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Problem 1. Let X be countable. Show that if X is considered as a measurable space with the o-algebra

P(X), and ¢ : P(X) — [0, 00] is the counting measure on it, then

[ rde=3 f@
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for any A C X and f: X — C measurable.

Solution. See Example 2.32 of the lecture notes for the solution. O

Problem 2. Let X be a measurable space and z¢ € X. Show that if d,, : Msrbl(X) — [0, 00] is the Dirac

delta (unit mass) measure then
[ 82, = (e fao)
for any A € Msrbl(X) and f : X — C measurable.

Solution. See Example 2.33 of the lecture notes for the solution. O

Problem 3. Show that the inequality in Fatou’s lemma may well be strict with the following sequence of
functions

; xg n€E2N+1
XE¢ nEQN

Solution. According to Fatou’s lemma we have that:

/ (liminffn)du < liminf/ fndu
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For the above sequence of functions we have that liminf, f,(z) = 0 for all z € X, so the left hand side in

the above inequality is identically zero. On the other hand we see that:
wFE) ne2N+1
/ Jndp =
X

w(E¢) ne2N

Thus, we have that liminf, [, f,du = min (,u(E), ,u(Ec)), so the inequality in Fatou’s lemma is strict. [

Problem 4. (Continuity of the integral) For any f € L'(u) and € > 0 there exists some § > 0 such that if
E € Msrbl(X) is such that u(E) < ¢ then [, |f|du <e.

Solution. (see Proposition 1.12 in Chapter 2 of Stein and Shakarchi: Real analysis) By replacing f with |f|

we may assume without loss of generality that f > 0. We define:
En={z: f(x) <n}, fulx) = f(2)xE,
We have that f,, > 0 is measurable and f,(z) < fn4+1(z). By the monotone convergence theorem we have:
i [ fud = [ s
n—oo
For any € > 0, there exists n > 0 large enough such that:
€
|f - fn|d.u < 5

We also consider 6 > 0 small enough such that 2nd < e. We conclude by:

Lfdﬂﬁ/|f—fn|du+é|fn|du<§+n5<e.

O

Problem 5. State and prove the reverse Fatou’s lemma (involving lim sup instead of liminf). What is the

additional condition that one must assume compared to the original Fatou?

Solution. We first state the reverse Fatou’s lemma: Let {f,} be a sequence of non-negative measurable

functions on X. If there exists a non-negative integrable function such that f,, < g for all n, then:

limsup/ fndug/ (limsupfn)d,u
n X X

n

To prove this, we consider the sequence of non-negative functions g, = g — f,, (here we used the additional

condition). According to Fatou’s lemma we have that:

/ (lim infgn)dﬂ < liminf/ gndp
X " " X



Also, we see that liminf, g, = g —limsup,, fn > 0 and [ (liminf, g,)dp = [ gdp — [ (limsup,, fn)dp.
Moreover, liminf,, [ gndp = [y gdp —limsup,, [y fndp, which allows us to conclude.

The requirement that the sequence { f,,} is bounded by an integrable function g is necessary. For example,
we can take fy,(x) = nx(0,1/n) (), which has limsup,, [ f,dz = 1. However, limsup,, f, is identically zero, so

the reverse Fatou’s lemma does not apply for this sequence. O

Problem 6. (Cartesian product of measure spaces) Let {Xy}aca be an indexed collection of non-empty
sets and set X = HaeA Xo. Let o, : X — X, be the canonical projections. If we furnish each X, with the
o-algebra Msrbl(X,) then:
{7 (Es)| Eo € Mstbl(X,,), o € A}
generates the o-algebra Msrbl(X) on X. Show that if A is countable then this o-algebra equals that generated
by
{ II Bl Ea € Msrbl(Xa)}

acA
Solution. One direction is immediate since we have the inclusion:
{7 " (Es)| Ea € Mstbl(X,), a € A} C { H E,| E, € Msrbl(Xa)}
acA

For the other direction we use the fact that:

Problem 7. Show that B(R™) equals the above construction if we consider R” = []
each copy of R we choose the o-algebra B(R).

Solution. From the previous exercise we know that the o-algebra Msrbl( [Toc (1,n} R) is generated by:

{ Il EulEace B(R)}

In order to prove that Msrbl( [Toe {(1,.n} R) is generated by the cartesian product of open intervals we use
the familiar fact that any open subset of R can be written (uniquely) as a countable union of disjoint open
intervals. This is the content of Theorem 1.3 in Chapter 1 of Stein and Shakarchi: Real analysis. Next, to
show that B(R") is generated by the cartesian product of open intervals, we use the fact that every open
subset of R™ can be written as a countable union of almost disjoint cubes. This is the content of Theorem

1.4 in Chapter 1 of Stein and Shakarchi: Real analysis. O



Problem 8. Let (X,9, 1) be a measure space. Let
N :={N €M pu(N)=0}

and

M:={FEUF|EcMand IN € N such that F C N}

Then M is a o-algebra in X and 3! measure & which extends p to 9. It is called the completion of .

Solution. (See Theorem 1.9 in Chapter 1 of Folland: Real Analysis) Since 2t and 9t are closed under countable
unions, so is M. If EUF € M where E € M and F C N € N, we can assume that ENN = (otherwise,
replace F' and N by F\E and N\E). Then EUF = (EUN)N(N°UF),so (EUF)*=(EUN)®U(N\F).
But (EUN)¢ € M and N\F C N, so that (EU F)¢ € M. Thus, M is a o-algebra.

If EUF € 97 as above, we define fi(E U F) = u(E). This is well defined, since if By U Fy = Ey U Fy,
then By C E3 U Na, so u(E1) < u(Es). Similarly, we also get u(Es) < p(FE1), showing that & is well
defined. Showing countable additivity is immediate. Finally, we consider any other extension fi of j to 9,

so ii(E) = p(E) for any E € 9. In particular, for any N € 91 we have fi(N) = 0. Thus, for any F C N € N
we have fi(F') = 0 and we conclude that i = f. O

Problem 9. Show that if a1,...,a, € [0,00) and p1, ..., i, are measures on (X,9M) then 2?21 aju; is a

measure on (X, 9M) too.

Solution. We check that the new map is countable additive. For any pairwise disjoint measurable sets

Ay, Ao, ... we have:

iamy’ (Zool Ai) = zn:aj (iﬂj(x‘h)) = i Xn:ajuj(Ai)

i= j=1 i=1 i=1 j=1



