an object X is the element in Hom(1, 1) given by the image of id € Hom(X, X).

DEFINITION 3.2.7. We say that a tensor category C is rigid if all objects are dualizable.

3.3. Monads and comonads. This will be quite abstract, so let us begin with a moti-
vating example. Consider the free and forgetful adjunction

F:Set = Grp : o.

Then we have the endofunctor F := 0o F = oF : Set — Set. We wish to make precise the
following idea: a group is the datum of an set with an “F”-action. Indeed, note that if G is a
group then oG is just the group G regarded as a set. In this case, we have a map

a: F(oG) = oFo(G) 2oy oG

In coordinates: we have taken the free group on the underlying set of G, called F(oG) whose
elements are words in oG. Then, using the fact that G is a group, we can map it back into oG,
remembering all the relations the words in G has. In fact, the relations can be encoded in a
similar way. We have two maps

F(a),: FF(0G) — F(0G);
The first

All of this is encoded in the theory of monads and comands which are pervasive throughout
mathematics.
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The format of the theory will look like this: F will have the structure of a monad which
is the notion of an algebra in endofunctors. The functor o will factor through an appropriate
category of F-modules; this encodes the fact that we can map back F on oG back to oG:

Grp —> Modg(Set)
Set

nh should be thought of as an “enhanced” version of 0. One can then prove the following

Here o
result:

ofm h

PROPOSITION 3.3.1. We have an equivalence of categories Grp 2— Modg(Set).

This makes precise the ideal that groups are “modules over F.”
To set up the language of monads and comonads, we need to talk about abstract algebras
and coalgebras:

DEFINITION 3.3.2. Let (€, ®) be a monoidal category. Then an algebra object in C is an
object A equipped with maps

m:ARQA— A
is the “multiplication”,
n:1— A
is the “unit.” These are subject to the commutativity of the following diagrams:
(Associativity)
A9A®A 24 AgA
iam | |m
A A —"— A
(Identity)

1A PN AgA & Ag1

Say that € is furthermore symmetric monoidal, we say that A is commutative if furthermore
the diagram

(Commutativity)

A9A —Y S A®A

N

Given an associative algebra A, a left A-module is an object M equipped with an “action”

commutes.

map
a:AM—-M
such that the diagram
(Associativitiy)
A9AM X% AgM

mxid | |m

a

A®M —— M.
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(Identity)

1oM 29 A oM

\)1\%‘1

REMARK 3.3.3. Taking opposites, the reader can formulate the notion of coalgebras, co-
modules etc. They are invited to spell this out.

We will actually mostly care about comonads, so let us spell out a special example of a
coalgebra:

DEFINITION 3.3.4. Let C be a category. A comonad is a functor

T:C—0C
equipped with transformations
u: T —id;
m:T —ToT,
such that the diagrams
T —" +ToT

. [

TOTM}TOTOT,

and
T —" 3 ToT

| [

idou

ToT —— T.
commute. In other words, it is a coalgebra object in (Fun(C, €), o).
We are mostly interested in comonads but one might be more familiar with the notion of a

monad where we are given maps id — T and T o T — T; so T almost looks like a group object
but instead of x we have o and there is no notion of inverses.

EXAMPLE 3.3.5. Our interest in comonads arise in the following manner: let O(G) be the
ring of functions of a group, then we have an endofunctor

Tg = —® O0(G) : Vecty, — Vecty,

From the fact that O(G) is a coalgebra, we see that the functor T is in fact a comonad; note
that we ignore the multiplication structure in this definition.

EXAMPLE 3.3.6. In fact, if A is an associative k-algebra, then — ® A : Vect, — Vecty is a
monad.

The most important source of comonads are:

EXERCISE 3.3.7. Let L : € — D be a functor with right adjoint R : D — C. Then we have
the counit map

e:LR —id
and the map
m: LR ~ L(id)R % LRLR.
Verify that this defines a comonad structure on the endofunctor

LR:D — D.
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Now, let us note the following: if we have an object of the form LX € D then the unit
transformation 7 : id — RL induces a map

a:LX % [ RIX;
furthermore we have the following commutativity from properties of the unit transformation

LX —*— LRLX

J{a J{moid

LRLX -9°% [ RLRLX.

and

idoLX «°4 [RLX 294 X 0id
LX
We are trying to do representation theory, so we are interested in actions.

DEFINITION 3.3.8. Let T : € — € be a comonad. Then a (left) T-comodule is a comodule
for T. Spelling this out we have a functor:

M:C ¢,

a coaction map

M — ToM,
satisfying the condition for M to be a comodule over T.
We have seen that T = LR is a comonad. There is a natural way to produce T-comodules.

LEMMA 3.3.9. Let L: € 2 D : R be an adjunction. Then the functor L factors canonically
as

Lenh

C = COMOdLR('D)
\ J{
D.
The functor L™ is called the enhanced left adjoint.

REMARK 3.3.10. Concretely, a T-comodule structure on an endofunctor M means that for
each X € € we have maps MX — TMX such that certain diagrams commute.

PROOF. The point is that we have a natural transformation
idoe: L = LRL =TL,

which endows L with the comodule structure. The identities that ensure L is a comodule follows
from the identities that the unit and counit of adjunctions satisfy. O

All of this it to set us up for one of the most important theorems in modern mathematics.
It produces a condition for when the enhanced left adjoint induces an equivalence

Lent : @ 5 CoModpr(D).
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3.4. forks, equalizers and split pairs. Before we state the Barr-Beck theorem, let us
recall the formalism of equalizers; a cofork is a diagram
CSX=2Yy 696 :X—>Y;
such that
8% = dle.
An equalizer of the maps §y and §; is the universal example of a cofork. A cosplitting of a

cofork is the datum:
C+—X<+Y

satisfying:

8% = dle se=1id 0% = id es = 0't.
The key property of a splitting is that it affords an “explicit witness” for a cofork to be an
equalizer diagram.

LEMMA 3.4.1. If a cofork admits a splitting, then it is an equalizer diagram.

Given a functor F : € — D, then a pair of parallel arrows X == Y in C is said to be a
F-cosplit pair if FX = FY embeds into a split equalizer.

EXAMPLE 3.4.2.
Having went through the above digression we can formulate the Barr-Beck theorem:
THEOREM 3.4.3 (Barr-Beck). Let L : € — D be a functor with right adjoint R : D — C.

Then the following are equivalent:

€ en anced u’rLCtO? L . — OIﬂOd R D s an equmjalence o C(lteq(” €S8
1S conser 'Uatlve an a,ny —C()Sp Zt paﬂ m (4] mZtS an equa 1WZET 1N ana 1S p7 €eServe

by L.

For references, we refer the reader to [?, IV.7]. The Barr-Beck theorem is very powerful;
for our purposes we really only need the following version:

THEOREM 3.4.4 (Barr-Beck lite). Let L : € — D be a functor with right adjoint R : D — €,
assume:

(1) both C and D admits equalizers;
(2) L preserves all equalizers;
(3) L is conservative.

PrROOF. By Lemma 3.3.9 we get a diagram

e —L CoModpg(D)
\ J/
D.
As a first step, we construct a right adjoint R : CoModpgr (D) — €. An object of CoModyg(D)
is, in particular, an object d € D equipped with the comodule structure
c¢:d— LRd.

To land in €, we apply R to the diagram above to get a map Rc : Rd — RLRd. There is,
however, a natural transformation R — RLR given by nr and thus we have two maps

NRre, Re : Rd = RLRd.

We then take the equalizer in € (which exists by hypothesis) and get an object R’d fitting as
the equalizer:
R'd — Rd = RLRd.

The construction is functorial in CoModpr (D) and so defines a functor R’ : CoModpr (D) — C.
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We sketch a proof that R’ is right adjoint to L’. Recall that an adjunction is determined
by a pair of functors, R’,L’ and a candidate unit transformation id — R’L’ satisfying certain
identities [?, Chapter IV, Theorem 2]. We give the candidate unit map: indeed, we want to
map ¢ € € naturally to R'L’c. But now, we have an equalizer diagram (by construction above,
setting d = Lc)

R'L’'c = RLc = RLRLc;

where the two maps are

R(Ln.) "IRLc;
indeed the first map determines the RL coaction on Le. The unit map ¢ — RLc is equalized
under the two maps, whence we have a natural map ¢ — R/L’c. This is the candidate unit
transformation and the reader is encouraged to check that it is indeed a unit.

Now, to prove equivalence, we observe that L’ is conservative because L is. Therefore, by
Lemma 3.4.5, it suffices to prove that R’ is fully faithful, i.e., that the transformation L'R’ — id
is an equivalence. We now take an object d € CoModpr (D) and compute L'R’d; indeed since
L’ is assumed to be equalizer-preserving, the resulting L'R/d fits into the equalizer diagram (in
D):

L'R'd — LRd = LRLRd.
We will then be done if the following is proved: the diagram

d — LRd = LRLRd

is an equalizer diagram for any d € CoModpr(D) where the first map is the structure map of
d as an LR-comodule. In fact, the diagram above admits a cosplitting;:

d < LRd <2< LRLRd,

which the reader is free to check. O

LEMMA 3.4.5. An adjoint pair F : € 2 D : G is an equivalence if and only if F (resp. G)
is conservative and G (resp. F) is fully faithful.

3.5. Ind-objects. To make effective use to the Barr-Beck theorems, we need to place
ourselves in a situation where we have adjoints. Typically this requires some appeal to Freyd’s
adjoint functor theorem [?, V.7]. In the situation we will encounter, however, the adjoint will
actually be quite explicit since we need only construct filtered colimits:

DEFINITION 3.5.1. A diagram J is filtered if any two objects 7,7’ € J admits an object k
with maps j — k,j’ — k and any two parallel arrows j = j' completes to a fork.

As is usual we say that a category C admits filtered colimits if any diagram J — C where
J is filtered admits a colimit in €. We want to “freely adjoin” filtered colimits in C, i.e,, objects
of the form “colim; X;” subject to the requirement that existing objects are compact:

Hom(C, “colim X;”) = colim Hom(C, X;) Cec.
J j

Recall that in a category € with filtered colimits we say that an object C is compact if the
canonical map
cogim Hom(C, X;) — Hom(C, colim X)

for all filtered diagrams j — X;. This concept is yet another abstract formulation of being
“finite dimensional.”

Now, let € be an esssentially small category. Then there is procedure to formally adjoin
filtered colimits and the resulting category is called the ind-category of € and denoted by
Ind(@). Its objects are given by diagrams indexed by I where I is filtered, i.e., functors I — C.
We denote such diagrams by “colim;er X;” and the Hom-sets are

Hom(“colimY;”, “colimX;”) = colim lim Hom(Y, X;);
j i [



48 3. THE TANNAKIAN PHILOSOPHY

the order of the lim and the colim ensures the image of the functor € — Ind(C) sending ¢ € €
to the constant diagram at ¢ lands in the subcategory of compact objects.

PRrROPOSITION 3.5.2. Let C be an essentially small category and let D be a category with
filtered colimits, then the functor € — Ind(C) induces a fully faithful functor

Fun™(Ind(€), D) — Fun(C, D)
where the domain consists of those functors that preserves filtered colimits.

ExampPLE 3.5.3. Let C = Vect};d be the category of finite dimensional k-vector spaces. Then
Ind(@) ~ Vecty, the category of all vector spaces. The idea here is that any vector space can
indeed be written as a filtered colimit of finite dimensional ones (we just write it as a filtered
union of its finite dimensional subspaces).

Now assume that € is an essentially small category and that € admits finite colimits (includ-
ing the empty colimit, i.e., an initial object), then there is a concrete model for Ind(€). Denote
by Fun'®(€°P, Set) C Fun(€°P, Set) the subcategory of those presheaves on € which converts
finite colimits to finite limits (equivalently, takes finite limits in C°P to finite limits). Observe
that the Yoneda functor € — Fun(C°P,Set) factors through Fun'®*(€°P, Set); to see this one
notes that Hom(—, X) does convert finite colimits to finite limits.

PROPOSITION 3.5.4. There is an equivalence of categories Fun'™ (C°P, Set) ~ Ind(€) under
which the constant functor € — Ind(C) identifies with the Yoneda functor.

The basic idea behind Proposition 3.5.2 is that filtered colimits are exactly those colimits
which commute with finite limits. This fits into a general pattern; for example the presheaf
category on € has no restriction on the kind of colimits that a functor preserves and the resulting
category adjoins all colimits, the usual universal property of the presheaf category.

The upshot here is that one should try to work with the more concrete model Fun'®*(CP, Set).
For us it helps to compute explicit adjoints. Let C,D be essentially small categories and sup-
pose that f: C — D is a functor that preserves finite colimits. On the one hand, the universal
property of Ind as in Proposition 3.5.2 furnishes the dotted arrows:

c—L 50 Ind(D)
-

l e nagh)

Ind(C)

Concretely, Ind(f) takes a filtered diagram in C, say “colimX;” to the filtered diagram in D
given by “colim f(X;)”.
On the other hand we have the precomposition functor
f* : Fun(D°P, Set) — Fun(C°P, Set) F i Fo f?: €% — D — Set;
which factors through the ind-categories via the identification of Proposition 3.5.4.

LEMMA 3.5.5. We have an adjoint pair
Ind(f) : Ind(€) = Ind(D) : f*.
PROOF. Let us sketch a proof; for an essentially small category € let us write PSh(€) for

Fun(&°P, Set). Note that Ind(f) of a constant diagram c is just f(c) again. Abusing notation,
we regard a constant object via its Yoneda embedding. In this case we compute:

Hompyq(p)(f(c),G) = Hompgyp)(f(c), G)
= G(f(O)
(f*G)(C)
Hompgyey (e, fG)
Homp,qg(e) (¢, f7G).

R

1%
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Now, we have a natural transformation
Homlnd(D)(Ind(f)(_)a G) - Homlnd(e) (_a f*G)

which is an isomorphism on the image of € — Ind(C) and furthermore preserves filtered colimits,
hence is an isomorphism on all of Ind(C). O

The fact f* is so explicit leads to the following result which is somewhat a surprising feature
of a right adjoint:

LEMMA 3.5.6. The functor f* preserves all colimits.

PROOF. It clearly preserves
Let G : T — Funlex(GOP,Set) be a diagram. We want to prove that colim f*G;
f* colimy G;. First, notice that both

O

3.6. Applying the Barr-Beck theorem. Let us now see the Barr-Beck theorem in
action

THEOREM 3.6.1. Let C be an essentially small abelian k-linear category. Let w : C — Vectid
be an exact, conservative functor to finite dimensional vector spaces. Then:

(1) we have an adjoint pair:
Ind(w) : Ind(C) & Vect : R,

furthermore the functor R preserves colimits;
(2) the adjoint pair above induces an equivalence of categories

Ind(€) ~ CoModnq(w)r(Vects);

(8) now, let us assume that C is a symmetric monoidal category and furthermore that w
is a strong symmetric monoidal functor then

B := w(R(k)) € Vecty,

acquires the structure of a comonad;
(4) the equivalence from (2) induces an equivalence of categories

@ ~ CoModg (Vectid)

4. The reconstruction theorem

We now have all the categorical ingredients to prove Tannaka duality. We recall the mo-
tivation from Fourier analysis at the beginning of this chapter. Any locally compact abelian
group A has a Haar measure, with respect to this we have the space L2(A) of square-integrable
functions on A. As noted above, A is discrete and the natural notion of square-integrability
leads to the “small ¢2-space” EQ(K) if square-summable series. Pontrayagin duality asserts that
an isomorphism

L*(A) = £2(A);
asserting that information about A is basically contained in its space of characters. Now, if G is
not abelian, we see that G tends to be much smaller than G; indeed any group homomorphism
G — S! factors through the abelianlization, whence G only depends on G?". For example,
if G = ¥,,, the symmetric group on n-letters, then G®" is Z/2. The goal of the tannakian
reconstruction theorem is to attempt to still describe G using its representation theory.

The main theorem of this chapter is

THEOREM 4.0.1. Let C be a rigid, abelian k-linear tensor category such that End(1) = k.
Let

w: €@ — Vectd

be an exact, conservative tensor functor. Then
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(1) the functor
Aut®(w) : CAlgy, — Grp R Aut®(wgr)

is represented by an algebraic group G;
(2) there is a canonical equivalence of tensor categories:

C ~ Rep(G)
over Vectzd.
It is useful to introduce the following definition:

DEFINITION 4.0.2. A rigid, abelian k-linear tensor category € such that End(1) = k is
called a neutral Tannakian category (over k) if it admits a conservative exact functor
w : € — Vecty; the latter is called fiber functor.

EXAMPLE 4.0.3. Let’s examine briefly what happens when € = Rep(G), the category of
finite dimensional representation of G:

(1) the tensor product of representation has, as underlying vector spaces, the tensor prod-
uct of underlying vector spaces; this is exactly saying that the forgerful functor is
symmetric monoidal.

(2) the dual representation

4.1. Producing a monoid scheme. We have yet to produce the algebra structure on
our coalgebra B from Theorem 3.6.1. An algebra structure on B is, in particular, a morphism
m : B®, B — B. This lets us make the following maneuver: we can define a pairing:

®™ : coModp x coModg — coModgp
(X, Y) = (X@Y - (X2B)o(Y®B) Z(XeY)® (BeB) - X®Y®B.

PROPOSITION 4.1.1. Let B be a coalgebra.

(1) the assignment
m— @™

induces a one-to-one correspondence between maps B ®, B — B and functors
F : coModg x coModg — coModg.

such that F(X,Y) =X ®Y as vector spaces (i.e., after forgetting down).

(2) the functor F defines a symmetric monoidal structure on coModg such that the forget-
ful functor coModg — Vecty, is symmetric monoidal if and only if B is a commutative
k-algebra.

PROOF. O

4.2. The Tannaka dual group. We now need to be slightly more concrete so let us work
“backwards.” Let w : Rep(G) — Vecty, be the forgetful functor which we want to examine more
closely. Let us write End®(w) for the set of endomorphisms

Arw—w
commuting with tensor products. What this means concretely:
(1) for each representation V, we have k-linear maps

vy

which are natural for morphisms of representations;
(2) the morphism Ayvgw is equal to the morphism Ay ® Aw and
(3) Aig = 1.
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In fact, for any k-algebra R, we can also look at End® (wr) which admits the same descrip-
tion as above. The following result tells us that the functor

End : R +— End®(wg)
recovers G.

THEOREM 4.2.1 (Baby Tannaka duality). Let G be an algebraic group over k and fix a
k-algebra R. Suppose that for every finite dimensional representation V of G we are given
R-linear maps

)\V : VR — VR
such that
(1) AZvew = Av @ Aw;
(2) A\ =id

(8) for any morphism of representations f : V. — W we have that Aw o fr = fr o AV.
Then there exists a unique g € G(R) such that

Av = g act -
PRrOOF. O

Instead of End we can look at
Aut C End

the subfunctor where every morphism is invertible. The above result tells us that the above is
in fact an isomorphism of functors.

Hence, if one believes in Tannaka duality, one should believe that G is constructed quite
explictly as the ®-automorphism group of the functor w.

4.3. Application I: Jordan decompositions.
REMARK 4.3.1 (Jordan normal form).

4.4. Application II: reconstructing a group from its Lie algebra.






CHAPTER 4

Reductive groups

We now come to the heart of the course: the classification of reductive groups. We first
need to introduce the different “flavors” of groups that can appear. The first flavor are called
“unipotent groups” and these are, in some sense, really quite simple but exhibit pathologies we
want to dismiss in having a good theory.

1. Unipotent groups

From linear algebra, a unipotent matrix is one of the form:

1 X12 I13 e Lin
0 1 o3 ... Ton
0 0 0o ... 1

Here’s something rather interesting about unipotent elements:

o i b 1= T

Strangely, matrix multiplication is converted to scalar addition. In fact the above presents the
group G, “multiplicatively.” The notion of unipotent groups abstracts the above concept and
gives an intrinsic characterization of matrices of the above form. There is actually already an
abstract notion of what it means for an element to be unipotent, in an abstract ring.

DEFINITION 1.0.1 (Unipotent element). An element r € R is said to be unipotent if there
exists an integer N > 0 such that (r — 1)N = 0.

In the ring M, (k), matrices of the above form are precisely the unipotent ones. There is
also a Tannakian-theoretic approach, based on the following result:

EXERCISE 1.0.2. Let G C GL(V), where V. # 0. Then if G acts via unipotent matrices,
there exists an element v € V such that G -v =, i.e., V& £0

Let’s see why this might be a problem for us. Suppose that V is a simple (in other words,
irreducible) representation. Then we see that V¢ = V necessarily since V& # 0 and V¢ C V.
Hence we must conclude that G acts trivially on any simple representation. This is very
pathological. In fact, let us recall that the category of finite dimensional G,-representation is
equivalent to the category of vector spaces equipped with a nilpotent endomorphisms; such a
category is very far from being semisimple.

REMARK 1.0.3 (Representation theory of finite groups). Let us recall the following result
which is often stated as “Maschke’s theorem” or the “averaging trick”

THEOREM 1.0.4. If G is a finite group and p : G — GL(V) is a finite dimensional repre-
sentation of G over a field K which does not divide |G|. Then if W C V is a subrepresentation,
we have a decomposition of G-representations

VEWaU,

where U is a representation of G. Therefore, we can decompose any G-representation into a
direct sum of irreducible representations.

53
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This, along with Schur’s lemma, are two nice categorical properties of the representation of
finite groups based on vector spaces over a field of characteristic zero: they are semisimple. The
phenomenon of unipotence is exactly what obstructs this; if we are looking at representations
of p-groups valued in ), vector spaces then there are plenty of examples where representations
cannot be decomposed into simples.

Hence we are on a mission to dismiss this phenomenon. We want a useful description of
what it means for a group to be unipotent; in particular we want to have a definition of the
“unipotent radical” of a group — the largest, normal subgroup of a group G which is unipotent.
This is so that we can quotient this group out. First, let us begin with the obvious definition
of U,, as an algebraic group.

DEFINITION 1.0.5. The group U, is defined as the functor

1 =x AU |
0 1 = ... =%

Re—1|. . . . .| € GL,(R).
00 0 ... 1

EXERCISE 1.0.6. Prove that U, is a subgroup of GL,, which is, furthermore, smooth.
A more intrinsic characterization is as follows:

DEFINITION 1.0.7. An affine algebraic group over k is unipotent if every nonzero repre-
sentation has a fixed vector.

There is also a reasonable notion for a representation to be unipotent. This contrasts
against the notion of semisimple representations where we have a direct sum decomposition
into simples, which are not trivial.

DEFINITION 1.0.8. A representation p : G — GL(V) is unipotent if there exists a G-stable
flag
{0} CVs---CV; CVg=V

such that each quotient V;/V;;1 admits a trivial G-action.

This also hints at a characterization of the Hopf algebra associated to C to be filtered with
certain conditions:

DEFINITION 1.0.9. A Hopf algebra A is coconnected if there is a filtration Co C C; C -+ - A
where each C; is a k-subspace such that
(1) Co=k
(2) UC, =A
(3) A(Cr) € X, Ci®Cri.
EXAMPLE 1.0.10. Let us look at the Hopf algebra O(U,,). Its underlying k-algebra is given
by
kDQj:i <_ﬂ
with the multiplication (induced by the one from O(G,,) — O(U,) given by
AX;)=X; @1 +1®X;; + Z Xie @ Xyj.
1<l<j
This k-algebra admits a filtration: we set
Xijl =7 -1
and set O(U,), be the subspace of degree at most r polynomials. We check below that this
indeed shows that O(U,,) is a Hopf algebra.
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We will now give various characterizations for an affine algebraic group to be unipotent.
This will give us a sense of what kind of groups we are dismissing when we carry out the
classification theory of reductive groups.

THEOREM 1.0.11. Let G be affine algebraic group over a perfect field. Then the following
are equivalent:
(1) G is unipotent;
(2) every finite dimensional representation of G is unipotent;
(8) there is an N > 0 and an embedding of groups

G‘—)UN

(4) O(G) is coconnected.

If k is furthremore perfect and G is smooth, then this is equivalent to saying that any g € G(k)
is unipotent in terms of its multiplicative Jordan decomposition.

ProoOF. If G is unipotent, and V is a representation, we construct a G-stable flag by
induction on dimension. Indeed, let v be the nonzero vector fixed by G, then V/v is a G-
representation of one less dimension, and we can construct a G-stable flag by induction. On
the other hand, the lowest member of the flag, Vg is a nonzero subspace which is fixed by G.

Now, assume 2). Then we can find a finite dimensional faithful representation of G by a
previous result; it has a flag as in 2). Therefore G must be a subgroup of Uy. Now, assume 3);
we note that quotients of coconnected Hopf algebras are coconneced: if C — C’ is surjective
then we set C!. to be the image of C,. It then suffices to prove that O(U,) is coconnected as
we were trying to do in Example 1.0.10. It is easy to see that O(G)g = k,UO(G), = A and
0(G);0(G); C O(G)itj, i.e., we have a filtered k-algebra. We need only check the condition on
the coproduct. For the X;; we see that the formula for A in Example 1.0.10 gives us the result.
In general, proceed by induction.

Lastly, assume 4) and we wish to prove that G is unipotent. Any comodule p: V — V®0O(G)
defines a filtration on V:

V,:={v:pl) e Ve 0(G),}
Now, if Vo contains a nonzero vector, then

pv) eEVRE=V

so that p(v) = v’; but v = ep(v) = €(v' ® 1) = v’ and hence v = v and is thus a fixed vector.
Too finish the proof, we need to prove that V,, = 0 means that V,,; = 0 so that if Vo = 0 then
V = 0. By construction p(V,41) C V® O(G),41; by the condition on the coproduct we then
have that

([d®A)op)(Vry1) CVE Z 0(G)i ® O(G)rt1-

Hence ((id®A)op)(V,41) maps to zero under VRO (G)®@0(G) — VRO(G)/0(G),@0(G)/0(G),.
Since, by assumption V, = 0, we have that

p:V=>Ve0O(G)/0(G),

is injective because there is no loss in information in quotienting out O(G),; similarly for
(p®1id) o p. But this is equal to (id ® A) o p, hence V,4; = 0.

Now we work over a perfect field. If G is unipotent, it is clear that G(k) consists of
unipotent elements by embedding it into a faithful representation (by Jordan decomposition,
to check unipotence of an element it suffices to check that the matrix of an embedding into a
faithful representation is unipotent). Now, if G(k) is unipotent then we can find an embedding
G(k) C Un(k); this is embedding of closed subgroups. Since G is smooth, then G(k) is dense
in G so we get an embedding G C Uy.

O
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REMARK 1.0.12. Be warned that some authors use the last part of Theorem 1.0.11 to define
a unipotent group so that, automatically, G must be smooth.

Before we prove this result, let us observe certain corollaries:
COROLLARY 1.0.13. Unipotence is stable under subgroups, extensions and quotients.

PRrROOF. Let U — Q be a quotient, then any Q-representation is also a U-representation
hence Q is unipotent if U is. Now, let 1 - N — U — Q — 1 be an extension with N, Q
unipotent. Since N is a normal subgroup, VN is U-stable, and the U-action factors through Q.
Therefore, if V is nonzero, then VU = (VN)Q is nonzero. To see that unipotence is stable under
subgroups, we use 3 of Theorem 1.0.11. O

COROLLARY 1.0.14. A group G is unipotent if and only if for any extension K[k, G is
unipotent if and only if for an algebraically closed field k/k, Gy is unipotent.

PrOOF. This follows from the following observation: (V ® k') = V& @ k/. Hence if
(V@ k)G £ 0, then V¢ cannot be zero. O

DEFINITION 1.0.15. By Corollary 1.0.13, there exists a normal subgroup R, (G) of G which
is the largest, connected, unipotent normal subgroup of G. This subgroup is called the unipo-
tent radical.

COROLLARY 1.0.16. If G is smooth over a perfect field. Then G is unipotent if and only if

G(k) is unipotent.
EXERCISE 1.0.17. Let k' /k be a Galois extension. Prove that R, (G) ®; k' = R, (Gy).

ExAMPLE 1.0.18. Consider the following flag of subgroups:

100 10 =« 1 0 =
e={l0 1 o|Yc{lo 1 o[}c{]lo 1 «|}cuUs;
00 1 00 1 00 1

which we write as
e=UP cul® cult) cu,
Observe:

(1) the inclusions above are inclusions of normal subgroups

(2) each subgroup that appears is normal in Us

(3) each graded piece UY) /UY ™ is normal in Us/UY ™.
Such a series is called a cental normal series. Note that the graded pieces are all isomorphic
to G,, generalizing the phenomenon we saw at the beginning of this section. In fact:

ProprosITION 1.0.19. FEvery unipotent group admits a central normal series whose quotients
are isomorphic to subgroups of G.

This proposition then characterizes unipotent groups in terms of having nontrivial maps to
G,.

COROLLARY 1.0.20. G is unipotent if and only if every nontrivial subgroup of G admits a
nontrivial map to Gg.

2. Groups of multiplicative type

The “opposite” of a unipotent group is called a group of multiplicative type. To begin
with let us recall that group Ga from Exercise 1.2.2; here A is an abelian group and Gy =
Spec k[A] where k[A] is the group algebra of an abstract abelian group A.
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EXERCISE 2.0.1. Let the functor
D(A) : R — Homg,p(A,R™).
Check that D(A) =2 Ga. If A is a finite generated abelian group, prove that D(A) is isomorphic
to copies of Gy, and py,.

Exercise 2.0.1 gives a nice, coordinate-free description of Ga but we would like a character-
ization of “groups that look like G4.” To do so, we have the following simple observation:

LEMMA 2.0.2. Let A be a finitely generated abelian group. There are canonical bijections
between:
(1) the grouplike elements of k[A];
(2) characters of Ga;
(8) elements of A.

We have already discussed the correspondence between 1) and 2). From an element a € A
we get the character, described for every R € CAlg, by

Hom(A,R¥) L2/, g,

Write, as is standard in the literature, X*(G) for the set of characters of the group G, i.e.,
the set of maps
X*(G) := Homeup(G, Gr);
This set is actually an abelian group via

O+ xX)(9) = x(9) - X' (9)-
Lemma 2.0.2 actually produces an isomorphism of abelian groups (where X*(Ga) is given
pointwise addition):
X*(Gp) 2 A.
A definition for groups that “look like Gp” is:

DEFINITION 2.0.3. A group G is diagonalizable if the grouplike elements of O(G) spans
it as a k-vector space.

Let DiagGrp C AffGrp,, be the category diagonalizable groups. Then
THEOREM 2.0.4. The functor
(Ab®)°? — DiagGrp A— D(A);
DiagGrp — (Ab®)°P G — X*(G)
is an inverse, exact equivalence of abelian categories. In particular, all diagonalizable groups

are commutative.

REMARK 2.0.5. If H is a subgroup of G, then O(G) — O(H) surjective so that O(H) is also
spanned by grouplike elements. If G = D(M) and G — Q is a quotient then its kernel takes
the form D(M”) where M — M" is surjective. Hence Q must be D(M’). It is not quite true
that extensions of diagonalizable groups are multiplicative as there is no reason why it should
be abelian. We will see that this is the only obstruction.

)

Hence, the study of diagonalizable groups should be thought of as “easy” and its represen-

tation theory is governed by diagonalizable representations:

DEFINITION 2.0.6. A representation of a group G is diagonalizable if it can be written as
a direct sum of 1-dimensional representations.

For what follows, given a character x € X*(QG), write a(x) € O(G) for the grouplike element
that it corresponds to and write, for a representation p : G — GL(V):

Vy i ={veV:p) =v®alx).

Then V, is a G-stable subspace and is a 1-dimensional representation of G.
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LEMMA 2.0.7. The following are equivalent:
(1) G is diagonalizable;
(2) every finite dimensional representation of G is diagonalizable, i.e., it is a direct sum
of 1-dimensional representation of G;
(8) every representation can be written as a direct sum of G-stable subspaces

V=@, Vy.
We now describe groups of multiplicative type which are “geometrically diagonalizable.”

DEFINITION 2.0.8. A group G is of multiplicative type if there is an extension k’/k such
that Gy is diagonalizable.

REMARK 2.0.9. Recall that we have seen non-split tori; groups of multiplicative type are
then generalizations of tori.

We next characterize groups of multiplicative type. The relevant Hopf algebra notion is
being coétale: if C is a coalgebra, then CY is automatically an algebra. If C is commutative
and étale then we say that C is coétale. Here’s a simple definition of étale algebras: if A is a
k-algebra then it is étale if for any separable closure k° of k, we have that A®y k® =2 k% x -+ - x k*®
where there are only finitely many members of the product.

THEOREM 2.0.10. For an algebraic group G, the following are equivalent:
(1) G is of multiplicative type;
(2) G is commutative and Hom(G,G,) = 0;
(3) G is commutative and O(G) is coétale;
(4) G is diagonalizable over a separable closure of k.

PROOF SKETCH. This is [?, Theorem 12.18]. Let us highlight some interesting features of
the proof:

(1) if G admits an interesting map to G, f : G — G, then the representation

(1) f (1a)]

fails to be diagonalizable over any extension. So the behavior of groups of multiplica-
tive type is “orthogonal” to unipotent groups;

(2) point (4) in particular says that diagonalizability is something that can be checked
on a separable extension of k. Here, the point is that the splitting condition to make
sure that A is étale over k can only be checked after a separable extension and not
inseparable ones. More precisely if a group of multiplicative type splits over a purely
inseparable extension of k, then it must already have split over & [?, Corollary 12.20].

O

|

REMARK 2.0.11. An interesting feature of the theory of multiplicative groups is that to
check multiplicativity one only needs to go to separable extensions.

2.1. Representation theory of groups of multiplicative type. If G is diagonalizable,
then clearly its category of representations is semisimple and is completely determined by its
characters: they form a complete set of simple objects. In fact a previous exercise says that
the category of representation is equivalent to the category of A-graded vector spaces and the
vector space of homogeneous grading a. The following result says that the same is true for
groups of multiplicative type, up to Galois descent.

THEOREM 2.1.1. Let G be a group of multiplicative type. Then:
(1) the category Rep(G) is semisimple;
(2) let T be the Galois group of a separable closure k* of k, then T acts continuously and
naturally on X*(Ggs);
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(3) simple objects of Rep(G) is in natural bijection with T-orbits of X*(Gys).

PROOF. The group I" acts on X*(Ggs) because every map Ggs — (G, )= is defined over a
finite separable extension of k. Actually we encourage the reader not to worry too much about
continuity for now because we will always make arguments over finite separable extension; in
any case the action is given by the tensoring with the map o : K — K.

Now, there exists a finite separable extension K/k with Galois group I" (by Theorem ?7) on
which the base change Gk is diagonalizable. Let V be a G-representation, then V®xk is a rep-
resentation of Gk with a semilinear I'-action. Now V ® K decomposes into Gg-representations
of dimension one:

KoV V.
XEX*(Gk)
An element o of I acts on K ® V while ¢ moves V, to V,, where ox is the action of the first
paragraph. Hence all characters which indexes a nonzero vector space above forms a single
I-orbit. By the equivalence of Proposition 77, this is the same datum as G-representation.
Hence we see that I'-orbits form simple objects of Rep(G).
O

2.2. Multiplicative type groups versus unipotence. We have

PROPOSITION 2.2.1. An algebraic group that is both unipotent and of multiplicative type is
trivial.

PrOOF. If G is of multiplicative type, then V must be a direct sum of simples by Theo-
rem ?7. But then, for any unipotent group, the action on these simples must be trivial. If
we apply this to a faithful representation of G (which we can), we conclude that G must be
trivial. 0

COROLLARY 2.2.2. Let G be a group, if U is unipotent and H is of multiplicative type and
are subgroups of G, then UNH = {e}.
COROLLARY 2.2.3. There are no nontrivial maps:
(1) from a unipotent group to a one of multiplicative type;
(2) from a group of multiplicative type to a unipotent group.

2.3. Solvable groups. Even though there are no maps between a group of multiplicative
type and a unipotent group (and vice versa), there is an interesting class of groups which are
“extensions of a multiplicative group by a unipotent group.” We will also quotient out this class
of groups in order to get a sharper classification result.

DEFINITION 2.3.1. Let G be an algebraic group, then:

(1) a subnormal series of G is a finite sequence of algebraic subgroups:
*<1Gs 1Gs_1 <+ Go =G

(2) a subnormal series is normal if G; is normal in G.
(3) G is solvable if there is a subnormal series such that

Gi/Git1
is commutative. In other words, G is solvable if it can be reconstructed via successive
extensions of commutative groups.
ExXAMPLE 2.3.2. We write the subgroup of upper triangular matrices of GL,, as

0 * * ... «

B, =
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These groups are always solvable; for n = 2:

1 * * %
ec{[o 1}}c{{o *:|:B2}
The subquotients are G,, X G,, and G,.

REMARK 2.3.3 (Solvability and derived subgroups). In usual group theory, the derived
group of a group G is exactly its commutator; we will continue this terminology. The derived
subgroup of a group G is the intersection of all normal subgroups N such that G/N is commu-
tative; it will be denoted by DG. One can show that G/DG is commutative. In fact, DG has
an explicit model as the smallest subgroup of G containing the image of the map

GxG—G (g,h) — ghg~'h™%.
Set D"G := D(D""'G). We can then consider the derived series of G
---D*<aDG < G.

This is a normal series such that the quotients are commutative, by design. One can prove that
a group G is solvable if and only if the derived series terminates at a finite stage [?, Proposition
6.30].

By taking subs and quotients for filtrations, we can prove:

LEMMA 2.3.4. Being solvable is a property closed under taking subgroups, quotients and
extenstons.

Because of this, we have the radical of G
R(G)« G

which is the largest normal solvable subgroup contained inside G. We will not have to consider
an arbitrary solvable groups; rather we will look only at smooth, connected ones. Of the main
results of Lie theory is the following:

THEOREM 2.3.5 (Lie-Kolchin). Let G be a smooth, connected solvable group over an alge-
braically close field k. Then there exists an embedding G — B,,.

The class of group which are subgroups of B,, are usually called trigonalizable:

DEFINITION 2.3.6. A group G is called trigonalizable if every simple representation is of
dimension one. A representation p : G — GL(V) is said to be trigonalizable if there exists a
basis for V for which p acts via upper triangular matrices.

ExaMPLE 2.3.7. We have already implicitly used this idea many times, but us recall the
language of flags: a flag in a finite dimensional vector space V is a sequence of distinct subspaces

0=VyCV;C VT;
we say that it is maximal if r = dim(V) and dim(V;) = ¢ for all 0 < ¢ < 7. A representation
of G is trigonalizable if and only if there is a maximal flag of V which is fixed by G; note that

G is then unipotent if the action on each subquotient of the flag is trivial (hence the diagonal
is 1 as opposed to arbitrary invertible element).

ExAMPLE 2.3.8. Unipotents and diagonalizable groups are trigonalizable. It is not quite
obvious yet why looking at trigonalizable groups is a good idea except that it unifies these
“opposing” notions.

Here’s the standard equivalence properties of trigonalizable groups:

PROPOSITION 2.3.9. The following are equivalent for G:

(1) G is trigonalizable;

(2) every nonzero representation of G contains a one-dimensional subrepresentation.
(3) every finite dimensional representation of G is trigonalizable;
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(4) G is a subgroup of B for some N;
(5) there exists a normal unipotent subgroup U of G such that G/U is diagonalizable.

PROOF SKETCH. Inside B,,, the subgroup of matrices with 1’s on the diagonal is a unipotent
with quotient being a bunch of G,,’s. This proves that 3 implies 4. On the other hand, if V
is a simple representation of G, then we see that VU must be nonzero; by normality again G
acts on VY via G/U and so VY is a sum of one-dimensional representation. In particular, it
contains a one-dimensional subrepresentation. 0

Here’s a result that characterizes groups which are trigonalizable over some extension of k
as an extension of a group of multiplicative type by a unipotent:

PRrOPOSITION 2.3.10. The following are equivalent:

(1) G is trigonalizable over some extension of k;
(2) G contains a normal unipotent subgroup G such that G/G,, is of multiplicative type.

If these conditions hold, then G, is unique and contains all other unipotent subgroups of G.

PROOF SKETCH. For the last part: if V is a unipotent subgroup, then V. — G — G/U
must be trivial by Corollary 77
O

After Theorem 7?7, we see that any smooth, connected solvable group is trigonalizable
over some extension of £ and hence Propostion 7?7 furnishes a classification result; it can be
sharpened as follows:

THEOREM 2.3.11. Let k be an algebraically close field and G a smooth, connected solvable
group. Then
GG, xT
where:

(1) Gy is a normal, unipotent subgroup G which contains all other unipotent subgroup of
G;

(2) T is a mazimal torus of G.

(8) the map T — G — G/G,, is an isomorphism (which implies the semidirect product
decomposition).

3. Reductive groups
We can now formulate the idea of a reductive group.

DEeFINITION 3.0.1. Let G be a connected and smooth over k. Then we say that G is
reductive if R,(Gy) = * for k/k an algebraic closure of k; if we call R, (Gy) the geometric
unipotent radical then a reductive group is one whose geometric unipotent radical is trivial.

REMARK 3.0.2. There is a notion of pseudo-reductivity which is a little bit trickier: we
also ask that G is connected and smooth but that the unipotent radical R, (G) is trivial (as
opposed to the geometric unipotent radical). We will not really explore this notion.

ExaMPLE 3.0.3 (Multiplicative type groups). By Corollary ??, any group of multiplicative
type must have trivial geometric unipotent radical hence they are reductive. These are the
simplest type of reductive groups.

Let us now explore examples. The following result is the main tool by which we can detect
reductive groups:

ProroOSITION 3.0.4. Assume that G is connected, smooth and admits a faithful semisim-
ple representation that remains semisimple after passing to the algebraic closure. Then G is
reductive.
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PROOF. Assume that U is unipotent and is a normal subgroup of G. Then for any G-
representation p : G — GL(V), we have that VU is G-stable. Since U is unipotent, VU # 0. So
if V is simple we must conclude that VU = V. Picking any semisimple representation, which is
a sum of simples, which is also faithful gives us that U is trivial.

O

As we see from the proof above, reductive groups can have unipotent subgroups as long as
they are not normal.

EXAMPLE 3.0.5. The standard representation of GL(V), i.e., GL(V) acting on itself is a
semisimple, faithful representation. Hence GL,, is reductive for n > 0.

EXERCISE 3.0.6. Prove, via a similar method or otherwise, that the SO, SL and Sp are all
reductive.

EXERCISE 3.0.7. Let n,m > 0. Consider the subgroup G of GLj, ., given by
A,
T
Compute G/R,(G).

3.1. Borel subgroups. We now begin to explain the structure theory of reductive groups.
The “wings of the butterfly” are called Borel subgroups. From now on, we let k be an
algebraically closed field and assume that G be a smooth affine algebraic group. Among all
subgroups of G we define the condition R (where R stands for radical) on a subgroup H as
the condition that H is smooth, connected solvable subgroup.

DEFINITION 3.1.1. A Borel subgroup is a maximal subgroup of G among those satisfying
condition R.

ExAMPLE 3.1.2. Cousider a Borel subgroup B of GL(V). By Theorem ?7?, there is a basis
for V under which B C B,, and B = B,, by maximality. There is a better way to say this: Borel
subgroups are exactly the stabilizers of maximal flags in V.

EXERCISE 3.1.3. Compute the Borel subgroups of the SO,,’s.
Here is the main theorem about Borel’s

THEOREM 3.1.4. A group B is mazimal among (not necessarily normal) subgroups satisfying
R if and only if G/B is proper.

This result is a conjunction of the following lemma

LEmMMA 3.1.5. If H is a subgroup of dimension mazxzimal among all subgroups satisfying
condition R, then G/H must be proper. Furthermore, all Borel subgroups of G are conjugate by
an action of G(k).

and the eponymous

THEOREM 3.1.6 (Borel’s fixed point theorem). Let k be algebraically closed and G a solvable
group acting on a proper k-scheme X. Then X(k) # 0.

PROOF. Let us induct on the dimension of G. There is nothing to prove when G is dimen-
sion zero (it is the trivial group so the assertion is that X (k) is nonempty, which is true by the
Nullstellesatz). Now, if dim G = 1, then G must either be G, or G,,. Fix a point 2o € X(k)
and consider the translation

G—-X g — gxo;
we claim that this map extends to a G-equivariant map P! — X where G acts on G C P! by
translation. Indeed, we have a compactification G < P! in such a way that the action of G on
itself by translation extends to the new points by trivial action. The valuative criterion then
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extends the map in an equivariant way (this is to be proved below). Therefore the image of co
is actually a k-rational point which is not moved by G.

Now, assume that d > 1. There then exists H <t G which is normal, and H is solvable. By
induction we can find a point ' € X(k) which is H-fixed. The orbit map at z’; G — X then
induces an G-equivariant map G/G’ — X by universal properties of quotients. But the quotient
is G, or G, so we are reduced to the case of the previous paragraph. O

This also gives us a proof of Lie-Kolchin
PrROOF OF THEOREM ?7. Let F be a maximal flag, let us denote the functor
Flagy :R— {0 C Fy CF, = V®R: F;is a direct summand of R ® V;}.

Here’s a key geometric result: the functor Flag is represented by a smooth projective (whence
proper) variety.

Let V be a faithful representation of G; there is an induced action of G on Flagy,. By Borel’s
fixed point theorem, there exists a fixed point of Flagy, (k) which is stabilized by G. Therefore,
we conclude that the representation is trigonalizable and hence G is since the representation is
faithful.

O

Assuming the key lemma we given

PROOF OF THEOREM ??. Before the start of the proof, we do not know that maximal
subgroups have the same dimension. But indeed, if B is maximal, then it must of maximal
dimension. Therefore if B is maximal satisfying R, then it must be of maximal dimension too,
hence Lemma ?? says that G/H must be proper. Conversely, assume that G/B is proper, we
want to prove that B is maximal. Let H be a subgroup satisfying R, then we claim that

Hc gBg™*

for some g € G(k). Indeed, H acts on G/B and the latter is proper hence H fixed a coset in
G/B(k). Such a coset is of the form gB and the fact that H fixes gB means that H C gBg~!.
Now choose H to be a maximal subgroup satisfying R and hence H = gBg~!, but this means
that B and H have the same dimension, hence it is maximal with respect to dimension among
subgroup satisfying R and hence B is maximal.
Let us prove the second statement. Say B is already known to be a Borel. If H is a subgroup
satisfying R, then
O

This encourages us to look for other groups having the property that its quotient is proper:
DEFINITION 3.1.7. A parabolic subgroup P is one such that G/P is proper.

3.2. Maximal tori. In Grothendieck’s picture of the butterfly, a torus is the body of the
butterfly. We will now prove that this body exists nontrivially whenever G is not unipotent;
we again remain the algebraically closed setting.

ProOPOSITION 3.2.1. If G is a smooth connected group and is not unipotent, then there is
a nontrivial torus G,, C G.

THEOREM 3.2.2. Any two mazimal tori are conjugate via an element of G(k).
4. Semisimple groups

DEFINITION 4.0.1. If k is any field, the rank of G is the rank of the maximal torus in Gy.
The semisimple rank of G is the rank of G/R(Gy).






CHAPTER 5

Towards classification theorems

1. Root datum and root systems

We explain the combinatorial structure that appears in the theory of reductive groups. Let
X be a finitely generated free Z-module; we than have its dual XV := Homapgrp (X, Z) which
comes with a nondegenerate bilinear pairing
(Y : X x XY = Z(x, f) = f().
DEFINITION 1.0.1. A root datum is a triple
R=X,R,a—aY)
where X is a finitely generated free ablelian group, R C X is a finite set and
R —» XV a— oV
is a map satisfying:
(RD1) under the pairing explained above, we have
(a,a’) =2;
(RD2) Define, for each a € R,
Sq i X — X
given by
r=x—(z,a")a.
Then s,(R) C R;

(RD3) the subgroup of Autz(X) generated by s, is finite; the latter is called the Weyl group
of R written as W(R).
Any element o € R is called a root and oV is a coroot. We say that root datum is reduced if
for each a € R, the only multiples of « in R are +a.

REMARK 1.0.2 (Reflections). We motivate the definition of s,,. Let V be a finite dimensional
vector space over a field k, a reflection is an endomorphism

5: V=V
which fixes a hyperplane H C V (codimension one subspace of V) and acts as —1 on the
complementary line. If « is a vector such that s(o) = —a then V. = H® (o). In fact s is

determined by H, o and the fact that s = id; here’s a sharper version of this statement:
LEMMA 1.0.3. If oV is an element of VV such that (o, aV) = 2, then the map
Sq iz — (1,0 )
is a reflection with s, () = —a and every reflection is of this form with o¥ uniquely determined.

We have used the geometrically evocative words like “reflection.” This leads us to the notion
of a root system which should be thought of as a visual realization of sort of a root datum:

DEFINITION 1.0.4. A root system R is a vector space over a field k of characteristic zero
(most likely, in our context, this is R) such that:

(1) R is finite, spans V and does not contain zero;

65
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(2) for each a € R there is a reflection s, with vector « such that so(R) C R;
(3) for all a, 8 € R the element

sa(B) — B € Za.

The Weyl group, W(R), of a root system is the group of k-linear automorphisms of V generated
by the reflections.

We can go from a root datum to a root system: take Xg which is not a Q-vector space
and set V to be the Q-subspace of V spanned by R. Then (V,R) is a root system with the
same corresponding names of a and «. There are other adjectives to ensure a correspondence
between root system and root datum which we will discuss later but let us look at some
examples.

1.1. A root datum out of reductive groups. Let G be a reductive group over k and
fix a maximal torus T. The pair (G, T) is said to be a split reductive group if T is a split
torus. Consider the Lie algebra which comes graded by the action of the torus:

g=00 P g
aeX*(T)
for most of the a’s, go = 0. The subset of X*(T) for which this is not the case is written as
3(G,T) C X*(T)
and we say that such an « is a root.
Recall that we have seen the Weyl group defined as W(G, T) := Ng(T)/Cq(T).
LEMMA 1.1.1. Let G be a reductive group
(1) a torus T is mazimal if and only if it is central;
(2) if T is mazimal and split, then W(G, T) is a finite constant group.

PROOF SKETCH. The first claim is a consequence of a Chevalley’s formula for the unipotent
radical which is not obvious [?, Theorem 17.56], which we will discuss later. For the second fact:
W(G, T) acts faithfully on the torus and hence on X*(T) and the latter is a constant group. O

The underlying finitely generated abelian group of the root datum that we will extract will
obviously be X*(T) and ®(G,T) will be the roots. Let us look at some examples first before
going further:

a1 0

EXAMPLE 1.1.2 (GLsg, {0 o
2

] ). For this split reductive group we have that

X*(T) = Zx1 © Zx2,
where

(nx1+m )Oé1 0 =af-ay
X1 X2) 1 o o 1 G2

We know that
gly = Mo
and T acts on My by conjugation:

qu.ab_a%;b
Oagathd_Z—fc d.

Since we have a basis of My given by Eq, Es, E3, E4, to compute its roots we just have to look
at the action: we see that
go = kE; ® kE,

where T acts trivially. On the other hand
X1 — X2 ‘act KE2 = $LEEo;
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and
X2 — X1 act kE2 = %k’Ez-

How do we understand the roots x1 — x2 and x2 — x1; they are clearly the conjugate of one
another. In fact, in a homework exercise, we have seen this symmetry is a consequence of the
Weyl group action on the Lie algebra. The lemma that explains this is:

LEMMA 1.1.3. If s € W(G,T) and « is a root. Then, via the action on X*(T) induced by
the action on T, s« is a root as well and that gsq = Sgo via the adjoint action.

This is [?, Proposition 21.1]. If we believe that W(G, T) is really the Weyl group of the
root system, then this verifies s,(R) C R for all a. In any case, the roots of (GL3, T) are given
by {£(e1 —€2)} C Z%2.

ExXAMPLE 1.1.4. For G = SL, with the diagonal G,,,, we have seen (in a previous lecture)
that the roots are {2, -2} C Z.

ExampLE 1.1.5. Consider the group PGL,, defined via the sequence
1-G,, - GL, - PGL, — 1.

_ % 0 t 0
=% o)/l 1)
Then X*(T) = Z and generated by the character
aq 0 _ oy
X( l: O a2:| ) T as”
The action on pgly, = Mo/A(Eq + E4) is given by conjugation again and we see that the roots
are {1,-1} C Z.

If n =2 we set

1.2. Formulating the classification theorem. We want to formulate the classification
theorem. Instead of trying to straight up prove it, we will work through a tricky example (even
though it has an incarnation in the problem set): the reductive group

(651 0 0
(GLg, 0 (0%) 0 )
0 0 Qas.

Easy enough: the Lie algebra is given by M3(k) and, just as we did in GLg, we can figure out
the roots as a subset of X*(T) = Zx1 ® Zx2 ® Zxs.

EXERCISE 1.2.1. Indeed the roots are given by {x; — x; : i # j} for a total of siz roots.

sb=g0 P 0a

So we write down

a€d(G,T)
and we can in fact figure out g, as
Ixi—x; = FEij
so for example
0 =z O
Iyi—xa =0 0 0
0 0 O.

+

At this point it is reasonable to ask: is g, actually
for gy,—y, this is the subgroup of SL3 given by

1 = O
{10 1 0|}
0 0 1,

he Lie algebra of a subgroup? In fact it is:
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a unipotent! More precisely, the map

G, — GLj3 T

o O =
o = 8
= o O

induces the inclusion gy, —y, C g.

LEMMA 1.2.2. For each root «, there exists a morphism
G, — G

such that tug (2)t =1 = uy(a(t)z) for allt € T. Its image is the unipotent subgroup U, for which
Lie(Uy) = ga

We will go back to this unipotent later on, but let’s check out the Weyl group action. This
is Sg the symmetric group on 3 letters. This identifies with the permutation matrices. We want
to establish a relationship between the two groups called the Weyl groups. To proceed, we need
to understand coroots: remember that a root datum does consist of a map o — o¥ : R — XV;
well the dual of X*(T) are the cocharacters X,(T) = {\: G,, — T}. In this case

X*(T) =L\ D Ly B ZA3

where

x 0 0 1 00 1 0 0

A(z)=10 1 0 Xo(z)=10 = O As(z)=10 1 O

0 0 1 0 0 1 0 0 =z

The pairing is the obvious one:
(Xis Aj) = 8ij.
So what is the map
ara’?

Well, the pairing determines this: since we need (@, V) = 2 we can guess what o is. For
example:

(Xl - Xz)v = A1 — 2.
But we want to do this geometrically and also compute what s, is. To do this, we “concentrate
information” to a single root. For a root «, we set

Ty = ker(a)req Gq = Ca(Ta).
LEMMA 1.2.3. The pair (Gy, Tq) is a split reductive group and Lie(Gy) =~ go @ go D g—q-

In our example,
Ty, ={t€T:ai=a;}
and we can describe Cg(Ty,—y;) easily too; for example:

* % 0
Co(Tyi—xz)=|* x O
0 0 =
These are isomorphic to GLy x GL;. In fact
Txi-xs = Ty Gxi—xs = Gg—xs-

There is something special about these groups.

LEMMA 1.2.4. The Weyl group of (Ga, T is always just Z./2.



APPENDIX A

Some algebraic geometry

1. Schemes as Topological Spaces

The starting point for algebraic geometry is the study of shapes that are described by poly-
nomial equations. More precisely, given some polynomial functions f1,..., fm € k[x1,..., 2]
we're interested in the “algebraic set” V(f1,...,fm) = {x € k" | fi(zx) = ... = f(z) = 0}.
The first thing to note is that the set V(f1,..., f;n) only depends on the ideal I that fi,..., fi
generate in k[xq,...,2,].

EXERCISE 1.0.1. Prove that if f1,..., fm and g1, ..., gr generate the same ideal L in klx1, ..., ]
then V(f1,... fm) =V(g1,.-.9x)-

We can rephrase the above by saying that there is a map

Rings R with a
(1.0.2)

Algebraic sets in £"}.
surjection from k[xq, ... xn]} — {Algebraic sets in £}

Our goal now, roughly, is to find a way of constructing an algebraic set as an abstract topological
space using just the ring R. Moreover, we want this procedure to assign A" to the ring
klx1,...,2y], and we want the surjection k[z1,...2z,] — R to give the data of an embedding of
the abstract topological space into A™.

Now, though, we run into the problem that algebraic sets are not exactly the right geometric
objects to consider if one wants to do algebraic geometry. Let’s see why. Consider the following
theorem, which could be formulated by an observant high school student.

THEOREM 1.0.3 (Bezout). A degree n plane curve intersects a degree m plane curve at nm
points.

The problem is that, interpreted naively (that is, in terms of algebraic sets), this theorem
is false, as the following examples show:
222 Apdx A Image 1.jpg 222 Apdx A Image 1.jpg

v
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One wants a foundation for algebraic geometry where Bezout’s theorem (among other el-
ementary results) is true without exceptions. As the examples above show, in a theory of
algebraic geometry that satisfies this constraint, phrases like “degree n plane curve” and “in-
tersection” must refer to something different than their usual meanings.

In the first example above, the circle and the line fail to intersect at a point with real
coordinates. However, viewed as equations over the complex numbers, the circle and the line
do intersect. So we see that even if a curve is specified by equations with real coefficients, we
will still need to keep track of solutions to these equations over the complex numbers.

DEFINITION 1.0.4. The Zariski space SpecR is a topological space associated to a com-
mutative ring R. It has the set of prime ideals of R as its underlying set of points. The closed
subsets of Spec R are the sets V(I) as I ranges over all ideals of R, where V(I) is the set of prime
ideals containing I.

EXAMPLE 1.0.5. Suppose R = R[z]. Then the points of SpecR fall into three categories:
o (z—a)foraeR.

o (z—A)(z—\) for A€ C\R.
e (0).
With this definition in hand, we can already define some important properties of schemes
(the properties that only depend on the underlying topological space).

DEFINITION 1.0.6. A topological space X is irreducible if for all pairs of closed subsets
71, Zo C X, if Z1 UZoy = X then either Z1 = X or Zo = X.

DEFINITION 1.0.7. The Krull dimension of a topological space X is the length d of the
longest strictly increasing chain Zg C Z; C ... C Zq4 of irreducible closed subspaces of X.

EXERCISE 1.0.8. Show that Spec R[z] is irreducible and has Krull dimension 1.

ProOPOSITION 1.0.9. Given a map f: A — B one obtains a continuous map f°P : Spec B —
Spec A, which sends a prime ideal to its preimage.

EXERCISE 1.0.10. Check that the above map is actually continuous. Show that f°P is a
closed embedding if f is surjective.

THEOREM 1.0.11 (Hilbert’s Nullstellensatz). Let L/K be a field extension where L is finitely
generated (as an algebra) over K. Then L/K is a finite field extension (L is a finite-dimensional
K-vector space).

EXERCISE 1.0.12. Show that when k is algebraically closed the mazimal ideals of k[x1, . .., 2]
are in bijection with the elements of k™.

2. Sheaves

At this point we have managed to construct SpecR abstractly, without reference to an
embedding into A™, and we have included enough points so that Bezout’s theorem still holds
even over non-algebraically closed fields. Now let’s ask the following question, which is (maybe
surprisingly) related to the second example above where Bezout’s theorem fails: is there a way
to start from an algebraic set in £” and recover the

In the second example above where Bezout’s theorem fails, the line is tangent to the circle.
In this situation, even over the complex numbers there is just a single intersection point. Intu-
itively, though, the intersection “has multiplicity two”. Let’s see how to formalize this. In an
appropriate coordinate system (rotated relative to how the picture was drawn), we can describe
the circle as the points where 22 4+ y2 = 1 and we can describe the line as the points where
y = 1. Note that the polynomial functions on the circle

DEFINITION 2.0.1. Let X be a topological space, then the site associated to X, which we
write Cx is the category whose objects are the open subsets of X, so that there is an arrow (and
only one arrow) from U to V if and only if U C V.
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DEFINITION 2.0.2. A presheaf (of sets) on a topological space X is a functor €3 — Set.
A presheaf of abelian groups on X is a functor ¥ — Ab, and so on.

DEFINITION 2.0.3. A sheaf (of sets) on a topological space X is a presheal F so that for
every open cover {U,} of a an open subset U, the diagram

FU) = [[FUa) = [[FUanUp)
« a,3
is an equalizer.
DEFINITION 2.0.4. A ringed space is a topological space X equipped with a sheaf of rings

Ox. A map of ringed spaces f : X — Y is the data of a continuous map of topological spaces
from X to Y (also written f) and a map of sheaves f*Oy — Ox.

NoOTATION 2.0.5. Given aring R and an element f € R, we write D(f) for the open subspace
SpecR N V(f).

EXERCISE 2.0.6. Show that as f ranges over the elements of R the subsets D(f) form a
base for the Zariski topology on SpecR.

PROPOSITION 2.0.7. There is a unique sheaf of rings O on Spec R so that for every f € R,
0(D(f)) = Ry.
DEFINITION 2.0.8. The affine scheme SpecR is the ringed space (SpecR, O).

DEFINITION 2.0.9. Let X be a topological space, and let p € X be a point in X. If Fis a
presheaf over X then the stalk of F at p, written Fp, is colimy F(U), where the colimit ranges
over all open sets U containing p.

DEFINITION 2.0.10. A locally ringed space is a ringed space so that the stalk at every
point is a local ring. A map f : X — Y of locally ringed spaces is a map of ringed spaces so
that for every x € X the induced map on stalks (f*Oy); — (Ox), sends the maximal ideal of
(Oy) f(2) to the maximal ideal of (Ox),.

PROPOSITION 2.0.11. There is a natural bijection between maps of locally ringed spaces
from Spec A — SpecB and maps of rings B — A.

DEFINITION 2.0.12. A scheme X is a ringed space which has an open cover by affine
schemes. That is to say...
3. Properties of Schemes

DEFINITION 3.0.1. A scheme is reduced if it has an open affine cover by Spec A;, where
A; is reduced.

DEFINITION 3.0.2. A scheme is integral if it is irreducible and reduced.

DEFINITION 3.0.3. A morphism f : X — Y of schemes is locally of finite type if Y has
an open affine cover by Spec A; and and each preimage f~'(Spec A;) has an open affine cover
by SpecB;; such that B;; is a finitely-generated A;-algebra for all ¢, j.

3.1. Separation axioms. Recall that:

DEFINITION 3.1.1. A morphism of schemes f : X — Y is said to be separated if the
diagonal map Ay : X = X Xy X is a closed immersion. We say that a scheme X is separated
if the morphism X — SpecZ is.

ExAMPLE 3.1.2. Any affine scheme X = Spec A is separated: the diagonal corresponds to
the ideal ker(m) C A ®x A where m is the multiplication map. On the other hand the bug-eyed
point is the ultimate example of a non-separated scheme.
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3.2. Regularity properties.

DEFINITION 3.2.1. A Noetherian local ring (A, m) is regular if dimm/m? = dim A, where
dimm/m? is the dimension as an A/m vector space and dim A is the Krull dimension.

REMARK 3.2.2. Let k = A/m. We always have an inequality
dim A < dimm/mQ,
and so a regular local ring is one in which this becomes an equality. To get a taster of the
phenomenon of regularity we give discuss a couple of examples:
(1) Consider the ring C[z]/(x?); this is a thickened point and has dimension 0. On the
other hand m/m? = C{x} and so has dimension one.

(2) Consider the cuspidal curve X = Spec C[z,y]/(2? = y*). We look at the local ring at
the point corresponding to (x,y). Then the dimension is of course one but
m/m? = oy = Cle.y}
which is two dimensional. At another point, say (z—1,y—1), the computation becomes
different; indeed:
P -1=y-1
and so
(r—1)(@+1) = (y— D +y+1).
But note that in Clz, y]/(z* = ¥*)(4—1,4—1) the polynomials  + 1 and y* + y + 1 are
invertible, therefore

m= (- Ly—1)= (y— 1)

in this case -
2 _ y—1
m/M = T e DT )

and thus is 1-dimensional.

DEFINITION 3.2.3. A scheme is regular if every local ring Ox , is regular.

DEFINITION 3.2.4. A scheme X over a field k is smooth if it is locally of finite type over k
and geometrically regular, that is to say: if k is any separable algebraic closure of k, then X
is a regular scheme.

We offer three further ways to think about smoothness (in fact, there are many ways to
think about smoothness!):

REMARK 3.2.5 (Cohen structure theorem). The notion of smoothness captures the idea
from differential topology that “locally everything looks like affine space.” However, due to
the fact that Zariski open sets are big, it is not literally the case that regular local rings are
isomorphic to local rings of affine space. We have to zoom in further. To make this precise, let
us recall the idea of complete local rings: we say that (A, m) is a complete local ring if the
map

A — limA/m"
is an isomorphism; the target ring is an example of completion. Let k be a field suppose that A
contains k, then an example of A which is complete is the local ring of power series in n-variables
(K[[t1, -+ ,tn]], (t1,- -+ ,tn)). Completing closed points of affine spaces gives these local rings.
The Cohen structure theorem is then the fact that any regular local ring completes to one of
this form (a reference is [?, Tag 0C0S]):

THEOREM 3.2.6. Let (A,m) be a complete, noetherian local ring and assume that there
exists a field k and a map k — A such that the induced map k — A/m is an isomorphism, then
the following are equivalent:

(1) A is regular;
(2) A= Kllty, -]
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Therefore, the intuition for smooth k-schemes is the following: we may first let k& be alge-
braically closed (after checking appropriate finite type hypotheses of course), then we may just
check that local rings of closed points (it suffices to check smoothness on closed points — can
you explain why?) are isomorphic to power series rings.

REMARK 3.2.7 (Jacobian criterion). Sometimes we might be presented with explicit equa-
tions describing a scheme, at least locally. So let us concentrate on the affine setting: if & — A
is a morphism, then if A is finite type we can write

Azk’[l‘l,"' 7xn]/(.f17"' ’fc)'

From this, we may form the matrix of partials called the Jacobian
9fi
ox; ) *

We say that X = Spec A is smooth at a point x € X if the jacobian matrix (gﬂ{ﬂ (x)) has

full rank. One of the nice things about the Jacobian criterion is that it makes it obvious that
smoothness is an open condition: if X is smooth at a closed point x € X then it is smooth at any
point y € X such that x € @ Indeed, the condition that the Jacobian is full rank is equivalent
to the non-vanishing of minors, which is an open condition. This leads to the following result
(which we will use in the main text):

LEMMA 3.2.8. Let k be a perfect field and X be a non-empty finite type k-scheme which is
reduced. Then there is a dense open subscheme of X which is smooth.

PRrROOF. We may assume that X is irreducible. We note that if X is integral then X is
locally modeled by k[Tq,---,T4,T]/(g) where g is a separable irreducible polynomial g €
k(Ty,---,Tq)[T] with coefficients in k[Ty,---,T4]; here we use perfectness. Indeed, let K
be the function field of X, then since k is a perfect field then K must be a finitely generated
separable extension of k£ and so we can find a transcendence basis T1,--- , T4 over k such that
the extension k(Tq,---,Ty) C K is finite and separable. The primitive element theorem then
says that K is generated over k(Tq,---,T4) by a single element «; we may assume that the
minimal polynomial of « is in &[Ty, - Ty] C k(Tq,---Tq4) after clearing denominators. In any
event, there is a dense open of X given by Speck[Ty,---,Tq, T]/(g) where g is a separable
irreducible polynomial with coefficients in k(Ty,---Tq).

The claim now becomes verifying the Jacobian criterion: if g; = 9g/97T; € k[T, , Tay1],
then g does not divided g;. By degree reasons, the only way this can not happen is if all the
g;’s vanish. This can’t happen in characteristic zero. In characteristic p > 0 the vanishing of
all the partial derivatives mean that ¢ = f?". But this means that K is not separable over
k(Tq,---,T4) which is false by assumption

O

The last perspective we take on smoothness is the Grothendieck criterion:

REMARK 3.2.9 (Grothendieck criterion). A first order thickening is a surjective mor-
phism A — B of rings such that the ideal kernel I satisfy I> = 0. The geometric picture

1Some comments on field theory. Recall that a field is said to be perfect if every field extension is separable
over k [?, Tag 05DUJ. Since the notion of separability might be confusing in the nonalgebraic setting we recall
that a finitely generated extension (there’s also a notion for non finitely generated extension but we ignore it
for now) K/k is said to be separable over k if we can find a transcedence basis {z1, -+ ,2zyn} such that K is
separable algebraic over k(z1,--- ,xn) [?, Tag 0300]. Let us recall that if k is a perfect field, then function fields
over them may not be perfect anymore: example is Fj,(¢) the function field of Al. However, since F,, is perfect,
function fields are still separable over Fj,. To spell this out: an extension K/F,(¢) may not be separable since
Fp(t) is not perfect, but K/F;, is still separable. In any case, the point here is that separability is relative; a
proof that F), is relative shows that this notion is related to being reduced [?, Tag030W].
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SpecB < Spec A is that Spec A is a thickening of B. We say that a morphism f : X — Y is
formally smooth if given a solid commutative diagram

SpecB —— X

I

SpecA —— Y,

the displayed dashed arrows exists. This is a rather abstract formulation of the notion of
smoothness but is as good as the others: a scheme X over a field k is smooth if and only if X
is finite type over k and X — Speck is formally smooth. The latter means that for any A — B
which is a first order thickening of k-algebras, the map of sets X(A) — X(B) is surjective. In
the main text, we will use this to show smoothness of some groups unconditionally.

EXERCISE 3.2.10. Suppose X is a scheme over k and x is a k-point of X. Show that the set
T.X of kle]/e?-points of X whose underlying k-point is x has a natural k-vector space structure.
Show that the tangent space of X at x (i.e. (m,/m2)Y) is naturally isomorphic to T,X.

4. Preschemes
The following definition is non-standard.

DEFINITION 4.0.1. A prescheme is a presheaf F of affine schemes which satisfies Zariski
descent. In other words, for every scheme S and every open cover U, of S the following is an
equalizer diagram.

Hom(S,F) — [ [ Hom(Uy,, F) = [ [ Hom(Ua N Up, F)
« a,f

The following lemma shows that the definition of a prescheme is minimally reasonable.
LEMMA 4.0.2. Every scheme is a prescheme.

PROOF. Omitted. O

Our goal now is to show that GL(V) is a prescheme, even when V is infinite-dimensional.
To do this we’ll first need to show that End(V) is a prescheme, and to do this we’ll show that
End(V) can be written as a limit of colimits of schemes. Our goal now is to show that the
property of being a prescheme is preserved by taking limits and certain colimits. The next
lemma shows that to check if a presheaf is a prescheme it suffices to reduce to the case of a
finite cover by affine schemes. This will be useful in proving Lemma ?? (that preschemes are
preserved by filtered colimits).

LEMMA 4.0.3. The following are equivalent for a presheaf F of affine schemes:

(1) F is a prescheme.
(2) F satisfies descent for every affine scheme Spec A and every finite open cover {Spec A;}
of Spec A by affines.

PROOF. Omitted. O

LEMMA 4.0.4. A filtered colimit (taken in presheaves) of preschemes is a prescheme.

PrOOF. Let X = colim X, be a colimit of preschemes. Ultimately, the fact that X is a
prescheme follows from the fact that filtered colimits commute with finite limits in Set. First,
by Lemma ?7 it suffices to check descent for a cover of Spec A by finitely many affines {Spec A;}.
Because each X, is a prescheme we know that

Hom(Spec A, X,) — H Hom(Spec A;, X,) = HHom(Spec A; N SpecAj,X,)

]
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is an equalizer diagram for each . Because the colimit defining X is filtered, it commutes with
equalizers in sets, so

colim Hom(Spec A, X,,) — colim H Hom(Spec A;, X,) =3 colim H Hom(Spec A; N Spec A;,X,)
(03 « «@
i ij
is also an equalizer diagram in Set. Because the cover {Spec A;} is finite, we can commute
colim,, past the products to see that

colim Hom(Spec A, X,,) — H colim Hom(Spec A;, X,) = H colim Hom(Spec A;NSpec A;, X, ).
i ,J

By the definition of the colimit in presheaves, for every affine scheme (colimX,)(SpecA) =

colim X,, (Spec A;), so we see that

Hom(Spec A, X) — H Hom(Spec A;,X) = H Hom(Spec A; N Spec Aj, X)
i i,
is an equalizer diagram, as desired. O

LEMMA 4.0.5. Any limit (taken in presheaves) of preschemes is a prescheme.

PROOF. The argument is like the one above, using the fact that limits commute. O

Now let’s define the schemes that End(V) is built out of.

DEFINITION 4.0.6. Let V be a finite-dimensional k-vector space. Then the vector scheme
V has R-points

V(R)=V&rR
LEMMA 4.0.7. As above, V is really a scheme (in fact it is affine).
PROOF. Since V is finite-dimensional,
V @, R = Homvecr, (VY, R)
and by the universal property of the symmetric algebra
Homyeet, (VY, R) =2 Homajg, (Sym* VY R).
Both isomorphisms above are natural in R so V = Spec(Sym* VV). O

DEFINITION 4.0.8. Let V and V' be vector spaces. Then Hom(V, V') is the functor whose
R points are

Hom(V,V’)(R) = Hompmoay (V@ R,V @ R)
PROPOSITION 4.0.9. Hom(V, V') is a prescheme for any vector spaces V,V'.
PROOF. First suppose that both V and V' are finite-dimensional. Then
Hom(V,V’)(R) = Hompoa, (VO R,V @ R)
= Homvect, (V, V' @ R)
= Homvyec, (V, V) @ R
= Homyee, (V, V) (R)
where we write Homy,, (V, V') for the vector scheme associated to the finite dimensional vector
space Homveet, (V, V').

Now suppose that V is finite-dimensional but let V' be arbitrary. Write V' = colim,, V7,
where the colimit is taken over all finite-dimensional subspaces of V'. Then as before

Hom(V,V’)(R) = Homyect, (V, V') ® R
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Since V is finite-dimensional, every map from V to V' factors through some finite dimensional
VI, so
Homyeet, (V, V)@ R = (coLim Homyect, (V, VL)) @ R
= cogm(HomVectk (V,V.)®R)
= colim Hom(V,V.)(R).

This shows that Hom(V,V’) = colim, Hom(V,V’) is a filtered colimit of preschemes, so by
Lemma ?? we know that Hom(V,V’) is a prescheme.

Now suppose that both V and V'’ are arbitrary. Let V = colim, V, where the colimit is
taken over all finite-dimensional subpsaces of V. Then

Hom(V,V')(R) = Homyeet, (V, V' @ R)
= lim Homvyect, (Va, V ® R)
= limHom(V,, V')(R).

This shows that Hom(V,V’) = lim, Hom(V,, V) is a limit of preschemes, so by Lemma ?? we
know that Hom(V, V') is a prescheme. O

COROLLARY 4.0.10. End(V) is a prescheme for any (possibly infinite-dimensional) vector
space V.

PROPOSITION 4.0.11. GL(V) is a prescheme for any (possibly infinite-dimensional) vector
space V.

PROOF. Let Spec A be an affine scheme with a finite affine cover {SpecA;}. If f, g are
two elements of GL(V)(A) that agree after restricting to each Spec A;, then f and g are equal
as elements of End(V) by Corollary ??, which implies that they’re equal as GL(V)(A) —
End(V)(A) is injective.

If {fi} is a collection of elements of GL(V)(A;) that agree on intersections then they glue to
an element f € End(V)(A). Additionally, {f;} is another collection of elements of GL(V)(A;)
that agree on intersections, so they glue to an element g € End(V)(A). We claim that g = f~1,
in other words that g o f = f o g = id. This follows because restriction respects composition,
and it suffices to check these equalities after restricting to each Spec A;. g

5. Faithfully flat descent
We discuss the idea of faithfully flat descent.

DEFINITION 5.0.1. An R-module N is flat if the functor N®g — is left exact (it is, of course,
always right exact). Equivalently, Tor®(M, N) = 0 for any R-module M. A morphism of rings
R — S is flat if S is flat as an R-module.

One way to think about how flat modules look like is Lazard’s theorem:

THEOREM 5.0.2. [?, Tag 058G] An R-module M is flat if and only if M can be written as
a filtered colimit of finitely generated free R-modules.

The notion of flat morphism of schemes is ubiquitious in algebraic geometry:

DEFINITION 5.0.3. A morphism of schemes f : X — Y is said to be flat if for each = € X,
we have that Ox . is a flat Oy j(;)-module. More generally, a quasicoherent Ox-module J is
said to be f-flat if F, is flat as an Oy (;)-module.

Flat morphisms have the expected permanence properties: they are closed under base
change and compositions. Flatness can be checked on an open affine cover on the base in the
following sense.
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LEMMA 5.0.4. Let f: X — Y be a morphism of schemes, then the following are equivalent:
(1) f is a flat morphism;
(2) there is an open affine coveringY = J;c; Spec A; and an open covering f~*(Spec A;) =
UjeJ SpecB;; such that each A; — By, is a flat morphism.
(3) for each y € Y, the pullback X xy Spec Oy, — Spec Oy 4 is flat.

The following concept is key notion all over algebraic geometry.

DEFINITION 5.0.5. A morphism of rings R — S is faithfully flat if it is flat and any of the
following equivalent conditions hold:
(1) if an R-module M is nonzero, M ®g S is nonzero;
(2) if a sequence M’ — M — M” is not exact then neither it is exact after tensoring with
S.
(3) SpecB — Spec A is surjective.

For a reference about the equivalence of the above conditions see [].

EXAMPLE 5.0.6. Here are some examples of flat morphisms:

(1) if k is a field, any morphism X — Speck is automatically flat;

(2) open immersions U C X are flat

(3) for any scheme X, the projection morphism Ay — X is flat since the morphsim

R — R[Ty,---,T,] is flat always;

(4) the projection map P% — X is flat;

(5) in general, smooth morphisms are flat.
Note that examples 1), 3) and 4) are necessarily faithfully flat morphisms while open immersions
are not necessarily faithfully flat.

ExAMPLE 5.0.7. A closed immersion is flat and finitely presented if and only if it is an
open immersion [?, Tag 0819]; hence closed immersions do not tend to be flat.

The following lemma is often called “faithfully flat descent.” The proof itself is really quite
simple but is one of the key foundational pieces of modern algebraic geometry.

LEMMA 5.0.8. For any faithfully flat morphism R — S, we have an equalizer diagram of
rings
R—-S=S®gS.

PROOF. First, since being an equalizer diagram in the category of rings is the same thing
as being an equalizer diagram in the category of R-modules, we are asking that the following
sequence of R-modules is exact

0 R 8 528®1718s5 g0 g

Now, we note that a morphism R — S is faithfully flat if and only if
First, assume that the map R — S has a a section (of R-modules). Then O

COROLLARY 5.0.9. Let k be a base ring and X be any k-scheme. Suppose that R — S is a
faithfully flat map of k-algebras. Then we have an equalizer diagram of sets:

X(R) = X(S) = X(S @ 9).

5.1. Abstract descent theory. We now want to explain the idea of abstract descent
which is so crucial in mathematics. It will be useful, however, to see an instance of this in a
very concrete situation (which will be used in the main body of the text).

DEFINITION 5.1.1. Let L be a finite Galois extenson of K with Galois group G. If V is an
L-vector space, then a semilinear G-structure on V is a G-action on the underlying additive
abelian group of V such that

o(lv) = o(f)o(v)Vo € G.
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The category of L-vector spaces with a semilinear G-action will be denoted by Vectg . The
functor Vectx — Vecty,, in fact, factors through

Vectg — Vectg;
indeed if V is a K-vector space, then V ® L. admits a semilinear G-structure by declaring:
oclv®l) :=v®a(l).

PROPOSITION 5.1.2 (Descent for vector spaces). Let L be a finite Galois extension of K

with Galois group K, then
Vectg — Vecty,
is an equivalence of categories.

There are many ways to prove Proposition ?77; a slick perspective using Morita theory is
given in [?, Appendix A.j]. But what the proposition says is quite simple: if W is an L-vector
space with a semilinear G-action, then W& admits naturally the structure of a K-vector space
and the map W @1, K — W is actually an isomorphism.

The general pattern of descent is then as follows: we are given a ring map f: R — Sor a
scheme map f:Y — X and we have the tensoring functor (left adjoints)

£ QCoh(X) — QCoh(Y) S ®r — : Modr — Modsg;

This functor lands in some category of “structured S-modules”; in the example of Galois action
above it’s the structure of a semilinear group action. In general it’s a descent datum:

DEFINITION 5.1.3. A descent datum for an S-module M is an isomorphism:
p:M®RrS—+M®RgrS
subject to the cocycle condition
S®rM®&gS

$02

M ®gr S ®r S S ®r S ®r M.

where ¢;; is the obvious notation. Descent datum naturally forms a category Descr/g; the
morphisms are morphisms of S-modules which intertwines descent datum.

EXAMPLE 5.1.4 (Canonical datum). Given an R-module N, we can produce the canonical
datum on M := N®g S as an example of descent datum via the isomorphisms (of S ®g S-
modules)

(N®rS)®rS~N®Rg (S®rS) ~S®r (N®g S).

REMARK 5.1.5. Definition ?? can be formulated for QCoh instead of Mod in an almost
verbatim way.

This gives us a factorization of the functor S ®g — : Modg — Modg through
S ®r — : Modr — Descg/s;

In fact, Descg s can be formulated in a Tannakian way: let f* := S®g — and f. be the forgetful
functor; then
f*f* : Modg — Modg

has the structure of a comonad.

LEMMA 5.1.6. There is a canonical equivalence of categories
Descg g ~ CoMod;- ¢, (Mods);
commuting over the forgetful functors to Modsg.

In fact, if f is fatihfully flat, then the Barr-Beck theorem applies and we get
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THEOREM 5.1.7 (Effectivity of descent). There is an equivalence of categories, commuting
with the functor f*:
Descr/s >~ Modg.

EXERCISE 5.1.8. Deduce Proposition 77 from Theorem 77 by identifying the category of
G-semilinear L-vector spaces with Descy, /k .

6. Schematic density

We are sometimes interested in the question of how G(k) sits in G. By Exercise 3.1.1 this
is some collection of closed points of G and so we are asking for this condition in the Zariski
topology. This is equivalent to the following definition:

DEFINITION 6.0.1. Let X be a finite type k-scheme; we say that a subset S C X(k) is
schematically dense if the only closed subscheme Z < X such that S C Z(k) is X itself.

The key result about density is:

THEOREM 6.0.2. Let k be an separably closed field and let X be a geometrically reduced
k-scheme. Then X(k) is schematically dense.

PROOF. O

COROLLARY 6.0.3. Let G be an affine algebraic group over a field over a algebraically closed
field of characteristic zero. Then G(k) is schematically dense.

7. Grassmanians and other moduli functors






APPENDIX B

Abelian Categories

1. Definitions

DEFINITION 1.0.1. A pointed category is a category which has an initial object which is
also a final object. We call this the zero object.

DEFINITION 1.0.2. For any objects X,Y in a pointed category C, there is a distinguished
element called 0 in Home (X, Y), which arises as the composition

X—=0—=Y

DEFINITION 1.0.3. For any objects X,Y in a pointed category €, the biproduct of X
and Y, written X @Y (unique if it exists) is an object equiped with maps i1 : X - X @Y,
i0: Y > XDY,p1 : XBDY =X, p2: XBDY — Y so that:

e pi ot =idx and ps o ig = idy.

e pooi; =0 and p; oip =0.

o (X®Y,iy,iq) realizes X @Y as the coproduct of X and Y.
o (X®Y,p1,pe) realizes X ®Y as the product of X and Y.

LEMMA 1.0.4. The formation of biproducts is commutative and associative.
PROOF. Idea: follows from the corresponding properties for products and coproducts. [J

DEFINITION 1.0.5. A category enriched in abelian groups is a category € so that
Home(X,Y) has the structure of an abelian group for all XY, and the composition map
Home(Y,Z) x Home(X,Y) — Home(X,Z) is a map of abelian groups.

DEFINITION 1.0.6. In any pointed category with biproducts €, the set Home(X,Y) comes
equipped with a natural binary operation. Namely, given f,g € Home(X,Y) one can produce
the map f + g as the composition

XA xax L9y

where the first map is defined because X & X = X x X and the second map is defined because
XeX=XUX.

One can check that the above operation is associative, commutative, and that the map 0 is
the identity element. Moreover, all of this is compatible with composition, giving any pointed
category with biproducts a natural structure of a category enriched in commutative monoids.

DEFINITION 1.0.7. A pointed category with biproducts € is additive if every map f €
Home(X,Y) has an additive inverse —f with respect to the addition defined above. Thus an
additive category is naturally enriched in abelian groups.

DEFINITION 1.0.8. A functor F : € — D between additive categories is additive if it sends
0 to 0 and sends biproducts to biproducts. One can rephrase this by saying that it sends
biproducts of any finite length (including length 0) to biproducts.

DEFINITION 1.0.9. In a pointed category C, for any map f : X — Y we define the kernel
ker f to be the equalizer of f and 0. Similarly we define the cokernel cokerf to be the
coequalizer of f and 0. These are unique if they exist.

81
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DEFINITION 1.0.10. A category C is pre-abelian if it is additive and every map has a
kernel and cokernel.

DEFINITION 1.0.11. Note that for any morphism f in any pre-abelian category C there is
a natural map coker(ker f) — ker(cokerf). A category is abelian if it is pre-abelian and this
morphism is always an isomorphism. In this case we call ker(cokerf) the image of f (written

Im f).
EXERCISE 1.0.12. Check that Rep(G) is abelian. In other words, verify that:

Rep(G) has a zero object.

Rep(G) admits biproducts.

Every map in Rep(G) has an additive inverse.

FEvery map has a kernel and cokernel.

The natural map coker(ker f) — ker(cokerf) is an isomorphism for every map f in
Rep(G).

LEMMA 1.0.13. A map f: X = Y in an abelian category is an isomorphism if and only if
ker f = cokerf = 0. Moreover, f is 0 if and only if Im f vanishes.

PROOF. Idea: If ker f = cokerf = 0 then coker(ker f) = X and ker(cokerf) =Y so f is an
isomorphism. The converse is always true in a pointed category. If Im f vanishes then because
f always factors through Im f we see that f must be 0. The converse holds in any pointed
category (in the sense that coker(ker f) = ker(cokerf) = 0). O

DEFINITION 1.0.14. If V is an object of a category C, a subobject of V is the data of an
object W in € and a monomorphism W — V.

DEFINITION 1.0.15. Given two subobjects W, W’ of V, we write W C W' if there exists a
factorization as in the diagram below:

Note that this is a property, not additional data, because W/ < V is monic, so at most one
such factorization can exist. We write W = W/ if W C W/ and W/ C W.

DEFINITION 1.0.16. Suppose we have two subobjects W1, W5 of an object V in an abelian
category C. Let the corresponding monomorphisms be called i1,i5. Then we define W; N Wy
to be the kernel of (i1,42) : W1 & Wa — V and W, + W5 to be the image of (i1,i2). Note that
W1NWs and Wy + W5 are both subobjects of V.

EXERCISE 1.0.17. Show that W1 N Wy is the maximal subobject (with respect to the C
ordering) of V such that W1 N Wy C Wy and Wy N Wy C Wy. Show that Wy + Wy is the
minimal subobject such that W1 C W1 + Wy and Wy C W1 + Ws.

DEFINITION 1.0.18. An abelian category satisfies AB3 if it admits arbitrary coproducts.
An abelian category satisfies AB5 if it satisfies AB3 and the formation of filtered colimits is
exact.

EXERCISE 1.0.19. If C is an abelian category satisfying ABS3 then C admits all colimits.

DEFINITION 1.0.20. If € is an abelian category and {W;} is a (possibly infinite) collection
of subobjects of an object V, then we write

> Wi
iel
for the minimal subobject W of V (with respect to C) such that W; C W for all i € 1.
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EXERCISE 1.0.21. If C satisfies AB3 then
> Wi
i€l
always exists. [Hint: it is the image of @, W; — V]
EXERCISE 1.0.22. If C satisfies ABS then
WY Wi=> Wnw;
i€l iel
EXERCISE 1.0.23. Check that Rep(G) satisfies ABS5.
2. Semisimplicity

DEFINITION 2.0.1. An object V of an abelian category € is simple if every subobject of V
is either 0 or V itself.

DEFINITION 2.0.2. An object V of an abelian category € is semisimple if it can be written
as EBieI V,; with each V; simple. Note that I is allowed to be infinite, in which case @ refers
to the coproduct in C.

LEMMA 2.0.3. Let C be an abelian category that satisfies AB5. Let V € € be semisimple.
Then every subobject W of V has a complement W' —in other words V=W & W'.

PROOF. Let V=, Vi be a direct sum decomposition of V into simples. Consider the
set S of J C I so that WnN @jeJ V; = 0. Ordering S by subset inclusion, we see that S is
closed under increasing chains by Exercise ??. By Zorn’s lemma we can find a maximal J with
WND,c; Vi =0. Let VV=Wa,; V;. If V# V' then we can find some V;  V'. Since V;
is simple, this implies that V, NV’ =0, so (@je‘l V;) @V, doesn’t intersect W, contradicting
the maximality of J. Thus V =V’ and we see that GajeJ V; is a complement of W. O

COROLLARY 2.0.4. If V € C is semisimple then every subobject W of V is semisimple.

PROOF. If J is as in the proof of Lemma ?? then W = @, _;_; V; via the projection away

from the complement W’. O

LEMMA 2.0.5. Let G be an affine algebraic group. Then every object V. € Rep(G) has a
simple subobject.

PROOF. If V is finite-dimensional then this can be seen by induction on dimension. But
any V is locally finite by Lemma 1.1.5. O
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