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See Rudin Theorem 12.4.
See Rudin Theorem 12.6.

For a counterexample, consider H = (?(N), take e, the standard basis, let ¢g = ey,
and ¢, = e, — e,_1 for n > 0. Then Zﬁ:’zo ¢, = en does not converge, but for any 1,

we have
N

D (W 6n) = (B, en).

n=0

Since ¢ € £%(N), its terms tend to zero, and so the sum converges to 0 for large N.

For the sum, we expand this as

N N N
3o am o+ am) = (16l + ) (Z a"> o) 5 Do+ (0
n=1 n=1 n=1

The first two sums vanish by the formula for a sum of a geometric series. Take N — 0o
we get the integral equality.

Using Cauchy-Schwartz | (¢n, ¥n) | < |l¢nl|tn ]| we see that [@al], [|¢s]] — 1. Then
len = ¥nll* = lonll* + 1¥nll* = {on, ¥n) — (Y, on) — 0.

We may assume ||¢|| # 0 since otherwise norm convergence forces ¢, — 0 = ¢, and
so for large n we may assume ¢, # 0. Since lim ||¢,| = ||¢||, we may renormalize the
sequence by dividing ¢ by ||¢|| and ¢, by ||¢,||. Using the previous exercise and take
its 1, to be ¢, it then suffices to show (¢, ¢,) — 1. But this follows by taking £ = ¢

for weak convergence.

Let B, = (¢n, ), and consider
F(al + ﬁla <o, QN + BN) = Hd’ - Zﬁn()&n - Zan(an = \/”f”z + Z |Oén‘2

where &, =1 — Y Bne, and the last equality follows from orthogonality; this is clearly

minimized for «,, = 0.



