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November 28, 2025

. We have
(a = aa’a)’]* = (a — aa’a)(a” — a”aa”) = |a|* — 2(|a*)* + (|al*)’
but this vanishes since |a|? is idempotent. By C-star identity we have a — aa*a = 0.
. If a is a partial isometry, then
(|a*|*)? = (aa*a)a* = aa*
where we use the previous exercise.

. Since p, q are self-adjoint projections, they have spectra {0,1}. Then p —1/2,q —1/2
are self-adjoint with spectral radius 1/2, and hence ||p — 1/2||, ||¢ — 1/2]] = 1/2. Thus

lp—al =1l(p—1/2) = (¢-1/2)| <1/2+1/2=1.
. If u,v are unitary then

lu = ol = 12 = w” —uol] <2+ [luv”|| + [lu'v]] < 4
since unitaries have norm 1.
. For (a) implies (b), we have
(p+9)?=p+pg+ap+a=p-+q

since gp = (pq)* = 0. (b) implies (c) is immediate as 1 — p — ¢ is also a projection. For
(c) implies (a), we have p+ ¢ < 1, and p < 1 — ¢, we may multiply on left and right
by ¢ and get

(pg)*(pq) = qpq < q(1 — q)q = 0.

Thus pg = 0.
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Using spectral mapping theorem, we have o(p?> —p) = {\> =X : A € o(p)} = {0}. Thus
N —X=0for X € o(p).

Use previous exercise and Theorem 8.6 in LN.
Theorem 8.6 in LN.

Lemma 8.5 in LN.

Theorem 8.15 in LN.

Claim 8.9 in LN.

The hypothesis implies that |a|?, |a*|* are invertible. a has left inverse ((a*a)™'a*)a,

and right inverse aa*(aa*)~!. Thus a is invertible.



