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1. Let X be countable. Show that if X is considered as a measurable space with the σ-algebra P (X), and c : P (X) →
[0,∞] is the counting measure on it, then ∫

A

fdc =
∑
x∈A

f (x)

for any A ⊆ X and f : X → C measurable.

2. Let X be a measurable space and x0 ∈ X. Show that if δx0
: Msrbl (X) → [0,∞] is the Dirac delta (unit mass)

measure then ∫
A

fdδx0
= χA (x0) f (x0)

for any A ∈ Msrbl (X) and f : X → C measurable.

3. Show that the inequality in Fatou’s lemma may well be strict with the following sequence of functions

fn :=

{
χE n ∈ 2N + 1

χEc n ∈ 2N
.

4. (Continuity of the integral) For any f ∈ L1 (µ) and ε > 0 there exists some δ > 0 such that if E ∈ Msrbl (X) is such
thatµ (E) < δ then

∫
E
|f |dµ < ε.

5. State and prove the reverse Fatou’s lemma (involving lim sup instead of lim inf). What is the additional condition
that one must assume compared to the original Fatou?

6. (Cartesian product of measure spaces) Let {Xα }α∈A be an indexed collection of non-empty sets and set
∏

α∈A Xα.
Let

πα :
∏
α∈A

Xα → Xα

be the canonical projections. If we furnish each Xα with a σ-algebra Msrbl (Xα) then{
π−1
α (Eα)

∣∣ Eα ∈ Msrbl (Xα) , α ∈ A
}

generates the σ-algebra Msrbl
(∏

α∈A Xα

)
on

∏
α∈A Xα. Show that if A is countable then this σ-algebra equals that

generated by { ∏
α∈A

Eα

∣∣∣∣∣ Eα ∈ Msrbl (Xα)

}
.

7. Show that B (Rn) equals the above construction if we consider Rn =
∏

α∈{ 1,··· ,n } R and on each copy of R we choose
the σ-algebra B (R).
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8. Let (X,M, µ) be a measure space. Let
N := {N ∈ M | µ (N) = 0 }

and
M := { E ∪ F | E ∈ M ∧ F ⊆ N∃N ∈ N } .

Then M is a σ-algebra in X and ∃! measure µ which extends µ to M. It is called the completion of µ.

9. Show that if a1, · · · , an ∈ [0,∞) and µ1, · · · , µn are measures on (X,M) then
∑n

j=1 ajµj is a measure on (X,M)
too.
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