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Chapter 1

Quantum Mechanics: basic formalism

A standard QM course usually takes a historical route showing how a series of unexplained experimental
results lead scientists in the early 20th century to abandon many of the classical notions leading to the
formulation of quantum mechanics as a fully fledged theory. In this course, we are going to take a different
route. Imagine we have a late 19th century physicist time-travel to us nowadays and we want to convince
them of quantum mechanic using a single experiment that most embodies quantum mechanics and would
most easily illustrate the structure of theory. What would this experiment be? This experiment is the Stern-
Gerlach experiment performed by Stern and Gerlach in Frankfurt in 1922.

1.1 The Stern-Gerlach experiment

In the Stern-Gerlach experiment, silver atoms are heated in a furnace that has a hole in it. A collimator is
then used to generate a beam of silver atoms. This beam is then subjected to an inhomogenous magnetic
field that can be produced using a magnet shaped as shown in Fig. 1.1. We now suppose that the silver
atoms has some magnetic moment g. At this point, we are assuming we do not really know anything about
about quantum mechanics, spin, or the atomic number of silver. We are just assuming that there is a quantity
called magnetic moment that couples to magnetic field such that an object with magnetic moment g has an
energy p - B in a magnetic field. A particle with magnetic moment g placed in an inhomogenuous magnetic
field will feel a force given by

Fy=0alpp- B(r)] = p- 0, B(r) (1.1)

Assuming the field points in the z-direction, B = B2 and it only changes along the z-direction as well, we
find the force in the z-direction to be
F, = 11,0.B(z2) (1.2)

We then have a screen at some distance that detects the silver atoms. If we make the reasonable assumption
that the magnetic moments of silver atoms all have the same magnitude g+ = juo ! and come out of the oven
with random orientation, then we expect 1, to have all possible values between — g and + o leading to a
continuous bundle of beams which leaves a continuous line on the screen as shown in Fig. 1.1 .

Rather remarkably, this is not what is seen in experiment. Instead, the beam splits into only two beams,
leaving two spots on the screen as shown in Fig. 1.1. This means that the atoms in the beam seem to have
only two possible values of their magnetic moment g = +pug2. First, let us try to find some plausible
classical explanation for this observation. After thinking for a bit, we can see that the only possibility is that
somehow the magnetic moments of the silver atoms are pointing in the z-direction with an equal probability
to be pointing up or down. To check whether this is really the case, we can simply rotate the device. If the
moments are pointing in the 4+ z-direction, then using a device rotated by an angle 6 relative to the z-axis,
let’s say in the x — z plane, we should see two spots corresponding to the projection of the z-magnetic

"This assumption is not really needed. See Problem 1 in the first problem set.
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Figure 1.1: Stern—Gerlach experiment: Silver atoms travelling through an inhomogeneous magnetic field,
and being deflected up or down depending on their spin; (1) furnace, (2) beam of silver atoms, (3) inhomo-
geneous magnetic field, (4) classically expected result, (5) observed result

moment along the axis of the device. This yields g = £ cos 6. In particular, if we rotate the device by
/2, we expect to get no splitting at all. This corresponds to the rather obvious statement that a classical
vector pointing in some direction has zero projection in a perpendicular direction.

The main surprise here is that this very reasonable expectation is false. No matter how we rotate the
Stern-Gerlach device, we always find the beam split into two corresponding to magnetic moment =+ in
the direction of the splitting. To make the discussion more quantitative, I will introduce the notation SG7 to
denote a Stern-Gerlach device which splits the beam according to the magnetic moment in the 7 direction.
For example, the device that splits the beam in the z direction is denoted SGz. We also introduce the notation
SGn+ to denote an SGn device followed by a filter that only lets the £ beam through. Let us now consider
the following cascaded SG setup where we first let the beam pass through SGz+ then let the output beam of
that device go through SG7* where ng is the unit vector in the z2-plane rotated by an angle ¢ relative to
the z-axis. If & = 0, this is basically placing an SGz after an SGz+ and since we have filtered out the —z
component, we get only one beam corresponding to p, = o (see top panel of Fig. 1.2). Once we start
rotating the second SG so that § # 0, we immediately find that the beam is split in two corresponding to
magnetic moments p; = Fug. However, we should still expect the information about the rotation angle to
be encoded somehow in the result of the experiment (otherwise, the limit & — 0 will be discontinuous). The
only other experimental variable where this info can be encoded is the intensity of the two beams. Assuming
the original beam had an intensity I, the + beams will have intensities 1 (#) which satisfy

L(0) + I_(0) = Iy (1.3)

For § = 0, we should have I, (0) = Iy and /_(0) = 0. We also note that rotating the SG device by 7
leaves it unchanged which means that 1 (§ + 7) = I-(6). The simplest positive functions satisfying these
properties are I, = cos?(0/2) and I_ = sin?(#/2) which turns out to be the right answer. This particularly
means that for a device rotated by § = 7 /2, i.e. a device which splits the beam along the x-axis, we get two
beams of equal intensity equal to half the original beam intensity. Thus, the beam whose magnetic moment
is aligned in the +z direction can be decomposed into an equal mix of beams whose magnetic moments are
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Figure 1.2: Different configurations for cascaded Stern-Gerlach device.
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along +x direction. By now, it is clear that this behavior is incompatible with any classical vector aligned
with the z axis.

Let us consider one final setup where where we have a succession of SGz+ and SG+2x devices followed
by SGz (bottom panel of Fig. 1.2). Here, we find that we get an equal amount of i, = 4. Thus, although
the original beam had only +2z component, after passing through SGz+, the electrons forgot they were
polarized in the 4z direction and they again split into two beams.

Although this is a very counter-intuitive result, it has classical analogs which are realized when we have
a device that decomposes a vector into parallel and perpendicular components and filters out one of them.
One very cool example is how sail boats manage to sail perpendicular to or even into the wind although
they only use the force generated by the wind to move. The main part of a sailboat is the sail. If the sail is
parallel to the wind, it feels no force. This means that for a general angle between the sail and the wind, the
sail decomposes the wind into a parallel and perpendicular components and only picks out the perpendicular
one. The next important part in a sailboat is something called the keel. It’s the bottommost longitudinal part
that prevents the boat from moving sideways. This part picks out the component of the force that is parallel
to the body of the boat. If the sail is at an angle of 45° relative to the wind direction and the keel is an
angle 45° relative to the sail, we can successfully convert the wind force from pointing along the y-direction
to the z-direction as shown in Fig. 1.3c. By using different angles, we can even manage to have a force
component against the wind direction as shown in Fig. 1.3d. As an exercise, try to identify the ingredients
of the Stern-Gerlach setup in the sailing example above.

The sailing example above hints towards the mathematical structure needed to describe the Stern-
Gerlach experiment. An SG device defines a coordinate system in some abstract space of possible quantum
states with two basis vectors. The SG device decomposes any given entering beam into a parallel and a
perpendicular component, which can be identified by the £ values of the magnetic moment. An SGn+- de-
vice acts by projecting out one component, i.e. projecting the input on the direction on one of the two basis
vectors. Finally, rotating the SG apparatus amounts to rotating coordinate frame or basis vectors. However,
there is an important subtlety. If we identify the -2z magnetic moments with the = and y directions in some
abstract space, we see that the angle in this abstract space between two vectors is half the physical angle
between the directions of the magnetic moment. As a consequence, physically rotating the SG device by an
angle 0 corresponds to a rotation by 6/2 in the abstract space describing the state. With all these observa-
tions, we can write out some expressions to capture what we discussed. We denote the “quantum state” of a
beam that gets deflected in the + direction by an SG7 device by |+, 1), where the notion of quantum state
will be defined precisely later. The results of the SG experiment can be summarized by the relation

[+, 7g”) = cos(6/2)|+, z) + sin(0/2)[—, z)
|-, 7g®) = —sin(0/2)|+, z) + cos(0/2)|—, z) (1.4)
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Figure 1.3: Illustration of how a sailboat transforms wind force: (a) when the sail is parallel to the wind,
it feels no force. (b) when the sail is at an angle (45° here), it feels only the component of the force
perpendicular to the sail. (c) A horizontal keel ensures the boat only picks up the x-component of force (the
one parallel to the boat). (d) a different angle for the keel allowing the boat to sail against the wind.

Furthermore, we can see that the intensities I () can be identified with the coefficients of these expansions.
For example, the intensity of the + beam coming out of a cascade of of an SGz whose input is polarized in
the +z direction is given by the square of the |+, ) coefficient of the expansion of the |+, z) in terms of the
basis vectors |+, ).

While the theory we have right now seems to capture all aspects of the SG experiment, there is one
crucial missing ingredient: how can we describe rotations in the third (y) direction? We can surely rotate
our SG apparatus also in the yz plane and we expect the same results as we got for zz. However, using
the same basis decomposition for yz as for zz (Egs. 1.4) will mean that |+, x) and |+,y) are identical.
However, clearly having a cascade of SGz and SGy will yield identical behavior to that of SGz and SGx we
considered before.

To identify this last remaining ingredient, we invoke another classical analog. This is again something
that our late 19th century physicist will be familiar with. From a classical perspective, light is an electro-
magnetic wave consisting of oscillating electric and magnetic fields (we are not discussing photons at all
here). An electromagnetic wave is characterized by a quantity called polarization specifying the direction
of the electric field vector. If that direction is a constant, we say the light is linear polarized. For example, a
linear polarized light in the z-direction, propagating along the z-axis is described by the electric field

E = Eyz cos(kz — wt) (1.5)

A device called polarizer can select a specific direction of linear polarization. Its simplest implementation
is a series of parallel metallic rods which absorbs the electric field parallel to the rods but lets the field
perpendicular to the rods through. For example, for the x-polarized light above, a polarizer in the y-direction
lets it pass through whereas a polarizer in the z-direction completely blocks it. Thus, a general linear
polarizer picks up the component of E perpendicular to the direction of the polarizer. It is easy to see that
the linear polarizer works exactly as an SG device followed by a filter which selects one of the two beams.
In fact, we can realize the same results we got from the cascade of SGs with a cascade of linear polarizers.
For example, an x-polarizer followed by a y-polarizer will let no light through. This acts the same way as
cascaded SG setup consisting of SGz+ followed by SGz— which also has no output. The setup discussed
in the bottom panel of Fig. 1.2 where an SGz+ is placed between SGz+ and SGz— is the same as placing
a linear polarizer at an angle of 45° between the x and y polarizers.

So far, the polarization example has reproduced what we understood about the SG setup. We have still
not answered the question about including the third direction. To answer this, we recall that linear polar-
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ization is not the only possibility for an electromagnetic wave. There is also circular polarization and more
generally elliptic polarization. These more general patterns of polarization arise if the two perpendicular
components of an electromagnetic wave have a phase shift

E = E,&cos(kz — wt) + Eyy cos(kz — wt + ¢) (1.6)

In general, this field will trace an ellipse in the x-y plane as the light propagatres that reduces to a line if
¢ = 0 and to a circle if ¢ = +m/2 (the two signs correspond to right and left circular polarization). Any
EM wave can be decomposed into a circularly polarized wave and a linearly polarized wave which in turn
can be decomposed into x and y components. Thus, the phase shift allows us to describe one more degree
of freedom. Introducing a vector notation for the x and y components, we can write any EM wave as

o E

E = Re{ez(kz t)P}’ P = ( Eyewws > (1.7)
This means that by allowing the polarization vector to be complex, we can describe an arbitrary polarization
state with the special cases of z and y-linearly polarized light given respectively by P, = (1,0)” and P, =
(0,1)T wheres circularly polarized light given by P = (1,44)T (Here, T denotes vector transposition
that maps a row vector to a column vector). This provides us with the missing ingredient to understand the
SG experiment if we identify the rotation into the y-direction by a relative phase shift between the two basis
vectors and think of our abstract space as a complex rather than real vector space.

To do this explicitly, we can simply write

1 .

H_?y> = ﬁ(‘+7z> +Z‘—,Z>) (18)
1 .

’_7y> :\ﬁ(\+,z>—z\—,z>) (1.9)

If we identify the intensities by the square absolute value of these complex coefficients, we see that the
results of a cascaded SG experiment where SGz+- is followed by SGx or by SGy is identical. On the other
hand, if we have SGz+ followed by SGy, we see the beam splits as expected.

Thus, if the only experiment our 19-th century physicist physicist learned about is the Stern-Gerlach
experiment, they will be lead to two main conclusions. First, the magnetic moment of a silver atom and, in
general, a microscopic object cannot be described by a classical vector in 3D space. Instead, the different
directions should correspond to basis vectors in an abstract finite dimensional complex vector space. In
addition, we need a notion of length of the projection of a vector on another one to extract the measured
intensities out of these abstract vectors i.e. we need a notion of an inner product. In the next lecture, we will
see how we can build the quantum theory formalism from the example of the Stern-Gerlach experiment.
This example makes it clear that the proper mathematical structure is that of a complex vector space with an
inner product associated with it. Such a space is called a Hilbert space.

1.2 Quantum mechanics in finite-dimensional Hilbert spaces

In the last section, we discussed the Stern-Gerlach experiment which demonstrated the need to use a complex
linear vector space to describe quantum state. This means that the main formalism needed to describe
quantum mechanics is linear algebra. We will now discuss the correspondence between the main concepts
we encounter in linear algebra and their physical interpretation in the quantum theory. We will use the
bra-ket notation developed by Dirac which is particularly suited for calculations in the quantum theory.

In the SG experiment, we needed two basis vectors to described the outcome of any given experiment
which means that the vector space was two-dimensional. In the following, we will focus on the case where
the vector space is finite-dimensional which means that we need a finite number of basis vectors to describe
any given state. The more subtle case of infinite dimensional space will be discussed next week.
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1.2.1 Bras and Kets

The basic objects in a linear vector space are vectors. In the Dirac notation, vectors are called kets and
denoted by |u). Quantum states correspond to rays in the vector space which means that the two kets |u)
and «|u), with a being a non-zero complex number a! = 0, describe the same physical state. This means
that the Hilbert space description of quantum mechanics has a redundancy i.e. a given ket defines a unique
state but a given state can be described by several kets. Such situations are quite common in physics with
the most prominent example being electromagnetism where the gauge potential (consisting of the scalar and
vector potentials) uniquely determines the physical electric field and the magnetic flux through any region,
but a physical electric and magnetic field configuration corresponds to many gauge potentials. This is called
a gauge ambiguity and it leads to some subtle effects that we will discuss later. For a = 0, a|v) for any
v is called the null-vector. We can form linear superposition of states as a|u) + [|v) where o and (3 are
complex scalars. An example from the SG setup was how we wrote the beam polarized in the +x direction
as a superposition of the +z and —z beams: | + z) = %(\ +z2)+]|—2)).

Vectors in a Hilbert space are equipped with an inner product. The inner product is the analog of the
scalar product of two vectors which gives the components of a vector w in the direction of another vector v
scaled by the length of v. The inner product satisfies the following properties

1. Positive definiteness: (u|u) > 0 unless |u) is the null ket.
2. Linearity in the second argument: (u|avy + fve) = a(u|vr) + B{ulva)
3. Conjugate symmetry (u|v) = (v|u)*.

The first property is the obvious generalization of the fact that the length of a non-zero real vector is positive.

The positive number ||u|| = +/(u|u) is known as the norm of |u). For any ket |u), we can define a normalized
ket |a):
oy w)
i) = (1.10)
]

Since the physical state does not change under multiplication by a scalar, we can always define our states
to be normalized (notice that the phase ambiguity still remains). The second property has also an obvious
analog for real vectors where the projection of a sum of vectors is the sum of projections and the projection
of a scaled vector is the scaled projection. The last property is the analog of the fact that scalar product is
symmetric. For complex inner products, we need conjugate symmetry instead to guarantees that the norm

lu+ol* = (u+vlu+v) = [lul] + [Jol* + (ulv) + (v]u) (1.11)

is real. 2. The conjugate symmetry also implies (quj + Bus|v) = a*(u|v) + B*(uz|v).

A vector in an N-dimensional vector space can always be expanded in a set of basis which we denote
by |a), a = 1,..., N. For example, in the SG device, we can describe any beam as a linear superposition of
| + z) and | — z). Tor a general ket |u), this means we can write

) = uala) (1.12)

We can always choose these basis vectors to be orthonormal which means that

1 a=4d
N — 1.1
(ala’) {0 0wt (1.13)

If we now take the inner product of the vector |u) with the basis vectors |a), we find that the components of
|u) in the |a) basis are u, = (alu).

1t suffices to assume Re(u|v) = Re(v|u) which together with positive definiteness implies (u|v) = (v|u)* due to Eq. 1.11
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It is very useful to think about the left part of the inner product (v|u) as an independent object called
a bra (v| that acts on the ket vector |u) to give us the inner product. In other words, the bra (dual vector)
defines a linear map from the kets (vectors) to the complex numbers f,(Ju)) = (v|u). To satisfy the
property (av|u) = a*(v|u), the bras satisfy (av| = o*(v|. If we use the basis expansion (1.12), we see
that f,(ju)) = >, uafo(la)) = >, ua(vla) = >, uqv}. This gives us the analog for the scalar product
formula in terms of components for complex vectors and implies that the components of a bra in a given
basis are given by the complex conjugate of the components of the corresponding ket.

1.2.2 Operators

An operator in a vector space maps vectors to vectors. In the bra-ket notation, operators act on a ket from
the left A|u) and on a bra from the right (u|A (always next to the vertical line). We will sometimes use the
notation | Au) := Alu). The bra dual to the ket A|u) is defined to be (u| AT where A is called the adjoint of
A. From the definition of a dual vector fja.)(|u)) = (Av|u) = (v]Atu) = (v|ATu).

To preserve the linear structure of the vector space, we consider linear operators satisfying

Alalu) + Blv)) = aAlu) + BAv) (1.14)

However, it turns out that in the quantum theory, since we do not care about the overall phase of the wave-
function, we can also have anti-linear operators satisfying

Aa|u) + Blvy) = a™Alu) + *A|v) (1.15)

We will discuss such operators later in the course. For the time-being, we are going to restrict ourselves to
linear operators.

You can think of the example of an SG device when thinking about quantum operators. For example,
SGz+ can be represented by an operator that selects the | + z) component of an incoming beam. Using
this example, we can deduce the properties of operators in quantum mechanics. For example, two SG
devices are considered identical, if they give exactly the same output given the same input for any input.
The corresponding statement is that two operators A and B are equal if Alu) = B|u) for any |u). Next,
consider what happens when we cascade SG devices. Let us take an input beam described by a ket |u) and
have it go through a cascade of two SG devices described by operators B and A. The output of B is B|u)
is the input of A. Thus, the final output is AB|u). This means that we can identify the operator AB as
the operator representation of the cascaded device. Let us try to understand its properties. First, consider a
cascade of three SG devices C, B, and A. We can first think of the output of the C device, being fed into the
cascade of B and A, which is described by the operator A B, or we can first combine C and B, described by
BC, then consider this as an input to A. Since these are two descriptions for the same physical setup, the
operator multiplication has to be associative

(AB)C = A(BC) (1.16)

Finally, let us consider the setup from last lecture where we had SGz+ (let’s call it C'), followed by SGz+
(let’s call it B), followed by SGz— (let’s call it A). We found that this configuration generally has a non-zero
output since the +xz beams coming from the middle SG has forgotted it was originally in the |+ z) state. On
the other hand, if we do the cascade SGz+, SGz—, SGz+ (described by the operator BAC'), we find that
the output is zero. From this we conclude that ABC # BAC which implies that, in general, for any two
operators

AB # BA 1.17)

This property is responsible for many of the counter-intuitive aspects of quantum mechanics.

The power of the bra-ket notation comes from the fact that we can always place a bra to the left of a
ket to obtain a meaningful object. For example, we said that we can understand the bra (u| as a linear map
that acts on a ket |v) to give the complex number (u|v). Using the same reasoning, we can define the object
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|u)(v| which acts on a ket |w) to give us |u)(v|w). Since (v|w) is a complex number, the whole object
|u) (v|w) is a ket. Thus |u)(v| acts as an operator. It is easy to see from the linearity of the inner product that
this will be a linear operator.

Let us now define the identity operator 1 as the operator that leaves every vector invariant: 1|u) = |u)
for any |u). Given an arbitrary ket |u), we can write the basis expansion (1.12) with u, = (a|u). This means

that
Z\a (aluy = (Z\ ) (1.18)

Since this identity holds for every |u), it implies
> lay(al =1 (1.19)
a

This relation is called resolution of unity and it is one of the most important relations in quantum mechanics.
It tells us that if we take the projection on a vector relative to each basis vector, multiply it by that basis
vector, then add all these components, we can reconstruct the full vector.

To demonstrate the usefulness of this identity, let us consider an operator A. Since the identity operator
does nothing, we can insert it anywhere in an expression

A=1A1= (Z |a><a|> A (Z |b)<b|> Z\a ) (al A|b) (b] = ZAab\ (1.20)
a b

where A,;, = (a]A|b) are the matrix elements of the operator A which specify the decomposition of A|a) in
the |a) basis
— 5 ) 21
b

For an N-dimensional space, A, describes an N x N matrix. The operator product AB can be written as

=" la)(alA]b) (b Blc) Z\ el Y AaBoe =Y (AB)qcla)(c| (1.22)

a,b,c b a,c

We see that the matrix elements of the operator AB are given by the matrix product of the matrix elements
of the operators A and B. This means that, for the case of finite-dimensional Hilbert spaces, we can always
think of the operators as matrices. However, it is important to distinguish the abstract operator A which
describes a physical device or observable from its matrix elements A,; which require us to specify a basis
and is thus basis-dependent.

The identification of operators in the quantum theory with matrices (for finite-dimensional Hilbert space)
allows us to deduce a lot of their properties from what we know about matrices. For instance, we can define
eigenkets of an operator as A|u) = \|u) where A is a complex number called the eigenvalue. We also see
that we can identify the matrix elements of the hermitian adjoint of an operator A with the hermitian matrix
adjoint obtained by transposing and complex conjugating the matrix elements (A'),, = Ap .

There are three classes of operators that play a special role in quantum mechanics

1. Hermitian operators (A = A'): these operators have the very important property that their eigenvalues
are real. To see this consider an eigenket |u) with eigenvalue A:

Alu) = A|u) (1.23)

Taking the dual of both sides, we get
(u] AT = X*(u] (1.24)

If we now take the inner product of (1.23) with (u| and of (1.24) with |u), we get

Mulu) = (ul Alu) = (ul ATju) = A (u|u) (1.25)
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which implies A = A*. Another important property of Hermitian operators is that their eigenkets
provide a complete basis of the vector space that can be chosen to be orthonormal. This implies
that an operator is diagonal when expressed in its own eigenbasis. If we denote the eigenkets and
eigenvalues of an operator A by |a) and )\,

A=Y Agla)(a| (1.26)

Notice the absence of off-diagonal terms |a) (b| with a # b.

2. Unitary operators (UUT = UTU = 1): Unitary operators correspond to norm-preserving maps since
the norm of |v) = Ulu) is |[v|| = /(v[v) = /{@|UTUJu) = /{v|v) = ||lu||. Thus, they map
normalized kets to normalized kets. They usually describe basis transformations in the quantum
theory.

3. Projection operators (P? = P = P'): these are Hermitian operators which square to themselves. For
example, the SG device which filters one polariztion, e.g. SGz+, is described by a projector since
passing its output by an identical device SGz+ does not change the result. Recall that cascading SG
devices corresponds to operator multiplication, we see that i.e. P? = P.

1.2.3 Observables

In the quantum theory, physical observables are represented by hermitian operators and the possible values
of a given observable correspond to the eigenvalues of this operator. Since the eigenvalues of a Hermitian
operator are real, this guarantees that the allowed values of a physical observable are real. Since the eigenkets
of a hermitian operator provide a complete basis, we can expand any ket in terms of the eigenbasis of a given
hermitian operator.

Let us take our SGz device as an example. This device measures the magnetic moment in the z direction.
It has two possible outcomes i, = *19. As an aside, we have so far been discussing the magnetic moment
without specifying its value ;0. To understand this value, we invoke a classical analogy where we consider
a charged spinning classical particle. For such a particle, the magnetic moment is proportional to the spin
angular momentum S, p = .S, where the proportionality constant is called gyromagnetic ratio. If we
assign a value for the spin angular momentum corresponding to the measured magnetic moment in the SG
device, we find it corresponds to S, = +//2 where £ is the Planck’s constant. From now onwards, we will
refer to the different results of the SG device in terms of the values of spin rather than magnetic moment.
This means that this device should be described by a Hermitian operator, which we call S, acting on a two
dimensional Hilbert space whose eigenkets are | £ z) with corresponding eigenvalues +//2. Using Eq. 1.26,
we can write

S = o1+ 22l = | = 2)(~2]) (1.27)

If we use a vector notation where

|+z>:<(1)>, |—z):<(1)>, (1.28)

we see that S, is the diagonal matrix
h(i1 0
SZ—2<0 1 ) (1.29)

The operators describing S, has the same form in the | + z) basis

S = D1+ @) (bl — | - 2){~) (1.30)

3Here, we are assuming all eigenvalues are distinct
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To write the same operator in the | + z) basis, we use

L(|-|—z:>j:|—z)) (1.31)

£2) =

Substituting in (1.30), we find

h h(o0o 1
Sx—g(\+z><—z\+|—z><+z|)—5 < 10 ) (1.32)
Performing a similar calculation for S, we find
ih h(0 —i
5=l aal+ = =5 (1)) (1.33)

Thus, the three components have the matrix representation S; = %az- where o; are called the Pauli matrices
and play a central role in the theory of spin.

1.3 Measurement in quantum mechanics

In the previous section, we have started building a dictionary between the abstract formalism of Hilbert
spaces and the different physical objects in the quantum theory. We have identified the state of a quantum
system with rays in the Hilbert space. We have also identified physical observables with hermitian opera-
tors. The real eigenvalues of a Hermitian operators correspond to the possible measurement outcomes. For
example, S, = £h/2 in the Stern-Gerlach experiment. The eigenkets of the Hermitian operator correspond
to the possible states associated with the different measurement outcomes. The fact that the eigenkets of a
Hermitian operator form a complete basis is necessary for this interpretation.

However, we have not answered the very important question: what determines which measurement
outcome is realized in a given experiment? Let us for concreteness consider again a cascaded Stern-Gerlach
setup of SGz+ , which yields a beam polarized in the +z direction, followed by SGz. As we discussed in
Lecture 1, the intensity of the beam is split equally between the two possible outcomes representing +x and
—x polarization. Now we ask the question: what would happen if the input 4z polarized beam has only one
atom? Since quantum mechanics is a fundamental theory of microscopic objects (rather than an emergent
theory where concepts only make sense at a certain scale), we should be able to write a ket to describe the
state of a single atom. However, a single atom cannot split into two with +x polarization. Instead, the atom
‘picks’ one of the two outcomes with equal probability of 0.5 each. This means that are two very unusual
aspects of the quantum theory. First, although the input state was a definite state without built-in uncertainty,
the output of the experiment can only be determined probabilistically in the quantum theory. Second, the
measurement device seems to play an active rule, forcing the atom that was living happily in a superposition
of | + x) and | — z) to make up its mind and choose of of the two alternatives.

If we accept these two pecularities of the quantum world, we can incorporate them in the formalism by
introducing the notion of a measurement. To every measurement device, we associate an observable which
is a Hermitian operator and we define the measurement as a process which forces the input state into one of
the eigenkets of the corresponding operator. The probability of obtaining a certain measurement outcome
associated with the eigenvalue \, and an eigenket |a) starting from a general normalized ket |u) is given by
|(a|u)|?. This is known as the Born rule. Let us first make sure that such rule makes sense i.e. the numbers
pa(u) = |{a|u)|? can be interpreted as probabilities. For a set of numbers p,, to represent probabilities, they
need to be non-negative and sum to 1. This can seen using the resolution of the unity

(ulu)y =1= Z ula){alu) = Z\ (ula)? Zpa (1.34)

An important class of measurement is called selective measurements or filtrations. These are measure-
ments which selects only one of the eigenkets of the measurement device. In the Stern-Gerlach setup, these
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Figure 1.4: Schematic illustration of the double slit experiment

were the devices SGn+ which only let one of the beams through. A selective measurement which selects
the outcome a is described by the operator A, = |a){a|. This operator satisfies the important property that
it is equal to its square

A2 = |a){ala)(a| = |a)(a| = A4 (1.35)

Physically, this reflects the fact that applying a filtration device A, to the output of an identical filtration
device A, does nothing. Operators satisfying (1.35) are called projection operators *.

Although the final measurement outcome is obtained through a probability distribution, there is a very
important distinction between the quantum theory and standard probability theory. Let us illustrate this with
an example. Imagine we have a cascade of three filteration devices (which we can think of as some SG
devices with some relative angles), so that the first device A = A, selects some outcome |a), the second
B = A, selects some outcome b and the third C' = A, selects some outcome c. Assuming the beam coming
out of a is normalized, the probability of getting an output in B (the intensity of the B beam) is |{a|b)|?. The
probability of getting an output in C'is |{c|b)|?|(b|a)|? since probabilities are multiplicative. If we repeat the
experiment each time filtering a different output of b, the total probability will be

> by PIla)l* = (clb) (bla(alb)ble) (1.36)
b

b

Remarkably, this turns out to be different from the probability we get if we remove the B device altogether
which is given by

2
= S (el (e alt) ¥]e) (1.37)

b

[ela)? = | 3 (elb) (ol
b

This means that although we have allowed for all possible intermediate values of B, the fact that we have
measured it (and we can record it) makes this different from removing the B device altogether. The reason
for the distinction is that in quantum mechanics, if we do not perform a measurement, the intermediate state
is a ket that can be in a superposition. Another way to see this is that, unlike probability theory where we
add the probabilities of mutually exclusive intermediate steps, in the quantum theory, we add the complex
coefficients of basis expansion of a certain ket (a|u) whose absolute value squares is the probability (these
complex coefficients are called probability amplitudes).

“Note that a projection operator is more general since any operator of the form P = > la){al satisfying P? = P where the
sum goes over any subset of eigenstates
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Single-slit pattern

Double-slit pattern

Figure 1.5: Comparison of the output of a single slit and double slit with the latter displaying clear interfer-
ence pattern

1.3.1 The double-slit experiment

A very dramatic illustration of this effect is realized in the double-slit experiment, shown in Fig. 1.4. The
double slit experiment is a very old experiment to illustrate the wave nature of light. Its setup involves
letting a monochromatic light through a screen with two narrow slits in it. A screen is then placed behind
the slits to observe the light. The main observation in this experiment is that the light exhibits an interference
pattern of dark and light spots. This pattern is not a simple sum of the output of each individual slit (see
Fig. 1.5). Instead it features interference where waves which are in phase add and those which are out of
phase subtract. The phase difference arises because the light travels a different distance between the two
slits to the screen.

When performing the double slit experiment with electrons instead of light, the same interference pattern
is observed. Although the electrons are registered on the screen as individual spots, their distribution follows
the same interference pattern as the light waves. The interference pattern is compatible with the rules we
have discussed where the probability amplitudes for the two paths are first added, then we take the absolute
value squared of the result, leading to an interference pattern. The setup we discussed with the filtration
device would correspond to blocking one of the slits and then the others and adding the outputs. Clearly, the
resulting output will not show any interference pattern. In fact, even if we let both slits open, but we have
some way to measure which slit the electron goes through, for example by shining light on the slits, this will
disturb the electrons enough to destroy the interference pattern. This illustrates a fundamental aspects of
quantum mechanics where the measurement is not a passive operation evern if we allow for all intermediate
measurement outcomes.

1.3.2 Expectation value and variance

The born rule means that a given state, |u) defines a probability distribution over the space of possible
measurement outcomes with the probability p,(u) = |{a|u)|? associated with the measurement outcome
Aq. Two important quantities for any probability distribution are the mean or expectation value and the
variance. The expectation value of an operator A is defined as (u|A|u). It can be written in the familiar form
of the mean value for a probability distribution using the resolution of unity:

(ulAJu) =Y (ula)(alAlb) (blu) = Y Aal(ula)? =D Aapa(u) (1.38)

a,b

It is important to note that although the allowed values of an observable are discrete, e.g. S, = +h/2,
the expectation value (S,) can take any value between —#/2 and +%/2. This is similar to saying that the
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average number of students per class at Harvard is let’s say 12.3 although the allowed numbers can only be
positive integers. Another important quantity for a given probability distribution is the variance

(AA)%) = (A= (4))") = (4%) = (AD? =) (A — (4))*pa(u) (1.39)

a

Clearly, the variance is a non-negative real number ((AA)2) > 0. The variance of an operator A in a state
|u) is zero if and only if |u) is an eigenket of A. To see this, note that the last expression in (1.39) is a
sum of non-negative numbers so for the sum to vanish, each term has to vanish which implies A\, = (A) or
pa(u) = 0 for each a. To satisfy normalization, at least one p, has to be non-zero. If the eigenvalues )\, are
all distinct, then there can only be one A\, = (A). Thus, pa(u) = 6,y for some b i.e. |u) is an eigenket of
A. Even if the eigenvalues of A has some degeneracy, we can still deduce from the above argument that all
non-zero values for p, correspond to the same eigenvalue A\, = (A) which means that |u) is in one of the
eigenspaces of A.

1.3.3 Compatible and incompatible observables

As we have seen in the Stern-Gerlach device, there is a big distinction between cascading devices which have
the same set of eigenkets, for example SGz, SGz+ and SGz—, and cascaded devices with different eigenkets
e.g. SGz and SGz. This distinction is formalized through the notion of compatible and incompatible
observables. Compatible observables are described by operators A and B which commute with each other

[A,B] = AB— BA=0 (1.40)

As aresult, they have a common set of eigenkets (but not eigenvalues). In linear algebra, this corresponds to
the statement that commuting matrices can be diagonalized simultaneously. Let us see how this is realized in
the language of the quantum theory. Let us first consider the non-degenerate case where all the eigenvalues
of A are distinct. Then we can write

0= (al[A, BJlb) = {a| ABB) — (| BAJD) = (Ao — As)(al BID) (1.41)

For a # b, this implies (a|B|b) = 0. This means that the off-diagonal matrix elements of B vanish in the
eigenket basis of A. In other words, B is diagonal in that basis and has the same eigenkets.

Let us now consider the case where the eigenvalues are degenerate. For example, there are two linearly
independent eigenkets |a, 1) and |a, 2) with the same eigenvalues \,. Clearly, any linear combination of
these two kets is also an eigenket. This means that the eigenkets corresponding to )\, form a two dimensional
subspace. Eq. 1.41 implies that the matrix elements connecting any state in this space with a state with
different eigenvalues A, vanish but it does not restrict the form of B in this subspace which will be some
2 x 2 Hermitian matrix. We can diagonalize this 2 X 2 Hermitian matrix and label the common eigenstates
of A and B in this subspace by |a,b). This example reveals the general matrix structure of commuting
operators. In the A eigenbasis, B decomposes into a Block-diagonal form with each Block corresponding to
a degenerate subspace of A eigenkets with the same eigenvalue. We can choose special linear combinations
of these eigenkets to be eigenkets of B. If some degeneracies are still let, we can have a third commuting
operator C' and repeat the procedure.

Operators which do not satisfy (1.40) are called incompatible. Incompatible observables do not have a
complete set of common eigenkets since if A|a, b) = \,|a, b) and Bla, b) = A\y|a, b) for all |a, b) then

AB|a,b) = MAla,b) = AgAbla,b) = B(Aa, b)) = BAla,b) (1.42)

which implies AB = BA. Is there a way to quantify how incompatible two observables are? clearly, some
pairs of observables can be almost compatible, in the sense that they deviate from the relation (1.40) by a
small amount (think of an SGz device followed by one rotated by a small angle ¢ relative to the z axis) while
some can be maximally incompatible.



18 CHAPTER 1. QUANTUM MECHANICS: BASIC FORMALISM

Operator incompatibility has important physical consequences. It is the reason why a beam polarized in
| + z) retains this information when it goes through the device SGz but completely forgets it when it goes
through SGz. This can be quantified through uncertainty relations which places constraints on the variance
of different observables in the same state. Recall, the variance of an operator in a given state measures how
close this state is to being an eigenstate of this operator. For incompatible observables, reducing the variance
of one observables would increase the variance of the other due to the absence of a common eigenstate. To
derive the uncertainty principle, we use the Cauchy-Schwarz inequality

[(u|v)]? < Jul|?||v]? (1.43)

The intuitive meaning of the Cauchy-Schwarz inequality is that the projection of a vector onto another
cannot be longer than the vector itself. We now take |u) = AA|w) and |v) = AB|w) leading to

lull[lo]]* = (AA*)((AB)?) = (AAAB)|® (1.44)

We now use the relation AB = 1([A, B] + {A, B}) where {A, B} is the anticommutator defined as
{A,B} = AB + BA. Due to the relation (AB)" = BYAT, the commutator of two hermitian opera-
tors is anti-hermitian [A, B]' = —[Af, B] = —[A, B] whereas the anticommutator is hermitian {A, B} =
{AT, BT} = {A, B}. Since the expectation value of a hermitian operator is real and that of an anti-hermitian
operator is imaginary, we have

(AAAB)P = J[[AA, AB)P + {[({AA, ABY)P (1.45)
This implies

(AA)){(AB)?) > {[A4, AB)? = [([A, B)? (1.46)
In the last inequality we used the fact that the commutator of a constant with any operator vanishes. This
means we can drop out the constant (A) in AA. Eq. 1.46 is the uncertainty relation between general
observables A and B. When taking A and B to represent position and momentum, this reduces to the
famous Heisenberg uncertainty which will be discussed in the next lectures.

1.3.4 Basis transformations

So far we have been discussing hermitian operators which correspond to physical observables in the quantum
theory. There is another class of important operators of the quantum theory; those corresponding to basis
transformations. These can be understood as analogs of rotating the x — y coordinates by some angle in a
real vector space. Equivalently, we can also think of active transformations where we rotate all vectors while
keeping the x — y axes fixed. In both cases, such transformation keeps the lengths of vectors as well as the
angles between them fixed. This means that the transformation |u) — Ulu) satisfies (u|UTUv) = (u|v)
for every u and v. This is only possible if UTU is the identity operator:

Ul =1 (1.47)

which means that U is unitary. Any pair of orthonormal complete bases are related by a unitary transforma-
tion. To see this, let us call the two bases vectors |a;) and |b;) where [ = 1,..., N (note that here a and b do
not label eigenvalues). Then the matrix U = ), |b;)(«;| provides a basis transformation since Ula;) = |b;)
and UTU = 37, |a) (bi|bm) (am| = > lar) (@] = 1. Two operators related via B = UAUT are called
unitary equivaleﬁt. Unitary equivalent operators have the same eigenvalues since for

Alug) = Aalug) (1.48)
we can construct |4,) = Ulu,) with
Blitg) = UAUTU |ug) = UAlug) = AUltg) = Aaliia) (1.49)

Useful unitary invariants are the determinant and the trace of the operator which are expressed purely in
terms of eigenvalues. For the trace, this follows from the cyclic property trXY = trY X which implies
trUYAU = trA. A hermitian matrix can always be diagonalized through a unitary basis transformation.
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1.4 Quantum mechanics in infinite-dimensional Hilbert spaces

So far, we have restricted our attention to the quantum mechanics in finite-dimensional Hilbert spaces.
We now consider the case of infinite-dimensional Hilbert spaces. On going from finite dimensional to
(uncountably) infinite-dimensional spaces, we are immediately confronted by questions of continuity and
convergence of integrals that we didn’t have to deal with in the finite-dimensional case. These would require
rigorous mathematical treatments that are beyond the scope of our course. Here, we will instead consider
the case of infinite-dimensional Hilbert spaces as a special limit for the finite-dimensional case and we will
point out the main subtleties involved in taking this limit.

1.4.1 Position eigenbasis

The infinite-dimensional Hilbert space is best illustrated by considering a particle in one spatial dimension.
Classically, the position of the particle is specified by a real number. We now want to construct a quantum
mechanical description of the position of a particle. Recall in our previous lectures, we replaced a classical
observable, the magnetic moment, which was described by a classical vector of fixed length by a vector
in a Hilbert space whose basis span all possible values of this observable. Such basis corresponds to the
eigenbasis of this observable. The analogy for the position is to consider an operator, which we denote by z,
whose eigenvalues are all possible positions of the particle and whose eigenkets correspond to the particle
being localized at any of these positions. This is written as

fj‘$0> = x0]x0> (1.50)

To make this more concrete, we consider a course graining of the system where the position can only be
determined up to an error Az. In other words, we think of a measurement device that measures the position
of a particle but that can only detect it within a region of width Az. We denote the state where an electron
is in the interval (v — Ax/2,x + Ax/2) by |x; Az). If we also take the system size to be finite L, then
everything reduces to the case of finite dimensional Hilbert space we considered earlier °. For a general state
|1), we can write the expansion in the position basis as

) = |oy Ax)(w; Axu) (1.51)

where |(x; Ax|t))|? gives the probability of finding the particle in the interval (z — Ax/2,x + Az/2) and
they satisfy the relation Y |(z; Az|u)|? = 1 necessary for the probabilistic interpretation. Now for a
generic state where the particle is not infinitely localized, as we make Ax smaller and smaller, we expect

that |(z; Az|t))|? would also become smaller and go as ~ Ax. Thus, we can write |(x; Az|¢)|* = py(z) Az
where py, () defines a continuous probability distribution satisfying
ZAmpd,(x) Azl /dajpw(x) =1 (1.52)
€T

Now if |1) describes a particle infinitely localized at z = z, then we have |(z; Az|u)|? = §, ., which
implies that p, (z) = 62% — §(x — xo) where §(x) is the Dirac Delta function defined by the conditions

d(z)=0 for x#0, /dwé(m) =1 (1.53)

Note that this equation implies that §(x) has dimension of inverse length.

5As we will see later, this is not something we can generally do, but it will be useful for the current purpose. We can always
think that our analysis is restricted to wavefunctions which vanish outside a finite region such that (z; Az|y) = 0 for z < 0 or
x > L. This will only be problematic when we consider the translation operator.
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Let us now define the continuous position eigenbasis as

|z) = Alglcrgo \/7\37 ; Ax) (1.54)

We then can interpret |(z|u)| = py(x) as a continuous probability distribution. Recall that in wave me-
chanics, the norm squred of the wavefunction [t(z)|? played the same role as py, (). Thus, we can make the
identification ¥ (z) = (x[¢)). With this identification, we can use the same equations we used before for the
finite-dimensional case provided that we replace every sum over a complete basis by an integral and every
Kronecker delta function by a Dirac delta function. Thus, our recipe to move from the finite-dimensional
case to the infinite dimensional one is

’ 2

‘ Finite dimensional ‘ Infinite dimensional

Orthonormality (ala’) = bo,a (x|2) = 6(x — )
Resolution of unity Yoo la)yal =1 [ dz|z)(z| =1
Wavefunction normalization | Y, [(¢|a)?> =1 | [dz|(¢|2)|? = [ dz|y(z

1.4.2 Translation operator and momentum

Given a position basis, one very important operator we can define in addition to the position operator is the
translation operator. A translation operator 7}, is defined as an operator which shifts a position eigenstate
localized at x = xq to a position eigenstate localized at x = x¢ + a. This means that it satisfies

T, — Tox = aly (1.55)
To see this, we act on the position eigenstate |z)
TTg|x) = Tuz|z) + aly|x) = (x + a)T,|x) (1.56)

This means that 7}, |z) is an eigenstate of & with eigenvalues |z + a) i.e. Ty|x) = |x + a) up to a phase. We
can take this phase to be zero by simply fixing some state |0) and defining |z) := 7.|0) 6. Thus, we can
simply write

Tolz) = |z + a) (1.57)

We would now like to construct an explicit representation of the translation operator based on its prop-
erties. First, we see that T}, has to preserve the norm since 1 = (z + alz + a) = (z|TJ T,|z) for every |z)
and a which means that

TIT, =1 (1.58)

Second, translating by a then b is the same as translating by a + b:
T, Ty =TyT, = Thts (1.59)

Third, the translation by a = 0 is the identity 7y = 1. This implies that we can reverse any translation
ToT_q = Tg—q = 1 which implies
T ,=T,'=TI (1.60)

These relations imply that translations form an Abelian group.
These properties have a particularly simple form for infinitesmal translations a = dz. Let us write the
expansion
Tye =1 —idok (1.61)

SRecall that multiplication by a phase yields a different ket that describes the same physical state. This means that we can
choose the ket which makes the representation of certain operators as easy as possible. This is usually referred to as a gauge choice.
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where k is some operator which has dimension of inverse length whose properties we will derive below.
This operator is called the infinitesmal generator of translation. To satisfy (1.60), we write

1+idek =1 +idxk' (1.62)

which implies that k is hermitian. Using the commutation relation (1.55), we find

ik —ki =2,k =i (1.63)
To interpret the operator k, let us introduce wavevector eigenbasis |k) related to |2) via the Fourier
transform ik
—ikx
= | — k 1.64
o) = [ Gre ) (1.64
Acting with T, we get
dk _, dk . .
Tylz) = / %e’lkwTaU@ =|z+a)= / %eﬂ’%*l’m\@ (1.65)
From which we deduce ‘
To|k) = e~ k) (1.66)

Thus, |k) are eigenvectors of the translation operator. Taking the infinitesmal limit, a = Az, we find
k|k) = k|k) (1.67)

Thus, the operator k which is the generator of translation is the wavevector operator. To make the connection
with momentum, we have to invoke another relation which relates the momentum of a quantum particle to
the wavelength of the associated wave. This is called the De-Broglie wavelength and is given by A = h/p.
Writing this as a wavenumber k£ = 27/, we get the relation p = hk. Thus, we can identify the quantum
mechanical momentum operator by the generator of infinitesmal translation times /. Substituting in (1.63),
we get the famous Heisenberg commutation relations

[#,p] = ih (1.68)

Using the general uncertainty relation derived last lecture, we can derive the Heisenberg uncertainty relation

() (ap) = (169

We note something very peculiar about the commutation relation (1.68). Unlike the commutation relation
for spin components which had a non-trivial operator on the right-hand-side. Here, the right-hand-side is
proportional to the identity. To see why this is strange, let us imagine, we can represent & and p with matrices
in a course grained description and take the trace of both sides. The trace of a commutation always vanishes
since trAB = trBA, thus the trace of the left-hand-side is zero. The trace of the right-hand-side on the
other hand is equal to the dimension of the space. This tells us that the relation (1.68) can only be realized
by operators on an infinite dimensional space. In particular, £ and p both have an unbounded spectrum from
above and below. This means that truncating the system will introduce large error.
From the previous discussion, we see that we can write the momentum operator as

Taw — 1
p=ih lim ~22

Az—0 Az (1.70)

To connect with the familiar expression from wave mechanics, note that
Taslu) = Ta, [ dole)(ol) = [ dafo+ Ayo(e) = [ dola)ta - A
- /dm|m>1/1(x) _ A:c/d:c|x>;;w(x) (1.71)
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This yields the expression
. o d
o) = [ dola) (~ing, ) vie) 17

which is the expression we get in wave mechanics. Notice that this is a Hermitian operator since

@liw) = —in [ do () 7 o@) = in [ dol 0" (@)0la) = [ dal-in o) vlx) = Gol0)
(1.73)
Here, we have integrated by parts and assumed that the function ¢(z) and v (x) vanish at infinity (which is
always the case for normalized wavefunctions).
The generalization for multi-spatial dimensions is straightforwards since, unlike the different compo-
nents of spin, the operators associated with the different spatial components, x, y, and z, commute with
each other 7. Thus, we can choose simultaneous eigenbasis for Z, ¢, and 2:

&|x0, Yo, 20) = Zo|To, Yo, 20), 9|0, Y0, 20) = Yo|To, Yo, 20), |20, Yo, 20) = 20|T0, Yo, 20)
(1.74)
Similarly, the generators for translations in the x, y, and z commute with each other. Also, the generators
of translations along one direction, let’s say x, commute with the position operator along a perpendicular
direction, let’s say y or z. This leads to the more general commutation relation

[zi, 25] = [pi,pj] =0, [z, pj] = 1hd; (1.75)

The action of the momentum operator on the wavefunction () becomes —ifiV)(Z).

7Ultimately, this is due to the fact the different translations and boosts (translations in momentum) commute with each other but
different rotations do not



Chapter 2

Quantum dynamics and time evolution

2.1 Time evolution operator

In the previous chapter, we have discussed the formalism for the quantum theory in terms of states and
observables. However, we have not discussed how such states or observables change with time. Note that
unlike position which is promoted in the quantum theory to an operator, time remains a parameter. Never-
theless, we will see that there are several similarities between the way we introduced translation operator
which translates states in space and time-evolution operator which translates them in time. We define the
time evolution operator U (¢, o) as the operator which takes an initial state |, £o) at time ¢ to a final state
|a, to; t) at time ¢:

o, tos ) = U(t, to)|ev, to) (2.1)

Similar to our discussion of spatial translation operator, we can deduce some general properties of the time
evolution operator that are system- and basis-independent.

First, the time evolution should conserve the probability, which means that it should map normalized
states to normalized states. As we have seen before, operators which preserve norm are unitary. Thus,
time-evolution needs to be unitary

U(t, to)UT(t, 1) = 1 (2.2)

The second important property of time-evolution is that we can build time evolution over a long interval by
combining time-evolution over shorter intervals. That is, the time evolution operator from ¢y to ¢ is equal to
the product of the time evolution operator from ¢ to ¢; and the evolution from ¢; to ¢. Since the operator on
the right acts first on the state, this is written as

U(t,to) = U(t,tl)U(tl,to), to<t1 <t 2.3)
The final property is that time evolution should approach the identity as ¢ approaches g

thiﬁ) U(t,tg) =1 (2.4)

Similar to our previous discussion for the translation operator, we can consider infitesmal time evolution
t = to + dt and expand U to first order in dt:

U(to + dt, to) =1 —iQdt (2.5

The unitarity of 2/ implies that the generator of time-translation € is a Hermitian operator Qf = . The
operator {2 has units of frequency or inverse time. Now, recall that one of the very first steps in the devel-
opment of the quantum theory by Planck and Einstein was to assign to vibrational modes with frequency w
an energy F/ = hw. This is similar to the identification of the momentum with the wavevector we discussed
in the previous lecture. This means that we can identify the operator {2 with the energy operator. Such

23
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operator is called the Hamiltonian after the classical Hamiltonian which gives the energy as a functional on
configuration space. Substituting in (2.5), we get

H
Uty +dt,tg) =1 — igdt (2.6)
We can now derive one of the most fundamental relations in the quantum theory, which relates the
Hamiltonian to the time-evolution operator for arbitrary time separations t — ty. Use the relation (2.3), we
write

dt
U(t+dt to) = U(t+ dt, U(E o) = Ut to) — i HU(t, to) 2.7
which yields
ihaatZ/{(t, to) = HU(t, o) (2.8)

If we act with both sides on an initial state ket |« tp) (which is time-independent), we get the Schrodinger
equation

ih;‘a, t(); t> =H ’Oé, to; t> (2.9)

Note that the Hamiltonian operator itself can depend on time.

We would now like to solve Eq. 2.8 to write the time evolution operator as a function of the Hamiltonian.
It turns out that the solution depends on whether the Hamiltonian depends on time or not. To see this, recall
the solution to first order differential equations. For the DE

d
2 =af®) (2.10)

the solution is given simply by f(¢) = Ce® where C is determined by the initial conditions f(0) = fy. On
the other hand, if « is time-dependent, we write dT = «(t)dt which is solved by

F(t) = Celo d'F(¥) 2.11)

To solve for the time-evolution operator, we do something very similar. To make our notation as simple as
possible, we will assume ¢y = 0 and write U(¢,t9) = U(t). If H is time-independent, the solution have
exactly the same form as in the scalar case

U(t) = e it (2.12)

We can verify that this is indeed a solution to Eq. 2.8, by direct substitution and using the series expansion.

L9 D=t (H\" nt" 1t (HN\T AN

Now if ‘H is time-dependent, we can write an equation similar to (2.11):

Ut) = e~ Jo WHE) (2.14)
Let us see if this satisfies Eq. 2.8. We can again use the series expansion of the exponential
9] o) 1/ a\" ([ "
h—U =ih— Y —|—= dt'H( 2.15
ha Zat;n!( h) (/0 (&l )> (2.15)

However, we now encounter a problem. The action of the derivative on an operator to the n-th power %A”

is not equal to n(%A)A”_1 in general. The reason is that the operators A and (%A) do not necessarily
commute. This means that, in general, Eq. 2.14 does not provide a solution to the time evolution equation.
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However, it will be a solution provided that the operators fg dt'H(t') and & fg dt'H(t") = H(t) commute.
This is only possible if #(t) commute at different times, i.e. [H(t), H(t')] = 0 for all ¢ and ¢’

So what happens if #(t)’s at different times do not commute. In this case, the general solution is given
by the so-called Dyson series

U(t) = 1+§: <—2>nAn(t,H), An(t,H) = /Ot dt, /Otl dtg.../ot”l dtaH () H(t) .. H(t)
n=1

(2.16)
Notice that ¢ only enters in the integration limit for the first integral, so that action of the ¢ derivative only
pulls out the first H:

0

2 Ant) = H(1) /O ity /0 T M () . H () = H(E) A1 (1) 2.17)

This is also the reason there is no n! in the denominator. To convince yourself that this expression reduces
to Eq. 2.14 when H(¢)’s commute with each other, consider As(t) and recall the heaviside theta function

1 :2>0

0(x) = { (2.18)

0 :xz<0

Then we can write
As(t) = /Ot dty /Otl dta M (t1)H(t2) = /Ot dty /Ot dta0(ty — to)H(t)H(t2)
— ;/0 dt1/0 dto {0(t1 — to)H(t1)H(t2) + 0(te — t1)H(t2)H(t1)}

= ;/Ot dt; /Ot dtaH(t)H (L) {0(t1 — ta) + O(t2 — 1)}

1 [t t 1 t 2
= / dtl/ dtoH(t1)H(t2) = = </ dtl/H(tl)> 2.19)
2 Jo 0 2 \Jo

In the second line, we have added to the integral an identical term by exchanging the dummy variables
t1 <> to. In the third line, we used the assumption that [H(¢1), H(t2)] = 0 and in the fourth lines, we used
0(x) + 0(—z) = 1. The same analysis can be done for A, (t) leading to A4, (t) = 2 (fot dtl’;‘—[(tl))n if
[H(t),H(t")] = 0forallt,t.

2.1.1 Energy eigenkets

While the Dyson series represents the most general case for time-evolution, for most of our applications, we
will consider time-independent Hamiltonians where the time-evolution operator has the significantly simpler
form (2.12). For a time-independent Hamiltonian H, we can introduce the energy eigenkets

Hla) = E,la) (2.20)

If the eigenvalues are non-degenerate, we have a one-to-one corresponence between the label a and the
energy eigenvalues. For the degenerate case, we can follow the same procedure described last lecture where
we find a set of operators which commute with the Hamiltonian and use their eigenvalues to label the
eigenstates. In the following, I will assume the label a already combines all these eigenvalue labels such
that different a’s could correspond to the same energy eigenvalue. Energy eigenkets are stationary states for
the time evolution since they only change by a phase

e_%m\a) = e_%E“t|a> (2.21)
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For a more general state |u) = ) cqla), with ¢ = (a|u), we have
e_%m|u Ze th|a Yalu) = Ze hE“t|a Yalu) = an )|a), co(t) = cqe~ i Bat (2.22)

Thus, the change of a general state is not just by an overall phase but by the relative phase between the dif-
ferent basis vectors. Changing the relative phase produces physically distinct states. For example, the differ-
ence between |+ ) and |+ y) was in the relative phase between the basis vectors: |z+) = %(\z+> +|z—-))

whereas |z+4) = %(\z%—) + i|z—)). The time-evolution operator can be written in the energy eigenbasis as
o - Ze_%E“t|a> (al (2.23)
A simple example which illustrates the different aspects of the formalism above is that of spin precession.
Consider a spin 1/2 electron under the effect of magnetic field B. The Hamiltonian is given by
H=-~S-B (2.24)
where v = = . If we take B to be in the z-direction, the Hamiltonian takes the form

lelB
mc

H=wS,, w=v9B= (2.25)

Since H is proportional to S, they commute and the eigenkets of the Hamiltonian are given by | & z) which
we will denote for simplicity by

[+2) =11, |—2):=11) (2.26)

Both | 1) and | ) are stationary states since

) = eI ), e i) = e ) (227)
On the other hand, let us consider the state |+ z) = %ﬂ 1+ J)). Under time evolution, this state evolves
as

L —%wt th
T5eTE 1)+ €3 ) (2.28)

This state rotates in the x-y place as can be seen from the fact that the relative phase of the two terms takes
arbitrary values. We can see this more directly by computing the expectation values

|+ ait) = e i) ) =

(S2) = DA |+ B T+ D D3 1)+ e8] 1) = Deoswt (229
(5,0 = TR |+ e LD DO = | DD 3 1) +ei) 1) = Dsinwt 230)

Thus, the spin does precess in the z-y plane with frequency w.

An important property of time-evolution is that non-stationary states lose their memory of the initial state
after a certain characteristic time. This can be seen by considering the overlap between a non-stationary state
and its time-evolved version

C(t) = (ule™ T u) = Y |eq[2e7Eat (2.31)
a

Now let us say that the dominant contribution to the sum above comes from a set of eigenkets within a
certain energy interval (Eyg — AE, Ey + AFE) such that |c,|? is neglegible for E, outside this range. We can
then write

—e nEOtZ lca|2e”#2Fat AE, = E, — Ey (2.32)
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We notice that for ¢ < h/AFE , the phase factors are all close to one so the sum over a is close to 1
which means that the time-evolved state is close to the initial state. However, once ¢ is comparable to
h/AE, then the sum above contains many oscillating terms that cancel out leading to a very small value.
Thus, after a characteristic time ¢ ~ &, a non-stationary state loses its memory about where it started
!, This is sometimes called energy-time uncertainty principle. However, we should bear in mind that, due
to the asymmetry between position (which is an operator) and time (which is a parameter), the energy-
time uncertainty does not have the same meaning as the position momentum uncertainty relation which is a

precise statement about operator expectation values.

2.1.2 Schrodinger and Heisenberg pictures

So far, we have taken the point of view that the operators, such as the spin, are time-independent whereas
the states, represented by kets, change in time according to the time-evolution operator 2. However, the
states themselves are not directly observable in the quantum theory. The observables in the quantum the-
ory are overlaps of diffent kets («|3), operator eigenvalues, and operator expectation values («|A|3). The
first two are invariant under unitary transformations which means that they remain unchanged under uni-
tary evolution. This leaves operator expectation values which encode the information about time-evolution
through:

(o, t|A|B, t) = (alu(t)T AU(t)|B) (2.33)

Now notice that we will get the exact same result for operator expectation value if we assume that the
operators evolve in time according to A(t) = U(t)T AU(t) whereas the state kets are time-independent.
This yields a completely equivalent formulation of the theory that gives the same physical results. The
formulation we have discussed so far where states evolve in time is called the Schrodinger picture, whereas
the formulation where operators change in time is called the Heisenberg picture. The two are related by

AT =ut () ASu(t), | t) = U(t)|a™) (2.34)

where we assume the operators and states in both pictures are equal at ¢t = 0.
The time-evolution for operators in the Heisenberg picture can be derived from Eq. 2.8 via

ih%AH(t) - ih[%uT(t)]Asu(t) + uT(t)AS%U(t)] Ut () HE ASUGE) + U (6 ASHOU(D)]

= [A"(t), 1" ()] = [A" (), H] (2.35)

In the last equality, we assumed that the Hamiltonian in the Schrédinger picture does not depend explicitly
on time so that H (t) = UT (t)H5U(t) = H® = H. The equation of motion for operators in the Heisenberg
picture is called the Heisenberg equation of motion.

2.2 Harmonic oscillator

Last section, we have introduced the time-evolution operator whose generator was identified with the Hamil-
tonian operator. We saw how the time evolution operator can be used to understand how the states change in
time in the Schrodinger picture or how operators change in time in the Heisenberg picture. We also saw that
the eigenkets of the Hamiltonian, whose eigenvalues are the energies, play an important role in the theory,
being the stationary states that only change by a phase under time evolution.

"Note that if the sum over a contains only finitely many terms and the ratio of the oscillating frequencies are all rational, there
will be a time where the initial state is recovered. If the ratios are irrational, there will be times where C'(t) get very close to 1,
corresponding to rational approximants for the different oscillating terms. As the number of terms increase, the recurrence time
goes to infinity and the system loses its memory of the initial state

“Notice that this does not include explicit time-dependence of operators such as externally changing the Hamiltonian of a system
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2.2.1 Creation and annihilation operators

We are now ready to apply this formalism to one of the most central problems in the quantum theory: the
harmonic oscillator. In typical treatments of quantum mechanics, one introduces the Schrodinger equation
for the wavefunction in position representation, then proceeds to find its solution for several specific poten-
tials including the harmonic oscillators. We will present such treatment later. We will now instead present
a different algebraic approach to the harmonic oscillator, originally due to Dirac, that does not rely on the
position basis and instead relies on the commutation relations. The Hamiltonian for the one-dimensional
Harmonic oscillator is given by

]32 mwQ 2

= om ™
Here, m is the mass of the particle and w has units of inverse time or frequency. The crucial observation here
is that the Hamiltonian is a sum of two squares A2 + B2 so we can use the identity (A 4 iB)(A — iB) =
A% + B2 + i[B, A] to express it in terms of the commutator (A, B] and the non-Hermitian operators

D=A+iBand D' = A — iB. Identifying A = F and B = wi &, We can write

NP S o R N U
H = 2w[m,p]+(m+zwx\/;)(\/% zwx\/;)—hw[anrQ] (2.37)

where we defined the operators a' and a, called the creation and annihilation operators, as

_ s b N L
a oF (a:+ p) a 5T —(z p— D) (2.38)

The operators @ and a' satisfy the simple commutation relations

(2.36)

[a,a'] = = —(=20)[2,p] = —[2,p] =1 (2.39)

It is generally always a good idea to identify certain combinations of variables that appear together in a
problem and identify what these might mean. In the definition of the creation and annihilation operators for
the Harmonic oscillator, we see that & and p has to have the same units. Recall that p = hik Wthh means
that p has units of action divided by length ThlS means that we can define a length scale [ = - Then,

we have

1 12 1 12

a= ﬁ(@ + D), al = ﬁ(fc — i) (2.40)
This also makes it clear that a is dimensionless.

It is very useful to introduce the hermitian number operator N = ala. First, notice that the Hamiltonian
has the simple form # = hw|[N + 1] which means that [H, N] = 0. Thus, we can construct the energy eigen-
states by constructing the eigenstates of N which we will has a simple form due to the simple commutation
relation (2.39). First, note that for any state |u), the expectation value (u|N|u) = (u|ata|u) = |lau?.
This means that the eigenvalues of N are non-negative’. Thus, the energy expectation value satisfies

= (u|H|u) > thw.

Notice that the number operator N has simple commutation relations with the operators ¢ and af. We
can see this using the relation we proved in problem set one: ad4 BC := [A, BC] = (ad4B)C + BadC:

\ - _ Tg = — V. all= — Tq = gl
Y - a - ) ? - - M
[N, a] adga'a a [N,a'] adgia'a =a (2.41)

These relations should remind you of something. Recall the commutation relations for the translation oper-
ator with the position operator
Ty — ToZ = Ty, (2.42)

3This is true for any operator with the form A = > Dj D;.
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This relation meant that 7, acting on an eigenstate of & shifts its eigenvalue by a. To see how this relates to
the commutation relations above, we identify N with the position operator. We then see that the first relation
implies that, acting on an eigenstate of N, a lowers the eigenvalue by 1 whereas a' raises its eigenvalue by
1. Explicitly, we write

Nig) =dqla),  {(ald) = S (2.43)
Acting with Egs. 2.41 on |g), we get
N(alg)) = (¢ —1)(alg)),  N(a'lg)) = (¢ + 1)(al|q)) (2.44)
These relations mean that
alg) = Cylg—1),  d'lg) = Kylq+1) (2.45)

where C; and K, are constants. In the case of translations, we argued that we could choose the constant to

be one since T, is unitary: (z|Tj T,|x) = (z|z). This means we only needed to fix an overall phase that can
be chosen to be 1. Here, the situation is different since a is not a unitary operator a’a # 1. This implies that

Cql*(q — 1lg — 1) = (glatalg) = (g|N|g) = qldla),  |Cql = va (2.46)
where we used the normalization condition. Similarly, we find
Ko (a+ g+ 1) = (glaalq) = (g(N + 1)[g) = (¢ + )(gla),  |Kgl=+Va+1 (247

Choosing the phase of Cj; and K to be 1, we get

alg) =valg—1),  d'lg) =g+ 1]g+1) (2.48)

So far, we only know that the spectrum of N is non-negative but we do not know whether it is continuous
or discrete. To see that it should be the latter, we notice that we can iterate Eq. 2.48 to lower the eigenvalue
q by any integer

a"lg) = q(a—1)(¢—2)...(g—n+1)|g—n) (2.49)

If g can take any value, then we can choose a large enough n such that ¢ — n is negative contradicting the
non-negativity of the spectrum we just established. The only resolution is that for ¢ < 1, a|g) = 0. This
implies that for ¢ < 1, N|q> = qlg¢) = a'alg) = 0 which implies that the only valid ¢ < 1is ¢ = 0.
Applying the raising operator o', we see that the spectrum of N is given by non-negative integers n. > 0

1) = (“T)n\m al0) =0 (2.50)

al
) = e o

Thus, we can find the full spectrum of N once we know |0). The explicit form of |0) in the position
representation can be obtained by writing

1 1
al0) —aZrm ﬂ(mfp Zr:r Yo (@ m;|$>($+l23x)¢o($) (2.51)

To satisfy a|0) = 0, we need
(z 4+ 120,)¢o(x) =0 (2.52)

which implies ¢ (x) = Ce™ 2% for some constant C' which is fixed by the normalization to be C' =

1
N
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2.2.2 Coherent states

We have some far discussed many operators. This includes hermitian operators such that the position z,
momentum p, and Hamiltonian H operators. These operators have real spectrum and eigenstates which
form a complete orthonormal basis. We have also encountered unitary operators such as translation and time-
evolution which can be written as the exponentials of Hermitian generators and thus also have a complete set
of orthonormal basis. How about the creation and annihilation operators? It turns out that their eigenstates
have very interesting properties that differ significantly from what we discussed so far.

First, let us focus our attention to eigenkets. The eigenbras of a (a') are simply the duals of the eigenkets
of al (a). The first thing to notice is that a' has no eigenkets. We can see this by expanding a general ket
into the |n) eigenbasis:

) = un|n) (2.53)
n=0

Now denote the smallest integer n such that u,, is non-zero by Npin. This means that (Nyin|u) = un, . #
0. On the other hand,

o0
(Nminla[u) = )~ unv/n + I(Nipin|n + 1) = 0 (2.54)
n=Nmin

Thus, it is impossible to satisfy the relation a'|u) = A|u) for A # 0 i.e. a' has no non-zero eigenkets. It
is also impossible to have af|u) = 0 since this implies 0 = (u|aat|u) = (u|N|u) 4 1 which is impossible
since (u|N|u) > 0. Visually, we can understand the absence of eigenkets of a' by visualizing the states |1)
as a semi-infinite lattice starting at zero and extending to 4-oo to the right. Acting with a' shifts any state to
the right by one site which can never leave any state invariant.

On the other hand, this picture suggests it is plausible that a has some non-trivial eigenkets. To find
these, we write

o) = anln) (2.55)
n=0

Substituting in the eigenvalue equation a|a) = «o|a), we get
[ee] oo oo
ala) = Z apy/nln —1) = Z ap+1vVn + 1jn) = aZanm) (2.56)
n=1 n=0 n=0

Taking the inner product of both sides with (n|, we get the relation

Qpi1 = Q \/% (2.57)
which we can iterate to get
oy = j%ao (2.58)
Using |n) = (% |0), we get
o) = ag i (O‘Z:)n 10) = e |0) = ape®® e="2|0) (2.59)
n=0 '

In the last equality, we used the fact that a|0) = 0 so €”¢|0) = |0) for any 3. To compute the normalization,
we write

(ala) = |ag[2(0)e—' e agaa’ e=a"a)gy = 1 (2.60)



2.2. HARMONIC OSCILLATOR 31

To simplify the last equation, let us recall the Baker-Campbell-Hausdorff (BCH) formula

_ 1
eABeA — AR eadA _ Z madz (2.61)

n

The relation above also implies
4Bt = eABe AeABe™ 4 .. = (e2B)",  —  eMaf(B) = f(e*4B) (2.62)
Using the BCH formula, we write

* T * t a*adg 1 t 2 t t 2
et agaal —ata _ pa adaeaa — Q€ “al _ jaa +lal?adea’ _ Q@ + || (2.63)

This implies the relation
e—aaT ea*aeaaTe—a*a - 6|O“2 (2.64)

Substituting in (2.60), we get
g2 =1, = |ag| = e 21" (2.65)
which gives the normalized coherent states

o) = e alol gaal gmate

0) (2.66)

We see that unlike the operator N whose eigenvalues were discrete and real, the eigenvalues of a, given «
span all the complex numbers. Thus a has complex and continuous spectrum. Another property of the states
|cr) that makes them very distinct from the eigenkets of hermitian operators is that they are not orthogonal.
Instead, they satisfy

(|B) = e~ 3P HB | acaa’ jgy = ¢~ 31l +5) (g acaa’ =07 g)

1

= e_%(\a|2+\ﬂ|2—2045*)<0|€aaT‘0> — g3l +1B~2a8%) (2.67)

In the last equality, we used the relation (0] = (|0))T = (e*"¢|0))T = (O\BQ“T. Although the coherent states
are not orthogonal, they still form a complete basis in the sense that any state can be expanded in terms of
them i.e. we can write a resolution of unity in terms of coherent states:

ath)n a)™ 2
i/d2a|a><a| :Z( ) |0><0|( ), /d2ae_o‘| o (a*)™ (2.68)

n! m!

n,m

Here, we define the integration measure d?>a = dao, doy; where vy, and «; are the real and imaginary parts of
. The integral over o can be evaluated by going to polar coordinates o = 7e*®

o] 27 )
/dQOze_laQa”(oz*)m :/ TdT’/ depr™Tmeln=mde=r* — N0 m (2.69)
0 0

Substituting in (2.68) gives

ah)m a)”
* [ @alajtal = > @ ool - Sintal =1 2.70)

A basis that is complete (satisfies resolution of identity) but not orthogonal is called overcomplete. The
coherent states had to be overcomplete by state counting since they are labelled by a continuous parameter
a while at the same time spanning the same space as |n) which are labelled by a discrete parameter. The
coherent states play a crucial role in the development of path integrals as we will see later. They replace a
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complete discrete set of states describing the system by an overcomplete continuous set of states. Since they
are labelled by a continuous parameter, they are the states that mostly resemble classical states and appear
prominently in path integral approaches to quantum mechanics and semiclassical approximations as we will
see later.

Another property of the coherent states is that they are minimum uncertainty states. This is compatible
with their interpretation as the most classical states. In fact, below we will show a stronger statement: a
state |«) is a minimum uncertainty state in & and p if and only if there exists an a such that a|a) = «|a) or
alternatively a|a)) = 0. To prove this statement, we need to recall a few important steps in the proof for the
uncertainty relation. The first step was writing |u) = (£ — (z))|w) and |v) = (p — (p))|w) and using the
Cauchy-Schwarz inequality

lul®[ol® > [{ulv)[? (2.71)

which is saturated if and only if |u) = A|v) for some A #. This means that

l2
Az|uy = AMAp|u) = nﬁAp\w (2.72)

Here we have introduced the dimensionless parameter 7 which we can choose such that |n| = 1 and the
parameter [ with units of length. Assuming the inequality is saturated, we have

[(Az)P|{Ap)* = [(AzAp)|* = i|<[$,p]>|2 + %K{A%AP}HQ (2.73)

To satisfy the minimum uncertainty |(Az)||(Ap)| = 5, we need ({Ax, Ap}) = 0. Using Eq. 2.72, we find

2
0 = (AzAp + ApAzx) = %Re[n] ((Ap)?) (2.74)

C . 2 L2
which implies = =+i . Thus a+|u) = a|u) where o = ﬁ((x} + z%(p)) and ay = ﬁ(az + z%p).

However, only the + solution is valid since [a4, al] = £1 which means that a is an annihilation operator
whereas a_ is a creation operator which does not have any eigenfunctions.

2.2.3 Time dynamics of the harmonic oscillator

One final aspect we want to study for the Harmonic oscillator is the time dynamics. This illustrates the
formalism we introduced last week. In particular, it demonstrates the usefulness of the Heisenberg picture
which allows us directly to evaluate the time dependence of the variables x and p whose physical meaning
is transpart instead of the less physically transparent eigenkets |n). The easiest way to evaluate the time
dependence of & and p in the Heisenberg picture is to write them in terms of the creation and annihilation
operators by inverting Eq. 3 from last lecture:

l h

The Heisenberg equation of motion for ¢ and a' has a particularly simple form

=

da 1 A dat 1 .
o ih[a’ H] iwla, N] iwa, p” ih[a M) iwla', N| = iwa (2.76)

The solution to these equations is

a(t) = a(0)e"®  a(t)! = a(0)Te™ (2.77)

“To see this note that 1z || [[v]|*[w) — (ulv) [v)[|* = [Jull*Jv]|* — [{ulv)|*
>This implication holds unless |u) is a momentum eigenstate. If that is the case, we can do the same argument replacing Ap
with Az
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Substituting in (2.75) yields

. ! . . 12 .
z(t) = \ﬁ[(a(()) + a(0)") coswt + i(a(0)" — a(0)) sinwt] = z(0) cos wt + Ep(O) sin wt (2.78)
p(t) = —gz(O) sinwt + p(0) cos wt (2.79)

These are the same as the equations for the classical phase space trajectory of the classical harmonic oscil-
lator where the position and momentum variables oscillate out of phase.
It is instructive to evaluate (t) directly by acting with the time evolution operator z(t) = U (t)Tz(0)U(t):

2(t) = entize n Mt (2.80)
Thus, we can write _
i(t) = entadng (2.81)
We now use
1 h
ady® = ;—adpi = —i—p (2.82)
2m m
h hew?
ad%, @ = —i—adyp = —iTadizﬁ = h2w?% (2.83)
m

From the second equation we see that ad%{ on & by multiplying by (hw)?. This means that

h
addfd = (hw)™ &,  ad}™'d = (hw)™ adyd = —i— (hw)™" p (2.84)
m

Substituting in (2.81), we get
) 1 fit\" . 1 fit\* . 1 "

-1)! 1 —1)! 1
= i“zl: (=) (wt)? + ﬁzl: (2(l+)1)' (wt)?* = & coswt + %ﬁ sin wt (2.85)

2.3 Wave mechanics

Although the more abstract approach we used for the harmonic oscillator has many advantages, it is not
generalizable for more general potentials where there is not simple algebraic structure that allows us to
solve the problem without specifying a basis. In particular, for the problem of a particle subject to a general
potential V which is diagonal in position space and depends only on position (z/|V|z) = 6(x — ')V (z),
it is convenient to work explicitly in the position basis. Starting from the general Schrédinger equation for
state kets, we can write

d P -
x| — |, t) = (x| =— t 2.86
inte] 1.0y = el 2+ V1 .56)
Recall that the position basis |z) is defined via Z|r) = x|z). Since operators are time-independent in

the Schrédinger picture, the basis kets |z) are also time-independent. Thus, (z|£[,t) = £ (x|, t) =
4ap(z,t). We can also simplify the action of j and V using (z|p = ih-L (x| and (z|V = V(x)(x| leading
to the celebrated time-dependent Schrodinger wave equation

n? d?

—%@ + V(m) 1/1(93, t) (2.87)

ih%d)(m,t) =
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We note that in many approaches introducing quantum mechanics, the Schrédinger wave equation is intro-
duced as the fundamental object. However, in our approach it appears as a special case for the more general
basis-independent Schrodinger equation for the time evolution operator.

For a stationary state with ¢ (x, t) = ¢ (z)e” 7
tion

, we get the time-independent Schrédinger wave equa-

n? d?
In most cases, the potential V() is taken to grow at infinity, e.g. for the harmonic oscillator V' (x) ~ 2.
This serves to confine the particle in a finite region. For F < lim, .1 V(x), we have the condition
lim, o0 ¥(x) = 0. This boundary condition leads to the quantization of energy eigenvalues E similar to
the case of a vibrating string. In the next lecture, we will discuss cases where this assumption does not hold

leading to a continuous rather than discrete spectrum.

2.3.1 Harmonic Oscillator in wave mechanics

Let us now revisit the harmonic oscillator from the point of view of wave mechanics. In the context of a
particle in a potential V' (z), the harmonic oscillator plays a fundamental role since the expansion of the
potential around any local minimum has the form V' (z) = Vo + V" (xo)(z — z9)?. Thus, the harmonic
oscillator forms the basis of approximating the solution to any potential close to its minima. The time-
independent Schrodinger equation for the harmonic oscillator has the form

-+ 1mw x| Y(z) = Ev(x) (2.89)

First, we notice that for every solution of this equation v(z), 1)(—x) is also a solution. This arises from the
inversion or parity symmetry of the potential V' (z) = V(—z). Note that this does not imply the spectrum
is doubly degenerate since 1)(—x) may be proportional to ¢(z). If that is the case, then we have ¢ (—z) =
Ap(x) which implies ¥(x) = \p(—z) = A\%¢(x) yielding A = £1. In fact, from the algebraic treatment,
we saw that the eigenstates of the harmonic oscillator were labelled by an integer |n) with eigenvalues
huww(n + 1/2) which means that the spectrum is non-degenerate. In the next lecture, we will show that this is
a general property of the discrete spectrum of the Schrodinger equation in one dimension.

Whether the eigenfunctions are degenerate or not, the fact that ¢)(x) and ¢)(—x) are eigenfunctions of
the same energy, means we can form the linear combinations

Yule) = 5 (0(2) £ ¥(~)) 2.90)

which satisfy ¢4 (—x) = £ (x). This means we can solve the Schrodinger equation once for even parity
states ¢4 (—z) = 14 (x) and once for odd parity states ¢)_(—z) = —_(x). This usually simplifies the
solution.

Second, we can again define [ = \/% and introduce the dimensionless quantities

T 2F
r=o €= (2.91)
Eq. 2.89 then simplifies to
'(r) + e —r*Y(r) =0 (2.92)

. : _1
In the limit » — oo for fixed €, we can ignore the term ey(r) and find ¢(r) ~ r"e 2, where the ~
sign here indicates that we are keeping only the leading power of 7 in the pre-exponent. This motivates the
ansatz

W(r) = fr)e " (2.93)
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Substituting in (2.92), we get
f"(r)y =2rf + X\f =0, A=e—1 (2.94)

To solve this equation, we write a power series in . We can separately consider solutions of even or odd
parity. For even parity, we have

=3 far® (2.95)

Substituting in (2.94) and matching the coefficients for each power of r, we get

4n — X
(2n +1)(2n +2) I (2.96)

fnJrl =

If the series does not terminate, we see that f () behaves as e for large r since % = % This would
lead to a non-normalizable state. Thus, we conclude that the series has to terminate which is only possible
if A\ = 4n for some n. This leads to the energy

e=4dn+1=22n)+1, = E=mw(2n+1/2) (2.97)
A similar analysis for the odd parity gives A = 4n + 2 leading to the energies
e=4n+3, = E=mw2n+1+1/2) (2.98)

These are the same eigenvalues we obtained from the algebraic solution with even n corresponding to even
parity states and odd n corresponding to odd parity states. This is something we could have guessed from the
form |n) = %|O> by noticing that |0) was a simple Gaussian and thus have even parity. (x|0) = (—z|0)
and also noting that the action of the creation operator a' flips parity since it is odd in both & and p. We can
combine both results by writing A = 2n for some integer n.

We can construct the wavefunctions explicitly from the series solution, but there is a more clever way.
Let us denote the unnormalized eigenfunction corresponding to the eigenvalue A = 2n by H,(r) and
consider the series

o0 tn
glrit) =Y —Hn(r) (2.99)
n=0
Such function is called the generating function for the series H, ( ). First, we can choose the normalization
of H,, such that Hy,(0) = (— 1)”(2n) which gives g(0,t) = e~"". We now notice that

d? d .
[d 5 2rd} = —2Zn H 2tg(r.t) (2.100)

It is easy to see that this equation with the boundary condition g(0,t) = e~ is solved by choosing g(r,t) =
e~ +2rt_The functions H,,(r) which are called the Hermite polynomials can be extracted from g(r, t) via

ar d" —(t—r nr d" -
29 )l=0 = dTneTQ =2 g = (=1)"e" e 2.101)

The final normalized wavefunctions have the form

H,(r)=

Un(r) = CpHy(r)e 2 =Che” 2 —e =0 (2.102)

The normalization can be evaluated using

d™  _p_ye —r242r(t+t’) _ dr dm o2t m m _ on
m d =2 " =2"nl\/ménm
/ Vr (1) m(r) = dt" t’me /7“6 ﬁdt”dt’m \thn nly/m
(2.103)
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2.3.2 Free particle in 3D

In the previous lecture, we considered the case of harmonic oscillator where the potential grows quadratically
at infinity giving rise to a discrete spectrum of states that decay as Gaussians at larger distances. We will
now consider a different case where the spectrum and wavefunctions have a very different character.

Consider the case of a free particle in 3D where V() = 0. We can solve the time-independent
Schrodinger equation in two ways. First, we can use the separation of variables ansatz ¢ (z,y,z2) =
Yy (2)1Py(y)12(2) and introduce the variables k., . such that £ = %(k% + k; + k2) (notice that at this
point, we do not assume k, , . are real). Then, we find that we can solve the Schrddinger equation using
separation of variables by dividing both sides by ¥ (x, y, z)

1 du(z) 2} [ 1 dy(y) ] { 1 d*s(2)
+ K2+ A +k2 =0 (2.104)
Ve(x)  dx? v Py(y)  dy? y V. (2) dz2? i

This leads to the solution ¥ (z, y, 2) = Ceilkarthyyth:2) where k4.y,- has to be real otherwise, 1) will blow
up in some direction at co. We notice that there are at least six degenerate solutions corresponding to +k,,

+k, and k.. This can be incorporated by assuming %, , . can take positive or negative real values. Note

that, we could have found the eigenstates by just noting that the Hamiltonian only depends on p = hik, thus
its eigenstates are the momentum or wavevector eigenstates |k) introduced in Lecture 4. We have seen that
|k) are related to the |x) by Fourier transform

d*x .
|k>:o/(2w)2ak ) (2.105)

which implies ‘
Yp(x) = Clz|k) = Cetk® (2.106)

To normalize the wavefunctions, we need to put the system in a box of dimensions L, x L, X L. and
impose periodic boundary conditions v(z; + L) = (x;). This leads to the quantization of k., . via
. 21 n;

7 — bl 21
k L, (2.107)

The normalization can then be computed as C' = L . The energy eigenvalues are

/LaoLyL

B 27m2h? [ni nZ  p2

7+7y+7z

L2 Lf, L2 (2.108)

m

Notice that unlike the case of the Harmonic oscillator, the eigenfunctions v () do not decay at infinity
in the limit L; — oo. In addition, the spectrum becomes contineous in this limit such that any energy
window A FE around a positive energy F contains infinitely many states.

2.3.3 Square well

We have seen two distinct behaviors in the two examples we considered. For the free particle, we had
a continuous spectrum with the corresponding wavefunctions being extended states that do not decay at
infinity and are only normalizable by placing the system in a big box. For the harmonic oscillator, we had a
discrete spectrum associated with wavefunctions that are bound (or localized) states which decay at infinity.
The distinction between the two cases lie in the asymptotic behavior of the potential at infinity with the
former case approaching a constant whereas the latter growing at infinity. We will now consider the case of
the square well potential which, as we will see, has both extended and bound states.

The potential is given by
0 : >
V(z) = 2] > a (2.109)
Vo x| <a
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where Vy > 0. First, note that in general the energy expectation value of any state can never be smaller than
the minimum value of the potential since

P’ -
W) = (W10 + IV ) 2 [ dalp@PV () 2 Voin [ dalwla)f = Vi 2110)

Here, we used the fact that p is a Hermitian operator whose eigenvalues are real which means that its square
has non-negative eigenvalues and as a result a non-negative expectation value in any state. For the square
well potential, this implies £ > —Vj.

Second, notice that although the potential is discontinuous, both ¢) and ¢’ are continuous as long as V'
is finite. To see this, consider the vicinity of the discontinuity point at x = a and integrate the Schrodinger
equation between x = a — € and x = a + €. Then we get

h2 a-+e h2 ate 50
T e @) = = e+ &) = (a— )] = / delE—V]v) =20 @111
2m a—e 2m a—e
Thus, 1)’ is continuous which implies 1) is continuous. Notice that this argument implies that ¢/’ would be
discontinuous if the potential is infinite, as in the case of a § potential.

Thus, the strategy to solve the Schrodinger equation in the potential V' is to write the solution in each
region and match at the point x = +a. We will focus on the case of —V < E < 0. The case of £ > 0
yields extended states and will be discussed in detail in the section. First, let us recall the discussion of the
parity symmetry from last lecture. Since the potential has the symmetry V (—z) = V (z), the wavefunctions
can be taken to be even or odd under parity. This means that we can focus on z > 0 and do the matching
only at = a. For x > a, the Schrodinger equation takes the simple form ¢" = k21 where & is the

real parameter defined as Kk = {/ — QZEE (recall E < 0). The general solution in this region is then ¥~ =
Ae " 4+ Be™*  The requirement that the wavefunction decays at x — oo implies that B = 0. For

x < a, the Schrodinger equation takes the form ¢ = —k?y where k = % whose general solution

is Y. = Ccoskx + D sin kx. For even parity, we should select D = 0 whereas for odd parity, we have
C = 0. Let us first consider even parity. The matching conditions ¢« (a) = ¢ (a) and ¥’ (a) = ¥ (a)
implies

Acoska = Ce "¢, Aksinka = Cre™ " (2.112)

which lead to the condition
ktanka = k (2.113)

Note that x and k are not independent but are both defined in terms of £ leading to the condition

hQ h2
E:—%HQ:%W—VO (2.114)
which implies that k£ and & lie on a circle
2mV;
24 k2 = ’ZQ 0 (2.115)

The two equations (2.113) and (2.115) can be solved numerically to obtain the spectrum. To simplify
the solution, we notice that both £ and « has units of inverse length, so we can define the dimensionless
parameters k' = ka and ' = ka, leading to

E? + k? = )2, K tank’ = K’ (2.116)

. . . 2 .
We see that the solution depends only on the dimensionless parameter \> = 2”%0“ Plotting <’ =

VAZ — k2 and k' = ktank on the same plot, we can identify the intersection of the two curves with
solutions to these equations. We see that for A < 7, this equation has only one solution. For m < A < 2, it
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Even Parity QOdd Parity

10 I 10 I |

Figure 2.1: Illustration of the graphical solution for the equations (2.116) for even parity (left) and odd parity
(right) for A\ = 4.

has two solutions and in general we find n + 1 even parity solutions for nm < A < (n + 1)7. We can do the
same for odd parity solutions. The final equations are similar to (2.116) with the second equation replaced
by k' cot k' = —k. We can clearly see that the energy eigenvalues alternate between even and odd parity
with the lowest one (the ground state) having even parity.

We notice we have more bound state as the potential well becomes deeper or wider as we may intuitively
expect. However, we always have at least one state no matter how narrow or shallow the potential is. In
particular, we can consider the limit of a § potential which corresponds to taking V) = vg/a and @ — 0. In
this limit, we have A> c a — 0. Thus, we always have a single bound state no matter how large vy is.

2.3.4 Properties of bound states

The bound states we found for the square well and the harmonic oscillator seemed to have several features
in common. In both cases, we could use the parity eigenvalues to classify the eigenfunctions. We found that
the eigenfunctions had alternating parity when ordered by energy with the lowest eigenfunction having even
parity. Also, all boundstate eigenvalues were non-degenerate. It turns out many of these are general features

as we will show now.
First, we will show that bound states are non-degenerate i.e. if two eigenfunctions ¢ and ¢ correspond

to the same eigenvalue £/, then they are proportional ¢ = Ay which means that they describe the same state.
To see this, let us consider the following quantity

W (z) = ¢p(x)y'(x) — ¢'(x)¢(x) (2.117)

This quantity is called the Wronskian and it plays an important role in the theory of second order differential
equations. Assuming ¢ and ¢ are eigenfunctions with the same eigenvalue, we find

W (@) = ¢(x)y" (z) — ¢" (@) (x) = —%[(E = V)o(@)p(x) — (B = V)p(z)o(z)] =0 (2.118)

This means that the Wronksian is a constant. Since ¢ and v describe bound states, they vanish at infinity,
which implies W also vanishes at infinity, but since it is a constant, it has to be zero everywhere. Thus,

o(x)  P(x)’ dzx
(2.119)

which means that ¢ and v describe the same state. Notice that our proof relies crucially on the vanishing of
the states at infinity. For extended plane wave states, this does not hold as we have seen for the free particle

which has two degenerate eigenstates e <%,

Pz) v o) = L) = o) =) +C = olx) = ()
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A consequence of the result above is that the bound state eigenfunctions can be chosen to be real. To
see this, notice that whenever () is an energy eigenstate 1)*(z) is also an eigenstate. The above argument
then implies that 1/*(z) = eX1)(z) for some real phase y. However, since the phase of 1) is arbitrary, we
can define ¢ = ¢™/24) such that )* = ).

Another important property of the bound states in one dimension is that it does not have any zeros. To
see this, assume that ¢)(z) has some zeros. Let us write the energy expectation value

2
B = i) = [ o {~ v v @) + Violu)k]

- [a{ e v} @.120)

Here, we have integrated by parts and used the fact that ¢ vanishes at infinity. As we discussed above,
we can assume 1 to be real. Now notice that if we replace ¥ (x) by |¢(x)|, the potential energy term is
unchanged. The kinetic energy term is also unchanged apart away the zeros. At the zeros of |¢)(x)[, the
derivative % |1(x)| has a kink (rather than a divergence) and thus does not contribute the integral since the
zeros form a set of measure 0. Thus, |1)| have the same energy expectation value as 1. Now replace || by
a constant in the vicinity of each zero. For example, let us consider for simplicity the case of a single zero

at x = 0. Then consider the state
[p(e)]  : x| <e

where C'is a normalization constant. Intuitively, 1) removes the zero in |1)| by smoothing its value around
the zero. The replacement |t)(z)| — () changes the kinetic energy and the potential energy around zero
as well as the overall normalization. Let us first consider the normalization. Assume 1) was normalized and
assume () =~ cx close to 0. Then we can write

2 2
L=Tysc+2lcfe, = Ise= / dzlyp(x)]? =1 — Z|c*e (2.122)
3 |z|>e 3

The normalization constant C' is then given by

1 1 1 2
— - = ~1— e (2.123)
V0aise +1e2€ [ do 1= 2ie2e 1202 (/14 fef2e? 3

The change in kinetic energy is

C

2m ~ €
S Bhin (1) = By (1)) = (IC)> - 1) /l dx|y'|? — |c|2/ dx ~ —2|c|%e (2.124)
T|>€ —€
The potential energy difference is
~ 4
Epot(¥) — Epot () = (IC]* = 1) /I ‘ daV (@) (@) + 3le[*€*V (0) ~ O(¢”) (2.125)
x|>€

Thus, the change ¢ — 1/; always reduces the energy which means that ¢) could not have been the ground
state.

For excited state, we can generally have zeros of the wavefunction. However, there are still restrictions
about these zeros. First, it is not possible for any wavefunction to have a double zero since ¥(0) = ¢'(0) = 0
implies ¢”(0) = ¢""(0) = --- = 0 which means that ¢)(x) = 0 for all z. Second, it turns out that the n-th
excited state has exactly n zeros. We will not show this proof in detail, but one way to convince yourself
this is true is by considering the Wronksian between the first excited state and the ground state

Wio(z) = ¥ (x)vo(z) — 1 (z)vp(z) (2.126)
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Vo

—a a

Figure 2.2: Schematic illustration of the double well potential with minima at z = +a

Its derivative is
Wio(z) < —(Ey — Eo)¢1 () () (2.127)

Since both vy and 1; vanish at infinity, W3¢ should vanish at z = 4-co. But since ¢y (z) does not change
sign (it has no zeroes), 11 (=) has to change sign at least ones. Otherwise, the derivative of Wiy does not
change sign so Wy is always increasing or decreasing which is inconsistent with it vanishing at infinity.
This argument tells us that 1)1 has at least one zero. From the discussion above, it makes sense that we
would like to have as few zeros as possible to minimize the energy, so that ¢); has one zero, 12 has two
zeros, etc.

2.3.5 Double well potential

One final example we would like to discuss is that of a double well potential shown in Fig. 2.2. Although
this potential does not have a simple analytical solution, it helps illustrate several important concepts. First,
we note that if we are interested in energies smaller than the barrier Vj, we can expand the potential around
one of the minima Vg(z) = 1V”(a)(z — a)? This yields a harmonic oscillator whose center is shifted
to x = a. As a result, we expect the low energy eigenstates of a harmonic oscillator centered at x = a
to provide a good approximation for the low energy eigenstates of the square well potential. We can also
do the same in the left well. Although these solutions will approach the actual eigenstates of the system
as the two wells get more separated, for any finite separation these cannot be exact eigenstates. Otherwise,
we will get a double degeneracy of the eigenstates which we have shown is impossible. Furthermore, the
eigenstates localized within the left/right well are not invariant under parity although the potential is parity
symmetric V' (—z) = V(x). Thus a natural ansatz for the approximate eigenstates of the double well is to
take the 4 linear combinations of the state from the two double well. In particular, the lowest two energy
eigenfunctions can be approximated as vy + (x) = o, 1(x) £ 1o r(x). Since 1 1,(0) = 10,r(0), Yo, has a
zero at x = 0 so it cannot be the ground state. Thus, 1)y  is a good approximation for the ground state. The
energy splitting between the two states is proportional to the matrix elements AE ~ (g 1,|H |10 r) Which
is exponentially small. This can be seen from the fact that the overlap of 1o ;, and g r is exponentially
small in a .

This leads to a very interesting consequence. If we start with a particle localized in one of the wells,
whose energy is significantly lower that the barrier, there is a finite probability of finding the particle in the
other well after some time. This is because g 1, and v g are not stationary states. For a particle whose

initial state [¢)(t = 0)) = |¢ho,r.) = 5 (|1h4) + |[—)) with E4 = Ey + AE, the time evolution gives

i 1 . 7 Bot i i
[B(6)) = P (0) = Ser M (ls) + [¥o) = 5 (AP + e AP YY) (2.128)

8To see this, notice that the shifted ground states of the harmonic oscillator are just the coherent states we discussed earlier. The

. . . . _ 2
overlap between the left and right eigenfunctions is (a| — a) = e~ 2*
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Thus, after a time ¢ ~ ThE an initial particle at 1)y 7, will have a sizable overlap with g r i.e. will have a
high probability of being in the right well. This is a reflection of the energy time uncertainty.

2.4 Path integrals

So far, we have employed the so-called operator formalism of the quantum theory centered on operators
acting on vectors on a Hilbert space. One feature of the operator formalism of the quantum theory, which
you can see either as a feature or as a bug, is that it is in some sense maximally different from the classical
theory and it is generally hard to take the classical limit. In problem set 3, we have discussed Ehrenfest
theory which showed that the expectation values of quantum operators satisfy the classical equations of
motion, but there was no simple way to take the classical limit by taking some parameter (this parameter
turns out to be /) to zero and reproducing classical mechanics ’

I would also like to emphasize that although we tried to motivate several elements of the formalism
we introduced, we have not really ‘derived’ any of the fundamental laws. Instead, we used some minimal
experimentally motivated assumptions to postulate the formalism and derive its consequences. Today I will
discuss another formulation of the quantum theory that can be similarly motivated using some minimal
experimentally motivated assumptions. Although this formulation is equivalent to the operator formalism, it
connects more naturally to the classical limit and is thus very convenient for semiclassical approximations.

2.4.1 Introducing path integrals

Similar to how we used the Stern-Gerlach experiment to motivate the Hilbert space or operator formulation
of the quantum theory, I will now use a simple experiment to motivate the path integral formulation. I would
like to think again of having a 19th century physicist teleported to the present day and showing them this
one experiment and trying to use it to deduce the formalism of the quantum theory. That experiment is the
double slit experiment we considered earlier. In the double slit experiment (see Fig. 2.3a), we found that
the wave-like interference pattern on the wall can only be understood by summing together two wavelike
contributions coming from the two slits. The intensity measured on the screen is itself independent on
the overall phase of the wave but it depends strongly on the relative phase of the waves coming from the
two slits leading to constructive (destructive) interference when the waves are in-phase (out-of-phase). To
describe this interference phenomenon, it is known from classical waves that it is very convenient to use
complex numbers. So we assign a complex number to each of the two paths the electron can go through.
This complex number is nothing but the probability amplitude we discussed earlier. The final intensity on
the screen, or the probability of a particle hitting the screen, is given by summing these complex number
from the two different parths then taking the absolute value squared. Now since the probability is the square
of the amplitude, it follows that the amplitude for the composition of two events, e.g. a particle travelling
from A to B and then B to C'is the product of the amplitudes of the two events. We will see now how using
these two assumption plus a third assumption motivated from the correspondence to classical physics will
be all we need to write the path integral formulation.

Let us first see what these assumptions lead us when we consider more complicated variants of the
double slit experiment (similar to what we did with the Stern-Gerlach device). First, let us consider adding
a third hole to the screen, then clearly we are adding three amplitudes for the particle to go through any
of the three holes as shown in Fig. 2.3b. Generization to n-holes is straightforward, we have to add the
ampltiudes from all the holes. Next let us consider adding another screen with a bunch of holes. Then
the rules above tell us that the total amplitude is obtained by summing the amplitude of the electron going
through every pair of holes from the first and second screens with every amplitude formed as the product
of the amplitude of going from the screen to the first hole, from the first hole to the second hole, then from
the second hold to the detector. This is pictorially illustrated in Fig. 2.3c. Since a screen with infinitely
many holes is just equivalent to removing the screen altogether, in the limit of infinitely many screens with

"Compare this to special relativity which reproduces Newtonian mechanics in the limit ¢ — oo.
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Figure 2.3: Schematic illustration of the (a) double slit experiment, (b) a similar setup where the screen
has three holes allowing for three distinct trajectories, (c) a cascaded setup with two screens with different
number of holes (d) the path integral limit of infinite number of screens with infinite number of holes

infinitely many holes, we basically end up with a sum over all possible paths/trajectories to go from the
source to the detector (See Fig. 2.3d). The amplitude for every path is obtained by breaking up the path into
small pieces and taking the product of these pieces.

Let us introduce some notation to facilitate discussing these amplitudes. We denote the probability
amplitude of a particle to travel from a point z; at time ¢; to a point xy at time ¢ by (x,t¢|x;, ¢;). Our
discussion above is equivalent to the statement that we break up the time interval 7' = ¢y — ¢; into N — oo
intervals with width At = L. Denoting ¢, = t; + n/At such that ty = t; and ty = ¢ ¢ we can write the
probability amplitude (x¢,t¢|x;,t;) as

(xp,tlagt) = /dﬂﬁl codey_i(xp,tplan_1,tNn_1)(@N—1, tN—1|TN—2, tN—2) - ..
X <.732,t2‘$1,t1><x1,t1‘l’i,ti> (2.129)

We have now reduced the problem of calculating the probability amplitude over a finite time interval 7" to
that of an infinitesmal time-interval (', t+ At |z, t). The latter should satisfy the condition that it approaches
a delta function 0(x — 2’) as At approaches 0. We can also assume it only depends on the interval At but
not the absolute time ¢. This alone is not sufficient to fix its form and we need additional assumption. If
we are deriving the path integral from the operator formalism, we can simply write (z/,t + At|z,t) =

(a ]e_%HAt|x> and evaluate this expression. We will discuss this later. Instead, we will now try to guess
the answer based on some physical assumptions similar to what a 19th century physicist not exposed to

22

Le_i, a

quantum mechanics will do. Using the representation of the delta function 6(z) = lime 04/ 5.

reasonable ansatz for (z', t + At|z,t) is

m(:tc—ac/)2

M ™SR (14 f (2) At +O((A1)?)] ~

9rhALC

am
e
2mhAt

«

m(z—z)?
(!t At|z, 1) = FPSa @A (g 130)

Here, we have included the factors & and m to make the factor in the exponential dimensionless as it should
be and we included the dimensionless parameter . The function F' will in principle depend on x and z’ but
the exponential factor forces x and z’ to be close such that ' — z ~ v/At so we can effectively replace z’
to z if we do not care about higher order terms in At. Substituting in (2.130), we get the expression

:E(tf)zwf

(xg,tflwisti) =/

x(ti ) =x;

N—-1N-1

Da(t) en Jo a5+ ()] Dz (t) = ( QO;:Zt) H dr, (2.131)
7'['

n=1

where we defined % (t) = %W. This expression has the form of an infinite-dimensional integral over

all paths. It turns out that to get a unitary theory we have to choose « to be imaginary and F'(z) to be real.
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This is expected since our probability amplitudes where introduced to explain interference so they should
be described as a phase.
To proceed further, we make the requirement that our theory reduces to classical mechanics in the limit
h — 0. Here, let me digress a bit to review some basic concepts in classical mechanics. When we are
introduced to classical mechanics in high school, we are introduced to Newton’s laws whose central concept
is that of force and how it causes acceleration. Newton’s second law F' = m& relates the force to the
second derivative of position so we need to specify both position and velocity (its first derivative) at an
initial time to solve for a particles motion. In the 19th century, new formulations of classical mechanics
that center the concepts of momentum and energy were introduced. In Hamilton’s formulation, we define a
Hamiltonian function of coordinate x and momentum p given by the sum of kinetic and potential energies
H(p,x) = % + V(z). The relation between p and x as well as Newton’s second law are derived from
Hamilton’s equations of motion
. OH . OH
P= "0 e Op

Several elements of Hamiltonian mechanics carry over to the operator formalism of the quantum theory
where the Hamiltonian, p and x are promoted to operators. Here we also consider time evolution given
some initial values of x and p.

Another formulation of classical mechanics is centered on the concept of Lagrangian which depends on
position = and velocity &. It can be obtained from the Hamiltonian through a so-called Legendre transfor-
mation that gets rid of the momentum in favor of the velocity &

(2.132)

L(z,%) = pi — H(x,p) = %m:'cQ —V(z) (2.133)

The Lagrangian is the difference between the kinetic and potential energies. The time integral of the La-
grangian along some classical path is called the action

T
S= /0 ORI (2.134)

A central concept in the Lagrangian formulation of classical mechanics is the stationary action principle.
This means that the system will take the trajectory x(t) for which the variation of the action 4.5 vanishes.
This means that if we write z(t) = zo(t) + dx(t) and expand the action above in dx(t), the leading term
vanishes. This is equivalent to the Euler-Lagrange equations

0 d o0
%L— agL_o (2.135)
The least action principle is an unusual way to formulate classical mechanics in terms of a global or
integral condition rather than a local (differential) condition. One of its intuitive applications is Fermat’s
principle in optics which states that light chooses the path of least time to travel between a pair of points
A and B. This for example explains snell’s law of diffraction where light chooses to travel longer in the
medium where its speed is faster. It is also related to a popular riddle asking for the path you should take to
save a drowning person if your speed on land vy,,,q is higher than your speed in water vyager-
One final fact we need to review is the saddle point approximation. This is the statement that the integral

/ dg M (@) (2.136)

for large )\ is dominated by the stationary points or extrema of f(xz), where f’(z) = 0, in the limit of large
A. The reason is that for large A, any interval of width Ax will contain several terms with different phases
differing by \f’(z)Ax which generally cancel out whenever \f’(z)Axz ~ 1. Around stationary points,
however, the phase oscillates much slowly and there is no cancellation. This is illustrated in Fig. 2.4 which
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Figure 2.4: Plot of the function f(¢$) = €™ ¢ for A = 50.

plots the real part of e***? for A = 50. We see that the function changes slowly at the minimum and the
maximum of the cosine function at 7 and 0, respectively.

With this background in mind, we see that the path integral in (2.131) will be dominated by the paths
where the quantity fOT dt[2i? + F ()] in the exponential is stationary. Comparing to the stationary action
principle of classical mechanics leads to the identification of this quantity with the classical action, i.e.
F(x) = —V/(x). It remains to fix the magnitude of a which is not specified by anything we discussed so
far. In fact, the magnitude of « can be absorped in the definition of A. This has to be taken as input by
comparing to some experimental results which define the value of /. Recall that we did a similar thing when
identifying the generator for time-evolution operator with the Hamiltonian. The correct answer turns out to
be |a| = 1 which leads to the path integral representation of the probability amplitude

(xg,tflwis ti) =/

x(ti):xi

i ) :E(tf)Z.’Ef i
Da(t) i Jo dtllzd) / Da(t) e (2.137)

x(ti)zmi

x(tf)zzf

The path integral formalism allows us to formulate the quantum theory in terms of purely classical variables;
x(t) here is a classical trajectory not an operator. The price we have to pay is that we have to sum over
all possible classical trajectories with some complex phases. It also gives us a measure of how quantum
mechanical a problem is by comparing the magnitude of the action to h. Interestingly, path integral provides
some intuition for the classical stationary action principle. One can ask: how does the system know which
path leads to stationary action? the answer in the path integral formalism is that the system really probes all
possible trajectories and that is how it can decide which one gives the stationary action.

2.4.2 Derivation of the path integral from operator formalism

We have so far presented the path integral as an alternative way to formulate quantum mechanics that can
be derived from reasonable physical assumptions. We will now show that it is equivalent to the operator
formulation. We will do this by first deriving it from the operator formalism, then using it to derive the
Schrédinger equation. In the operator formalism, the probability amplitude (x s, ¢|x;, t;) is given by:

(@ trles, ti) = (wple 70 |a;) (2.138)

This object is usually called the propagator which tells us what is the overlap of a state initially localized at
x; with a state localized at s after it is allowed to evolve for time ¢y — ;. We now divide the time-interval
T =ty —t; into N intervals with width At = T'/N and insert the resolution of unity

/dq:]a:)(x =1 (2.139)
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N — 1 times to get

(zp,telsti) = /da:l dey (xple WA zy W ay gle T m A zy o) L

5 (zole” FHA 2y, Vo [ m HAY2,)  (2.140)

This is the same as Eq. 2.129 with the infinitesmal propagator (2, t + At|x, t) replaced by (z'|e” fHAt]a;>

52
We now consider the Hamiltonian H = £— + V(). The action of the potential energy operator V() in the
position basis is simple but not the kinetic energy operator. To simplify this expression, we use the Baker-

Campbell-Haussdorff formula e(X+Y)Al — XALY AL —3[X.YDAD? | \yhere the dots contain exponential

with higher powers of At. Since the Hamiltonian is multiplied by At and we are interested in the At — 0

. . i P2 Ap i . . .
limit, we can write e "7 tAt = e~ rzm Mte #V(@AL This leads to the simplification

(o] H0%a) = (oo Bn e kY @A) = (of e kBt g)e 1V (2.141)

To simplify further, we insert another resolution of unity but using the momentum basis

/ dplp){p| = 1 (2.142)
leading to
.2 .2 .2
et E5a) = [ dptalle ) pla) = [dple'lp)ploie FERS 214)
Using (p|z) = \/21767%7’1, we finally get
< ]e thAt|x> _ 21h dpe QQZ[PQ‘*‘ZTW( —z)] _ ﬁ dpe ;ﬁ%@—&- (:1:— )]2+z2hAt(r z)2
™
= g @.144)
T
This leads to )
; i m(z—a') _
(o e #HA gy = | i Aayz ~VE) (2.145)

2mhAt
Substituting in (2.145) yields the path integral expression (2.140).

Having derived the path integral from the operator formalism, we will now show that the Schrodinger
equation can be derived from it. However, before doing that we would like to emphasize some important
conceptual distinctions between the path integral and operator formalisms. In the path integral formalism,
the fundamental object in the path integral is the probability amplitude (x ¢, ¢s|x;, ;) which is usually called
the propagator (since it gives us the probability of a particle to propagate from an initial position z; at time
t; to a final position 'y at time ¢¢). Although the notation we use for propagators is inspired by the Dirac
bra-ket notation, we did not really need to introduce a Hilbert space or the notion of state bras and kets
to define the propagator. Instead, we are thinking of an experiment where the initial and final state can be
characterized by classical variables and considering all possible trajectories between them.

2.4.3 Propagators and the Schrodinger equation

To make the connection to the operator formalism, we need to connect the wavefunction to the propagator
defined above. This is straightforward since the wavefunction ¢ (x, t) is generally obtained by acting with
the time evolution operator on some initial state ¢ (x,ty) = (|1, tp). This means that we can write the
wavefunction in terms of the propagator (x ¢, tf|x;, t;) via

Y(w,t) = (x|, t) = (z]e” ”HNW to) = /d$0<$|6_£ﬂmxo>¢($ovto) Z/du’ﬂo(%,ﬂﬂfo,to)%b(ﬂﬁo,to)
(2.146)



46 CHAPTER 2. QUANTUM DYNAMICS AND TIME EVOLUTION

This means that the propagator can be interpreted as an integration Kernel that generates the action of
the time evolution. Notice that the dependence on the Hamiltonian is fully contained in the propagator
(x,t|xo, to). This means that the propagator satisfies the Schrédinger equation

ih%(w,ﬂxo,t@ — H(x)(z, t]70, to) (2.147)

If the energy eigenstates |n) and eigenvalues F,, are known for a given Hamiltonian, the propagator can be
written as

(z, t|zo, to) = (z]e” #HE10)|30) = Ze"’%t t) (zn) (n|ao) = Ze"En@ t0)apy, ()17 (a0)

(2.148)
We will now show that the propagator defined through the path integral from the previous lectures
satisfies the Schrodinger equation. Let us write

jmean_?
(,t|zo, to) = 1/ Z?At/daw Len Mo V@l o At to) (2.149)

Defining the variable £ = xy_; — x, we can rewrite this as

(a.tlro,to) =\ 31 /dfeﬁ“[zw VL v €t — Ao, to) (2.150)
™

i me2
The factor e7 "o cause the integral over £ to be strongly peaked around & = 0 with width v/ At so we can
expand the integrand in power of £ and At (noting that the £2 ~ At)

) i me2 ) d 2
(x,t|zo,t0) = 1/ 27:;:275 /dfeh2A§t[1 - %V(az)AtH At— _|_§7 52 o 2]<x,t|x0,t0> (2.151)

Now we use the relations
\/’B/dﬁe_g =1 (2.152)
27
p /d —5e2 _
\ 5= [ d&&e™ 2> =0 (2.153)
27
L e _ 1
27r/d££ e = 3 (2.154)

Substituting in (2.151) yields

i d zhAt d?
(@, tlzo,to) = [1 = 2 V(2)At — At + — == 5]{z, t|z0, to) (2.155)
Setting the terms of order At on the right hand side to zero leads to
d n? d?
= 2.1
[— zhdt+V( x) — o 42 —— (@, t|xo, o) = 0 (2.156)

which is the Schrodinger wave equation.
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2.4.4 Path integral for free particle and Harmonic oscillator

I would like now to consider some examples of computing the propagators for some of the quantum me-
chanical problems we considered before and show that the path integral can reproduce these results. These
calculations will help illustrate the mathematical structure of the path integral and show how it can be

convenient to understand the quantum dynamics in the semiclassical limit. First consider the free particle
1

i .
> hehp:” and eigenvalues are
s

example whose energy eigenstates are the momentum eigenstates 1, (z) =

%. Substituting in (2.148), we get

i 2 im (z 711')2
(g, T|xo, 0 /dpen[%'?ﬂp(xwfﬂ — ey (2.157)

) = 2k omihT

Let us check if this expression satisfies all the properties we expect. First, in the limit of 7' — 0, this
expression approaches a delta function 6(z s — x;). This is expected since at the initial time, the particle was
at z;. As the time increases, we see that this expression is dominated by z s —z; ~ /T 8 This is very similar
to the behavior of a diffusing particle and can be understood in terms of a random walk where the particle
turns left or right at each step at random. It is known that after n steps, the particle explores a region of size
v/n around the starting position. The reason the propagator resembles a random walk is that it contains an
equal superposition of left moving states with p < 0 and right moving states with p > 0. The normalization
factor % precisely accounts for the fact that the probability is now spread over an ‘area’ proportional to

VT.

The same expression can be computed in the path integral as follows. First, we write any trajectory
connecting x; to xy as x(t) = xa(t) + y(t) where x(t) is the classical trajectory which satisfies the
classical equations of motion and the boundary condition x(0) = x; and 2(7) = xs. For a free particle,
the classical equations of motion take the simple form & = 0. Thus, z¢i(t) = z; + 4 (s — ;). The action
S=2 dti? can be expended in terms of z; and y leading to

T T T
S:?/ dta':gl—i-gb/ dtg)2+m/ dt &) (2.158)
0 0 0

The last term vanishes after integrating by parts since & = 0 and y(0) = y(7') = 0. We note that this is a
general feature that holds beyond the simple free particle problem. The linear term in = always vanishes
since x satisfies the classical equations of motion. The first term is the classical action given by

m(zy — zi)?

Scl = oT

(2.159)

This gives us the propagator

im (@p—wi)? y(T)=0 im (T g2
(g, T|x;,0) =C(T)e2n T c(T) = Dyez2n o (2.160)
y(0)=0

The constant C'(T") is independent of the initial and final positions and only depends on 7". The computation
of such factors will be discussed in future problem sets and sections. However, for the time being let me
emphasize that the dependence of the propagator on the variables xy and x; is more manifest in the path
integral where the exponential is just given by the action of the classical path.

The same analysis can be performed for the harmonic oscillator. Here, we can also write x(t) = z¢(t) +
y(t). The classical trajectory satisfy & = —w?x. whose general solution is x,, = A coswt + B sin wt.

8The magnitude of the exponential is always one but its phase oscillates rapidly as the term in the exponential increases. Since
we mainly use the propagator as an integration Kernel to generate time evolution (cf. Eq. 2.146), such rapidly oscillating phase
leads to a neglegible contribution when integrating against any sufficiently smooth function.
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zp—x;coswT

The boundary conditions x(0) = x; and (1) = x fix the coefficients to be A = z; and B =

sinwT’
After some tedious algebra, we get
T
m . m mw
Here, again the action decomposes into S[x] = S[zq] + S[y] so the propagator takes the form
(x5, T|z:,0) = Cro(T)en (2.162)

where Cro(T') is some normalization constant. I would like to emphasize here two things. First, computing
the propagator by summing over all harmonic oscillator eigenstates, while doable, is more tedious than the
above approach which only involved solving the classical equation of motion. Second notice that the action
above reduces to the free particle classical action m(‘r;i;mﬁm in the limit of small 7. This is in fact a
general feature that holds for any potential V(). It can be seen from the observation that at short times 7,
the contribution of the kinetic term to the action goes as 1/7" whereas the contribution from the potential
term goes as 1. Since the total kinetic term at short times will be at least equal to m(xgiﬁ, we can also
employ the saddle point approximation whenever this value is large compared to A. Thus, the propagator
for any potential reduces to the free particle propagator at short times.

I would like to emphasize that in general, the propagator does not have the simple form of the exponent
of the classical action times a factor that only depends on the time interval 7. This was a particular simpli-
fication for the harmonic oscillator (the free particle can be thought as a harmonic oscillator with w — 0).

In general, the propagator will have the form (zf, T|x;,0) = C(T, x;, x5)en 5.

2.4.5 Path integral for spin

We started our course by discussing the minimal quantum system, that of a spin 1/2. We found that this
example is the one that best captures the formalism of kets and operators without all the complications
of the continuous coordinates and infinite dimensional Hilbert spaces. For the path integral, on the other
hand, we face the opposite problem. Since the formulation is rooted in continuous classical trajectories,
we anticipate that the description of spin will be more subtle. In other words, since the spin 1/2 problem
is the most quantum mechanical system, it is the hardest one to come up with a classical analog for. This
is one of the reasons why it took a long time between the initial development of path integrals in the late
40s to the final development of the path integral for spins in the 80s. With hindsight, there is nothing really
complicated about the path integral for spins, just a novel conceptual ingredient that ensures the pecularities
of the finite dimensional Hilbert space is accounted for.
For definiteness, let us consider the Hamiltonian

H=~B-S (2.163)

where y is the gyromagnetic ratio v = Jnilc and we are assuming a particle with charge —e. How will

we go about formulating a path integral to this problem? We would like to construct the most classical
representation possible for spin states. We have seen before that the ket for a spin 1/2 state whose spin is
pointing in a general direction 7 is described

6 0,
[71) = cos o|+) +sin§el¢|—> (2.164)
which can describe any spin orientation. For example, if |[+) and |—) describes spin polarization in the
z-direction, then # = 0, 7 describes the | + z) state, § = 7/2, ¢ = 0,7 describe | £ z) and = 7/2,
¢ = £m/2 describe | £ y). This state is the closest to a classical spin vector we can write and it satisfies the
expected relation

(A|S|A) = =7 (2.165)

N | ¢
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We now want to derive a path integral representation for the propagator (i s, T|f;,0) = (fif|e™ 57T |7;). We
can now divide the time interval 7" into IV intervals with width At = T'/N. Recall that the crucial step in
our derivation was inserting the resolution of the identity. Now our basis states |+) do provide a resolution
of unity

> ool =1 (2.166)
o=+

However, attempting to derive the path integral by inserting the above identity will not lead to a continuous
family of classical paths. Instead, the paths will have to jump between |+) and |—) which will not yield
a continuous limit when the intervals get very short. The problem arises from the fact that, to derive path
integrals, we need a resolution of unity in terms of a set of states that varies continuously in space. For
the position and momentum basis, this happened also to be the natural basis of the problem but for spin
states, this is not the case. To resolve this issue, recall that we did not require that the resolution of unity
used an orthonormal basis. Instead, it suffices to have a complete basis. We have seen from our discussion
of coherent states that we can have complete sets of states that provide a resolution of unity without being
orthogonal. In fact, we will see now that the states (2.164) are overcomplete and thus provide a resolution
of unit. First, it is clear that |72) and |7") are generally non-orthogonal since

Y 1/2
(Al’y = (HZ”) (2.167)

Second note that we can write a resolution of unity using
1 2w ™
/dﬁ]m(m -2 / d¢/ 40 sin 0] (4] = [+ (+] + | =) (—| = 1 (2.168)
0 0

We can now write the expression for the propagator with the resolution of unity inserted n — 1 times and
define 7y = n; and iy = nyp

N-1 N _
<ﬁf,T|m,o>=/Hdmﬂme—%%tml_l) (2.169)
=1 =1

Similar to out discussion last lecture, we can simplify the time evolution over a very short time segment as
(e K i 1) = (uliu 1) — v AB - i)
=1+ [(ulfu—1) — ()] — ’Y%AtB L
=1+ At[—(iy|9ny) — yéB 7] = e Al(mulOen) + 5B (2.170)

Here, we have assumed that 7 does not change much over an infinitesmal interval At. Substituting in (2.169)
gives

o N—-1 T
(fup, T, 0) = /m(t)e%SWﬂ, Di(t) = [ das,  Sat)] = h/o dt[i(n|dn) — %B-ﬁ]
i=1

(2.171)
The second term above is the term we expect from the Hamiltonian by thinking of B - S as a potential
energy. The first term is the unexpected term that crucially captures the essense of the quantum mechanical
nature of the spin. It can be understood as the analog of the classical p& term that is used in the Legendre
transform to construct the Lagrangian from the Hamiltonian. Before discussing the properties of this term,
let me briefly mention that for more general spins, we can define some different kets |7) that still satisfy the
relation °
(n|S|n) = hsn (2.172)

“We will discuss the formalism for higher spins in detail in the next weeks
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in addition to the resolution of unity (2.168). Following the same steps, we get the path integral (2.171) with
the action changed to

T
S[i(t)] = 2sh /0 dt[i(7]yh) — %B 7 (2.173)

Notice that nothing in our analysis explicitly referred to the fact that the spin is integer or half-integer. We
only required the two relations (2.172) and (2.168). As it turns out, the action (2.173) already knows about
the quantization of spin as we will see now. Let us focus on the second term of the action

T
Suli(t)] = 2ihs / At (] 0y) (2.174)
0

We first note that this term is real since (O;n|n)* = (n|oyn) = —(On|n) + O (n|n) = —(Oyn|n). Second
notice that this term only depends on the path 7 takes but not how fast it does it. This can be seen by
rescaling ¢ — At (with 7(A\T") = ns) which does not change the value of the expression. These terms are
called geometric terms (in contrast to dynamical terms). To understand the behavior of this term more, let
us write it explicitly

T
Spli(t)] = —hs/o dtp(1 — cos ) (2.175)

The geometric meaning of this term can be made more obvious by noting that the velocity of a point moving
on a sphere described by the unit vector 72 is 1 = ¢ sin 0¢é,4 + 0¢é4. This leads to the expression

T n
Spli(t)] = —hs/ dt iy - Aff] = —hs/ “an- A, A= 1=l (2.176)
0 n

i

sin 0

Notice that the potential A is singular at the south pole & = 7. The form (2.176) makes it clear that Sp
only depends on the trajectory taken by n but not how fast or slow it is traversed. Let us now consider the
special case of iy = 7n;. Our theory should be valid for any initial and final values including when they are
equal. In this case, we can rewrite the line integral in (2.176) using Stokes theorem as an integral over area
enclosed by the path

Spla(t)] = —hs/dS B, B=VxA=¢é, (2.177)

Notice however that there is an ambiguity in the expression above: a closed path on the circle divides it into
two areas (See Fig. 2.5). Each can be said to be ‘enclosed’ by it !°. In order for the theory to be consistent,
these two alternatives should be equivalent. Since the area needs to be taken with opposite sign for the two
regions, the different between the two choices is

Sp2—9SB1 = ﬁs/

region,1

dS-B+hs/

region,2

dS-B=Sp1—Spa= hs/ dS-B = 4rhs (2.178)

sphere

Although the difference is non-zero, we note that the action only affects the physics through the exponential

factor e#¥ which means that changes in the action by an integer multiple of 27/ do not change the physics.

This imposes the condition

Arhs = 2nmh, —> @ §= % (2.179)

for m an arbitrary integer. Remarkably, we have derived the quantization of spin from the requirement that
the path integral we derived is consistent!

There are a lot of deep and interesting physics hidden inside the term Sgp above. Beside the fact that it
enforces a quantization condition and that it is geometric, it also have the singular behavior at 8 = x. In
addition, you can convince yourself it is not gauge invariant; For example, under the transformation |n)

10Recall the proof of Stokes theorem which divides the area into small regions and show the cancellation of the curl between
them
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Figure 2.5: Illustration of the two possible choices of area on the unit sphere to compute the magnetic flux
enclosed by a closed curve [Figure adapted from David Tong’s lecture notes on Gauge theory]

e~ |n) which does not alter the relations (2.172) and (2.168), this term changes to hs fOT dt(1 + cos ).
We see that the singularity is now at the north pole rather than the south pole. The difference between this
new term and the original one for loops n; = ny turns out to again given a factor of 47hsm that drops out
from the path integral. For more general phases, it changes the action by a boundary term which yields an
unimportant overall phase for the propagator.

Let me summarize the properties of the term Sz below:

1. It depends on the path 7(¢) but not how fast it is traversed. We say such a term is geometric.
2. Its prefactor should be quantized to have a consistent theory

3. It is not gauge invariant in general. For paths starting and ending at the same point it changes by a
multiple of 4hs which drops out of the amplitude for integer or half-integer s.

4. It describes the motion of a particle in a singular vector potential.

Each of these properties turn out to have far-reaching consequences beyond the specific example of the spin
path integral that we will discuss during this and the next lecture. However, before doing that, let us see
how the spin path integral above reproduces some of the results about spin 1/2 systems we know obtained
previously using the operator formalism.

Let us first see what kind of classical equations of motion we would get from the action (2.175). Without
loss of generality, we can choose the field B to point in the z direction, B = BZ. Then the action takes the
form

T
S[0, o] = _Z/o dt[(1 — cos ) + B cos 6] (2.180)

The classical equations of motion are derived by replacing 6 — 6 + 60 and ¢ — ¢ + d¢ and setting the
linear terms in §6 and d¢ to zero. This leads to

T
08 = —3 / dt[&é% cosf + (¢ — vB) sin 066 (2.181)
0

Setting the terms proportional to 6 and d¢ to zero gives the equations
0(t) = const. = 6(0), (;S(t) =vB=uw (2.182)

This describes spin precession around the z axis where the z-component n, = cos f remains unchanged as
a function of time while the x and y components rotate with frequency w, n, = sinf cos ¢ = sinf coswt
and n, = sinfsin ¢ = sin @ sinwt. Thus, the classical equations of motion reproduce the physics of spin
precession we obtained from the operator formalism. Note that the first term in the action was crucial to
obtain this result. Without it, we would have obtained the wrong equation of motion sin § = 0.



52 CHAPTER 2. QUANTUM DYNAMICS AND TIME EVOLUTION

I want to briefly mention a very intriguing connection between the path integral for the propagator

( f|67%HT|’L'> and the partition function of statistical mechanical systems at inverse temperature [ (recall
that inverse temperature is kE%T where kp is the Boltzmann constant and 7" is temperature) given by Z =

S (ale P a) = tre #M. Formally, these two expressions seem related by the replacement 7 = —ih/3
i.e. a system at finite temperature looks like a dynamical quantum system propagating in imaginary time.
This correspondence can be implemented in a transparent in the path integral formalism. The reason is that
for integrals, we can always deform the integration contour as long as we do not encounter any singularity.
Thus, in many cases we can actually deform the contour in a path integral to relate a quantum mechanical
propagator to a statistical partition function in imaginary time. Such deformation to imaginary time is called
Wick rotation ¢ — —¢hA7. It changes the action into

i g 1,
-5 = —/ dr § =mi* + V(x) (2.183)
h 0 2

Importantly, the relative sign between kinetic and potential term is now positive and we get the total energy
integrated over time in the exponential instead of the action. Beside its usefulness in relating quantum
mechanical models to statistical mechanical models, Wick rotation can also be useful in evaluating quantum
mechanical path integrals, particularly for problems where the classical equations of motion has no solution
for real time which usually happens for tunneling problems. Such problems usually have some stationary
(or saddle point) solutions in imaginary time.

One final aspect we want to illustrate about the spin path integral is how the finite dimensional Hilbert
space is reproduced in this formalism which again can be traced to the term Sp. For such calculation, it is
very convenient to use imaginary time and think of the partition function of the spin 1/2 system which can
be written simply in operator language

L B
2= e PP = 2cosh h”f (2.184)

To derive the same result in path integral, we rewrite Sp as (note that Sp has the same form in real and
imaginary time)

B . B
Sulh, 6] = —h/ drd(1 — cos) = —Z/O quﬁ% cos ) — gw)u — cosO(r)||7=¢
= —/ dT(;S— cosf — —2771{:[1 —cos0(0)] (2.185)

In the first line, we used integration by parts. In the second line, we used the boundary conditions, cos 0(3) =
cos 0(0) and ¢(8) = ¢(0) + 27k. Thus, the full action has the form

B d (B
SI9.¢1 = -3 / dr¢— cost - ;/ dryB cos§ — hirk[1 — cos §(0)] (2.186)
0 T 0

Notice that the dependence on ¢ is only contained in the first term. The path integral over ¢ can be evaluated

explicitly by noting that

N-1 _ N-1
/ng e Qﬁ’ d-,—q&— cos 6 / H dd)lef%d)l(cosézfcosezq) — H 5(COS 0, — cos 0l—1) (2.187)
=1 =1

This means that cos §(¢) is a constant and the action reduces to

)
S10] = %ﬁfyB cos 0(0) — hmk[1 — cos 6(0)] (2.188)
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The full result for the partition function is obtained by integrating over the initial value #(0) and performing
the summation over the integer k leading to

o s a—y 1
z - Z /0 Ao Sinee—mk[l—cosﬂ]—%ﬁwB cosf _ Z /_1 dx 6—z7rk[1—x]—g,8'yBa:

k=—o00 k=—00
= [ L B
x Z / dzo(l —x —2m) ¢~ 3P7Be :2coshm (2.189)
m=—oo -1 2

2.5 The adiabatic approximation and Berry phase

Let us now get back to the first term in the action (2.175). This term turns out to represent a very important
effect in quantum mechanics called the Berry phase. To understand how the Berry phase appears in a more
general context, consider a Hamiltonian that changes in time. For sufficiently slow changes, we can apply
a result called the adiabatic theorem to significantly simplify the analysis of the problem. The adiabatic
theorem is the statement that for suffficiently slow changes in the Hamiltonian, a state that was the eigenstate
of the initial Hamiltonian at time ¢ = 0, remains an instantaneous eigenstate at finite time ¢. The statement
makes intuitive sense. For example, consider the spin Hamiltonian H = B - S. If we take B to be time-
dependent and start with B(t = 0) = BZ then slowly rotate B away from the z-plane, we expect a system
initially in the ground state |, t = 0) = |2+) to slowly rotate to follow the direction of B.

2.5.1 Berry phase definition

Now consider for simplicitly a Hamiltonian that changes in time such that H(7") = #(0) and assume the
change is sufficiently slow such that the adiabatic theorem is valid (this will be made more precise below).
The adiabatic theorem tells us that if we start in the ground state at ¢ = 0, we end up at the ground state
at t = T'. However, remember that a state in quantum mechanics is specified by a ray in the Hilbert space.
This means that going back to the same state means that

1, T) = |4, 0) (2.190)

For a long time, it was thought that the phase factor  is unimportant and can be dropped. However, it turned
out that it is physically measurable. The reason is that this is really a phase difference. To see this, imagine
taking an electron that could take to possible paths, one involving the slowly changing Hamiltonian and one
that doesn’t. The interference pattern between these paths will be sensitive to the phase «y. This is precisely
what happens in the Aharonov-Bohm effect which will be discussed in the next lecture.

To derive the explicit form of the phase v and clarify what we mean by slow changes in the Hamiltonian,
let us introduce the simultaneous eigenkets and eigenvalues of a Hamiltonian 7 (¢) as

%(t)wjn(t» - En(t)‘wn(t» (2.191)

We emphasize here that |1, (¢)) does not correspond to any unitary time evolution associated with the Hamil-
tonian. Instead, it represents the eigenbasis of the Hamiltonian #(¢). Now consider the time-dependent
Schrodinger equation for a general ket |, t):

d
ih£|a,t> =H(t)|o, t) (2.192)
Since |1, (t)) is a complete basis, we can expand any state in terms of it:

o t) = en(t)[¥n(t)) (2.193)
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It s important to note here that both the coefficients ¢, (¢) and the basis states |, (¢)) depend on ¢. The first
through the time evolution governed by the Schrédinger equation and the second through the fact that the
Hamiltonian itself is time-dependent. Substituting in the Schrodinger equation, we get

S et (1) + enl0) ()] = 3 ent) B ()t (1) (2.194)

n

Multiplying both sides by (1., (t)| and using the orthonormality of the eigenkets: (¢, (t)|1n(t)) = Onms
we get

ém(t)z—ﬁE ch Y wn(» (2.195)

Note that the second term vanishes if the Hamiltonian is time-independent. To simplify the second term on
the right hand side, we take the time derivative of Eq. 2.191:

HOn (1)) + HE) (1)) = B Olton(1)) + B0 T 412 (1) (2.196)

Again acting with (¢,,,(¢)| on both sides, we get

(G (OIHE)|9n () = En(t)8nm + [Ea(t) - Em(t)](@ﬁm(t)%l%(t» (2.197)

Thus, for n # m, we get
<¢m(t)\%wn(t)> _ {¥m ((1’)7{( W’E‘g ) (2.198)

Substituting in (2.195) and separating the terms n = m and n # m, we get

<¢m(t1 m(t)wn()t» (2.199)

ém(t) = ~[3 Bn(®) + ()] 60 (O ]em(®) = 3 en(t)

n#m

The adiabatic approximation corresponds to neglecting the last term in the expression above. This is justified
if the Hamiltonian changes slowly which means that its matrix elements (t,,, ()| (t) |4 (t)) for n # m are
small compared to the gap E,(t) — E,,(t) !'. Once we ignore this term, we see that if ¢,,,(0) = 0, then
¢m(t) = 0 which means that if we start at an eigenstate at ¢ = 0, we always remain in that eigenstate for all
time ¢.

For a given m, we can solve Eq. 2.199 to get

em(t) = MO Jo ' En e () (2.200)

The second term in the exponent is the expected dynamical phase which simply generalizex the factor

FEm

e~ 1PmT o the time-dependent case. The first term, however, is different. It is explicitly given by

(®) =i [ (0] 0 (0) @201

This term is called the Berry phase. Notice that this term has the same form as the first term that appears in
the path integral action for the spin problem with |1),,(¢)) replaced by |7(¢)). The Berry phase is manifestly
real since

Ol 5 (0) = S Wn(On(0) — (gt (Olbn(0) = Ol Fon(®)” 2202

which means that <@Z)n(t)]%d}n(t)> is purely imaginary.

"'The quantitiy % L — has units of inverse time. To neglect it, T needs to be long compared to the characteristic

time scale of the state of interest given by the inverse of the first term on the right hand side in (2.199)
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2.5.2 Berry curvature

The Berry phase features prominently in problems where the Hamiltonian depends on a set of continuous
parameters R® and we consider a trajetory in parameter space R® as a function of time. For instance,
we can think of the Hamiltonian for a 3D particle in a potential which confines the particle in a box (the
potential is infinite outside the box). We can then move this box as a function of time which effectively
implements moving the confining potential of the electron slowly in space. Another application is in band
theory. Here, we have a Hamiltonian with discrete translation symmetry whose eigenstates are labelled by
an analog of momentum called crystal momentum, that is defined modulo 27 /a (a is the lattice constat) in
each direction. This means that crystal momentum parametrizes a torus. We can consider state at momentum
at crystal momentum £®(¢) which depends on time.

If the Hamiltonian only depends on time through the parameters R*(t), the same will be the case for
[t (t)). We will denote by R, the vector whose components are the parameters R such that

H(R)[{n(R)) = En(R)|¢n(R)) (2.203)

Then we can write the Berry phase as

t . o R=R(t) o R=R(t)
=i | dt/R*(Yn(R)| === |tn(R)) =i AR ({p(R)| == |tn(R)) = dR - A(R
v [ R ) = [ R R ) = [ 2<20>4

(2.204)

Here, we used the convention where repeated upper/lower indices are summed over. This illustrates that
the Berry phase is in general a geometric phase that depends on the path in parameter not on how fast it is
traversed. The quantity A is called the Berry connection:

9

Ad(R) = il (B)] 5

[4n(R)) (2.205)

The quantity .4, shares several features with the more familiar electromagnetic vector potential. First,
note that Eq. 2.203 which defines the instantaneous eigenstates does not fix the overall phase of the wave-
function |1, (R)) '2. This means that we have the freedom to multiply the ket [¢/,,(R)) by any R-dependent
phase e—**(F)_ Under such transformation, the Berry connection changes as

Aa(R) — Au(R) + da0(R) (2.206)

which is precisely how the electromagnetic vector potential changes under gauge transformation. This
suggests defining the gauge invariant quantity

Fab = 0 Ay — OpAq (2.207)

which is called the Berry curvature. If the parameter space spanned by R is two-dimensional, the Berry
curvature has a simple form since it reduces to a scalar F,;(R) = €,$2(R) (here €4, is the antisymmetric
tensor).

The Berry phase associated with any close path C can be written in terms of the flux of the Berry
curvature across any 2D surface S enclosing this path

y=i 7{ AR A, =i / dS® Fop (2.208)
C S

We emphasize here that the Berry phase is obtained by a one-dimensional line integral of the Berry con-
nection or a two-dimensional surface integral of the Berry curvature irrespective of the dimension of the
parameter space. Another way to say this is that the Berry connection is a one-form and the Berry curvature
is a two-form.

"this is always the case for wavefunctions defined as the eigenfunctions of some operator
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This leads naturally to the question: can there be sources for the Berry curvature? the answer turns out
to be yes. Sources of the Berry curvature are points in the parameter space where the energy eigenvalues
become degenerate such that the adiabatic approximation becomes invalid and the Berry curvature becomes
singular. However, similar to the argument we employed last time, the Berry curvature associated with such
sources has to be constrained to yield a well-defined theory. To see this, consider any closed 2D surface M
and consider the Berry phase along any closed path C. Similar to what we did last lecture, we can write
this as the surface integral of Berry curvature in two possible ways corresponding to the two surfaces on M
whose boundary is C. These two choices should give the same phase up to integer multiples of 27. This
means that the integral of the Berry curvature across all M should be quantized

/ dS" Fi; = 2nC (2.209)
M

The integer C is called the Chern number. This means that sources of the Berry curvature has to have integer
charge.

One of the most prominent application of these ideas is in topological band theory. For example, in
two spatial dimensions, the crystal momentum lives on the two-dimensional torus. The Berry curvature is
simply a scalar on this torus whose integral over the entire torus is quantized in integer multiples of 2. The
Chern number in this case has very clear physical manifestation. It yields the Hall conductance of the system
measured in units e? /h and is responsible for the perfect quantization plateaus observed in the quantum Hall
effect.

2.5.3 Examples of Berry phase

The discussion of Berry phase has so far been very general and abstract. We will now illustrate all these
concepts using a simple example. Let us again consider the Hamiltonian

H(B) = %VB o (2.210)

where we will now think of the magnetic field B as an external parameter that we are changing. Remember
o are the Pauli matrices defined as

01 0 —i 1 0
ax—(l 0>, O'y—<l, 0 >, O'Z—<0 1) (2.211)

Writing B = B(cos ¢ sin 6, sin ¢ sin 0, cos #), we can write the Hamiltonian as

_ hy B, B, —iB, \ hyB [ cosf sinfe "
H(B) = 2 < B, +1iB, —-B, 2 sinfe’®  —cosf (2.212)
in?
The ground state of this Hamiltonian is |—, B) = < esié’nc?)s 0 ) 13 This gives the Berry connection
o 2
0 1 0
Ay =i(~Blogl— B) =0, Ay =i(~Bloy|—B) = cos’ 5 = — 0 (2213)
This gives the Berry curvature
1

Fop = 5 sin 6 (2.214)

A quick way to see this is to notice that the Hamiltonian has the form #(B) = %YUTO'ZU with U = €299 297 Thus, its

—e5%gin?
ground state is |—, B) = Ut < (1) ) = ( el : SH; 2 ) which is related to the expression in the main text by multiplication
e2% cos 5
2
by a simple phase.
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with all other components vanishing. The Berry curvature has a more transparent form in Cartesian coordi-
nates given by '4

Bk:
2|BJ?
We can define a magnetic field in the parameter space (which is parametrized by the real magnetic field B).
Recall that the magnetic field is related to the field tensor via

(B) = — ¢, FIF = _ 221

Fij = —€iji (2.215)

Notice that this field is singular at the origin. This is the point where the two eigenstates of the Hamiltonian
are degenerate and the adiabatic approximation fails. This point acts as a source for Berry curvature. Inte-
grating this field over a sphere in the B space gives —27 consistent with our discussion of quantized Chern
number.

2.6 Electromagnetism in quantum mechanics

2.6.1 Electromagnetic gauge fields and the Schrodinger equation

We have already been discussing several examples that behave like the electromagnetic gauge field. Now
we are going to discuss how the actual electromagnetic field behaves in the quantum theory. Recall that in
Maxwell theory, the electromagnetic scalar and vector potentials are defined via
0
B=VxA, E=-V¢-— aA (2.217)
The first equation follows from the Maxwell equation V - B = 0 which forbids the existence of magnetic
monopole. We will get back to this later and see that there is actually a loop hole that allows for the existence
of monopoles despite Eq. 2.217 (provided that the vector potential A is not globally defined). The second
equation ensures the Maxwell equation V x E = —%—]f. Importantly, the scalar and vector potentials yield
a redundant description for the physics since the gauge transformation

A— A+ VA, gp*—ﬂp—%/& (2.218)

leaves the FE and B fields invariant. For this reason, the gauge potentials are usually thought in the classical
context as a convenient tool to introduce electromagnetism in the Hamiltonian and Lagrangian formalisms
but not as an essential ingredient of the physics. The latter only depends on the physical fields E and B. As
we will see, the situation is different in the quantum theory where there is a sense in which gauge fields are
fundamental objects.

In the Hamiltonian formulation of classical physics, the gauge fields A and V' enter the Hamiltonian for
a particle with charge ¢ through

1
H = Q—(p—qA)Q—i—qcp (2.219)
m

This ensures that the Hamilton’s equations of motion yields correct law for the force exerted on a charged
particle (the Lorentz force)

1
t=—(p—qA), p=-VH=qE+zxDB) (2.220)
m
In the Lagrangian formulation, this corresponds to the Lagrangian

1
L:p-¢—H:§m¢2+qA-gb—qu (2.221)

ozt

"To derive this form, use the coordinate transformation rule for tensors F., = T; T} Fx, where T} = P
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In the quantum theory, p and A are promoted to operators which, in general, do not commute (since A
generally depends on position), but the Hamiltonian retains the same form

1 1 -
H=—(p—qA&)) &) = —II? & 2.222
5 (0= ¢A(@))" +qp(@) = 5 II° + qp(2) (2.222)
Here, we have introduced the so-called mechanical momentum operator I = p— qA. We should now be
careful on the definition of the different objects, their commutation relations and their behavior under gauge
transformations. First, we note that the canonical momentum components p; are defined as the generators
of translation. Thus, they satisfy the commutation relations

[Di, Dj] = 0, (&4, pj] = ihdyj (2.223)
In contrast, the mechanical momentum IT satisfy the commutation relations
[T1;, T1;] = ighe, ;s By, &, T1;] = ihdy; (2.224)
The Heisenberg EOM for the position operator is

d:L‘Z' _ l[i“/}‘[] _ &

dt ih m
Since the position operator is a physical observable, it should not depends on the gauge. This means that
IT should also be gauge invariant. This means that the canonical momentum p, defined as the generator of
translation and satisfying the Heisenberg commutation relations is not gauge invariant. This is consistent
with the discussion you had in the section and some of the earlier problem sets where the translation operator

acquires some gauge dependent phase factors in the presence of a magnetic field.

(2.225)

2.6.2 Solenoid flux and Aharonov-Bohm effect

The behavior of the Hamiltonian under gauge transformations enforces a corresponding change in the wave-
functions. In particular, consider a solution for the Schrédinger equation

d
ih£|¢,t> = H|Y, 1) (2.226)
Under the gauge transformation (2.218), the Hamiltonian transforms as
- 1 0
= —(—ihV — gA — ¢V A)? —A 2.227
Her H=o(—ihV —qA = qVA)" +q(p + 5 A) (2.227)

It is straightforward to verify that the wavefunction
[, ) = ey, 1) (2.228)

satisfies the Schrodinger equation with  replaced by .

The way the vector potential enters the Hamiltonian in quantum mechanics has far-reaching conse-
quences. Consider the following simple problem. Take an infinitely long solenoid with a total magnetic flux
®. Although the field outside the solenoid is zero, the vector potential cannot be made zero since the flux
piercing any closed loop that contains the solenoid is ®. This means

<I>—/d.S'~B—/dl-A (2.229)
This, we can choose A in cylindrical polar coordinates to be

Ay = e

~ 27

(2.230)
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outside the solenoid which guarantees (2.229) is satisfied. Now consider a particle confined to a ring of
radius R that encloses the solenoid. It is straightforward to write the Schrodinger equation

1, hd D, B
%(—Z;% - q%) Un(9) = Enthn(9) (2.231)

whose solutions are 1 ®
Yal6) =™ Bu=5—(hn— -
Remarkably, we find that the energy spectrum knows about the magnetic flux ¢ although the particle only
moves in a region where the magnetic field vanishes. This illustrates the crucial importance of the electro-
magnetic gauge potential in quantum mechanics. Although the gauge invariant and thus physical quantity
is the B fields (or more generally the flux of the B field through different surfaces) a quantum mechanical
particle depends non-locally on the physical fields/fluxes. If we insist that the state and energy of a quantum
mechanical particle only depends on local fields it experiences, we have to use the gauge dependent vector
potential A instead. This indicates the fundamental role of the vector potential A in the quantum theory.
A dramatic manifestation of this phenomenon is realized in the so-called Aharonov-Bohm effect. This
effect is most clearly illustrated in the path integral language. Assuming the scalar potential ¢ vanishes, we
see that the gauge potential enters the action as

)2 (2.232)

T

T
S[A]:S[AZO]—I—q/ dt:i:-A:S[A:()]-l—q/fdaz-A (2.233)
0 x

i

We note that the dependence on the field is contained in the last term which is geometric, i.e. only depends
on the path. As aresult, the probability amplitude for a particle to go through a loop that encloses a solenoid
flux ® is modified due to the flux as (x, T'|z,0) > (z,T|x,0)e’” where

e — o fodeA _ O (2.234)

Crucially, this phase does not depend on the details of the loop as long as it winds around the solenoid only
once (for a path that winds n times, we get the phase e7). The phase + can be identified with the Berry
phase we introduced last lecture if we think of slowly deforming the Hamiltonian to change the location of
the particle so that it traces a loop. For example, we can take a confining potential which confines the particle
in the vicinity of a point z that is taken to change slowly in time to trace a loop enclosing the solenoid. An
observable consequence of the Aharonov-Bohm effect is realized if we consider a setup where an electron
is forced to take one of two paths that enclose the solenoid flux ®. This can be realized in a modified double
slit experiment where the flux is introduced somewhere behind the two-slit screen or in a metallic ring that
encloses some flux. At ® = 0 and at any given point, there will be some probability (or intensity) that
depends on the relative phase of the amplitude from the two slits/paths. As we change ®, we are effectively
changing the relative phase leading to a periodic pattern of constuctive/destructive interference with period
2mh/q.

2.6.3 Monopole quantization

Let me now discuss another important implication of the way the electromagnetic field affects quantum
mechanical probability amplitudes. It is related to some of the properties for the spin Berry phase discussed
earlier that seemed mysterious. First, the spin Berry phase could be phrased as the flux of a particle moving
in the field of a magnetic monopole. Second, the corresponding gauge field always seemed to have a
singularity. These two properties turned out to be tied.

Let us first try to understand the first property. Let us assume that we somehow have a magnetic
monopole. Can we deduce anything about its properties? a brilliant argument by Dirac which we have
already presented in a different context shows that indeed there is an important restriction on any monopole
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we could have. The field of a magnetic monopole of strength g is B = g# which represents a field
pointing radially outwards and decaying as 1/r2. A particle with charge ¢ moving on a closed loop on a
circle of radius R acquires the Aharonov-Bohm phase e Js 5B where S is any area enclosing the loop.
Following our previous discussions, we see that we have two possible areas which should give us the same

phase which means that the integral %] | dS - B over a sphere of radius R has to be quantized leading to
qg = 2nwh (2.235)

This is a remarkable result! It tells us that if a monopole exists, its charge has to be quantized. Furthermore,
repeating this argument for other particles with charge ¢’, we deduce that all charges in the universe has to be
quantized in terms of an elementary charge e, ¢ = ne, such that the minimal monopole charge is g = %ﬁ
In the argument above, we have avoided discussing the gauge potential. In fact, when trying to think of

the gauge potential of a monopole, we immediately encounter an issue: a magnetic field constructed from
a vector potential via B = V x A cannot have a monopole i.e. a source of the magnetic field, since the
divergence of a curl is always zero. This something we know from electromagnetism where the magnetic
field lines always form closed loops and a magnet always have two poles. So how would we ever get
a magnetic monopole? the loophole in this argument is that it assumes the field A is non-singular. For
singular A fields, it turns out to be possible to describe a magnetic monopole as we have seen earlier. Let
me now present a simpler calculation to illustrate this effect. Consider the magnetic vector potential defined
in the 2D plane by

r+iy  (—y,x)
N
This field is singular at z = y = 0 and non-singular everywhere else. Consider the field B defined as
BZ = V x A. Naively substituting (2.236), we get zero field which is not surprising since the curl of a
gradient is zero. On the other hand, the flux through a circle of radius r surrounding O is given by

A =0V arg(z +iy) = —i®PVIn (2.236)

7{ dl-A=3o 7{ dp = 27 (2.237)

This shows that we should be careful when dealing with singular gauge fields.

The singularity of the gauge field can be understood as follows. Imagine we only have particles whose
charge is a multiple of a certain fundamental charge e, ¢ = ne. A consequence of the Aharonov-Bohm effect
is that a flux of 27/ /e is undetectable. This means that if we consider an infinitely thin solenoid enclosing a
flux of 2771/ e, it will be undetectable unless a particle intersect with it. Now, the end points of such solenoid
will looks like a source and sink of magnetic flux, i.e. a magnetic monopole and anti-monopole. If we
send the anti-monopole to infinity, we basically have a description for a magnetic monopole. The invisible
solenoid connecting the monopole to infinity is called the Dirac string and it coincides with.

While we may be able to get away with this notion of a singular gauge field, it is mathematically
problematic. Furthermore, this singularity is unphysical since the magnetic field itself is only singular at the
origin not at a line extending from the origin to infinity. To resolve this isse and find a more mathematically
sound way to define the gauge field of a monopole, recall another example of an unnecessary singularity:
the polar coordinates on the sphere. The polar coordinates are not well-defined at the north and the south
pole of the sphere since at § = 0, 7, ¢ is undefined. On the other hand, there is nothing special about the
north or the south pole and we should be able to define coordinates there without the problem. The caveat
is that we need to define two different coordinate patches, rather than a single global coordinate chart. The
resolution to our monopole gauge potential is very similar. Let us define the vector potential

g 1—cosf

Al = 2.238
¢ " 4xr  sinf ( )
This potential is well-defined away from the south pole and it gives us the monopole field since
1 d 10 . 7
B = AN = —  — (Al sin)p — == (rAY)0 = g— 2.23
VX rsin 6 dﬁ( s S 0)7 r (97“( s) Y2 (2.239)
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We now define another gauge potential

g g 1+cost

A5 = - (2.240)

4d7tr  sinfd
which is singular at the north pole but not at the south pole and also yields the same magnetic field. The
trick now is to define two patches: one covering the northern hemisphere and extending a bit in the southern
hemisphere (but avoiding the south pole) where we take A, to be Ag and the other covering the southern
hemisphere and extending a bit in the northern hemisphere (while avoiding the north pole) where we take
Ay to be Ai. We are free to do as long as we can define a gauge transformation connecting the two gauge
field on the region where they overlap. It is straightforward to see that the two vector potentials are related
by 5
1 g
rsin Do, YT on
However, we see there is a problem. The function w is not really single valued on the equator (where the
two patches are overlapping) since its value at ¢ = 0 and ¢ = 27 is different. It seems we have moved the
singularity somewhere else! However, remember that a gauge transformation acts on the wavefunctions via

AN = A5+ (2.241)

en (Eq. 2.228), thus it suffices that this phase is single-valued on the sphere. This is satisfies if
qg = 2mhn (2.242)

leading to the monopole quantization condition. In summary, we can define two patches with two associ-
ated gauge fields which are non-singular on the patch they are defined on. The non-trivial element of the
construction is to ensure that the two patches are related by a valid (i.e. single-valued) gauge transformation
where they overlap. This yields a consistency condition that imply the quantization of monopole charge.
Some of you may recognize this as the construction of a non-trivial U(1)-bundle on the sphere.
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Chapter 3

Angular momentum in quantum mechanics

In this chapter, we will discuss the formalism of angular momentum in quantum mechanics. We have already
introduced the notion of spin that was necessary to explain the results of the Stern-Gerlach experiment. Spin
seems to be related to classical angular momentum but it also has some very unusual features that emphasize
its quantum nature. Our approach will follow the logic we have been employing in our course so far where
we identify some symmetry operator whose generator is related to angular momentum. Similar to how we
identified momentum with generators of translation, Energy with the generator of time-translation, we will
find that angular momentum is identified with the generators of rotation.

3.1 Rotations and angular momentum

3.1.1 Properties of rotation in 3D

Rotations act on 3D real vectors via v — Rv where R is a 3 x 3 real matrix. Since rotations preserve scalar
product, we get

w-v=uv=u"RTRv 3.1

which holds for arbitrary vectors v and v. This implies that
R'R=1 3.2)

which means that R is an orthogonal matrix. 3 x 3 Orthogonal matrices form a group called O(3). To see
this, note that for R; 5 € O(3), (R1R2)"R1Ry = RY RT Ry Ry = 1 which implies that R Ry € O(3) (the
existence of an inverse and an identity are obvious). Note, however, that not any orthogonal matrix represents
a rotation since condition (3.2) is also satisfied by mirror reflections. For example, M, = diag(1,1,—1)
represents a reflection about the £ — y plane. To distinguish the two, we note that Eq. 3.2 implies that
det R = +1 (since det R = det R). Reflections always have det R = —1 whereas pure rotations always
have det R = +1. Thus, we can split the orthogonal group into elements with det R = +1, which represent
pure rotations, and elements with det R = —1 which represent combinations of a reflection and a rotation.
Note that only the first set of elements forms a group since the product of two matrices with determinant —1
yields a matrix with determinant +1. The group of orthogonal matrices with determinant +1 is called the
special orthogonal group, denoted by SO(3).

A rotation in 3D space is specified by a rotation axis 7, that is left invariant under the rotation, and
a rotation angle . We will denote such rotation by R; () and use the convention that ¢ is positive for
counterclockwise rotations. This means that a rotation is specified by three real parameters since 7 specifies
a point on the two-dimensional sphere. We can see that this is also the count we get from Eq. 3.2 whose
right hand side RR” is a symmetric matrix specified by 6 real parameters which represents 6 constraints
leading to 9 — 6 = 3 free parameters. Given an element R of SO(3), we can find the rotation axis 7 as the
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unit vector left invariant by R !. The rotation angle can be found by considering any unit vector 72, in the
plane perpendicular to 7 and taking its dot product with its rotated version

i1 .(Ra(p)nL) = cos o, (3.3)

This fixes ¢ up to a sign. The latter can be fixed by the relation
- [ x (Ra(p)hn)] =sing (34

It is a known fact the rotations about different axes in 3D space do not commute. This is something you
can see easily by considering some simple examples. For instance, /2 rotation about the z-axis followed
by /2 rotation about the z-axis is not the same as doing the z-rotation before the z-rotation. For instance,
the first sequence, which we can denote by R, (7/2)R.(7/2) maps the north pole on the sphere to the point
(0, —1,0) whereas the second sequence R,(7/2)R.(7/2) maps itto (1,0,0).

To specify the commutation relations for general rotation operators, we notice that the operator

Qi (0, %) = Rin(0)" Ra(0) Rin(6) (-5
leaves RL ()7 invariant and satisfies
A1 R (0) Qi (0, ) Ry (0)1. = cos o, (3.6)

which implies that Q7 (0, ¢) = Rt 9)(¢) 2. As aresult, we have the relation

R (0)" R () Rin(0) = Ry (94 () 3.7)

which holds for arbitrary unit vectors # and r and arbitrary angles 6 and ¢. You can verify that this relation
holds in some simple cases. For example, if 7 = 1, the two rotations commute and the RHS reduces to
R (¢). The LHS also reduces to Ry () since RL (0)7 = 7. A less trivial example is taking /i = 2, 2 = &
and § = ¢ = /2. The LHS gives rotation around the y-axis by 7/2. It is easy to verify this is the same we
get by rotating by 7 /2 around Z, then by 7 /2 around Z, and then by —7/2 around 2.
Similar to our approach with different symmetry operations, we can gain a lot of insights by considering
infinitesmal rotations Ry (dyp)
Rﬁ(dgo) =1+ Fﬁd(p (3.8)

Substituting in Eq. 3.2, we find that
I} =-Ts (3.9)

An arbitrary real antisymmetric matrix can be expanded in terms of the three real antisymmetric matrices

00 0 0 01 0 -1 0
vw=1|00 -1 ], Y2 = 0 0 0], =1 0 0 (3.10)
01 0 -1 0 0 0 0 O

Thus, we can write I'; = Z?Zl ozfﬂl-. In the following, we will not write the summation explicitly and

always assume that repeated indices are summed over. The condition R; () = 7 for any ¢ implies
Tan=0=alvin = ay x 7 (3.11)

where « is the vector whose components are «;. The equation above means that «; is parallel to 7, i.e.

¢ = an' for some constant v Since this constant is universal (independent of both 7 and (), we can fix

Qg

! Any non-trivial element R of SO(3) has only one eigenvalues equal to 1
2This condition fixes this form up to a sign +¢. You can check that Eq. (3.4) fixes this sign to be the positive one
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it by considering the rotation matrix for some simple rotation. For example, rotation around the z-axis is
given by
cosp —singp 0
R.(p)= | sinp cosp 0 (3.12)
0 0 1

Expanding to leading order in ¢ gives

0 -1 0
I's=11 0 0 | =n3 (3.13)
0 0 O
This means that the constant & = 1 and we can write
3 0 —ny, Ny
Ti=> fyi=| n. 0 —ng (3.14)
i=1 Ny Ng 0
Substituting in (3.8), we get ‘
Rﬁ(d(ﬁ) =1+ dpn'y; (3.15)
The generators for the 3D rotation +; satisfying
[Vi> vi] = €sjkvi (3.16)

We can then write a finite rotation by exponentiating the generator using

Ri(y) = lim (1+ %ﬁi%)N = P (3.17)

N—oo

3.1.2 Representations of rotation

To describe the action of rotations on a quantum state specified by a ket |«), we need to find a unitary
operator that ‘represents’ the rotation in the sense that

lu)r = D(R)|u) (3.18)

We see that D(R) has to satisfy several consistency conditions. First, for R = R Ry, we have |u)p =
|u) R, R, Which implies D(R) = D(Ri1R2) = D(R1)D(R2). We also see that D(1) = 1 and 1 =
D(RR") = D(R)D(R") which implies D(RT) = D(R)~' = D(R)'. This means that D defines a
unitary representation of SO(3). It is important to emphasize the distinction between R which is a 3 x 3 real
orthogonal matrix and D(R) which is a unitary matrix whose dimension is the Hilbert space dimension and
can be arbitrary. For example, for spin-1/2, D(R) will be two-dimensional. Note also that when defining
the properties of D(R), we could have allowed for some arbitrary phases since |u) is defined up to a phase.
These phases need to satisfy some consistency conditions. Such representations are called projective repre-
sentations. For our current analysis, where we focus on infinitesmal rotations, we can restrict ourselves to
the projective case since such phases drop.
We now introduce the infinitesmal generator for D(R)

. d
D(Ri(dp)) = 1 — iGadp = D(1 +dpi'y;) = 1 + dpi' - D(L + €7i)le=o (3.19)
This implies that GG, has the form

; d
Gﬁ == Ji’fll, Ji = Z@D(ﬂ + 6%)’6:0 (3.20)
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Previously, we have identified the generator of translation with momentum and the generator of time-
translation with energy (the Hamiltonian). Both identification can be motivated by classical considerations.
In classical mechanics, angular momentum is associated with the generators of rotation. This motivates us
to identify .J; with angular momentum measured in units of /.
Similar to what we did for R, we can construct the elements D(R) corresponding to finite rotation by
exponentiating the generator ‘ .
D(Rj(p)) = ™"/ = D(e”™) (3.21)

We are now ready to derive the very important angular momentum commutation relations in quantum me-
chanics. To do this, we write

e—zelee—zelJie—zngj 61€1Ji — e—lﬁlJie—l€1&dJi e—zng' — D(eelfyj eelfy:zeegy—je—ely—z) — D(e—eg'yjeelad% eezfyj)

(3.22)
and expand in €; and €2 to get
1 —e1ea]Ji, Jj] = D(1 + erea[vi,v5]) = D(1 + ereaeijiye) = 1 — iereaeijnJy (3.23)
This leads to the angular momentum commutation relation
(i, Jj] = i€iji (3.24)

If we use the physical angular momentum J; 7, then we get an extra factor of 4 on the RHS.

We see that unlike the different components of momentum which commute with each other, the different
components of angular momentum do not commute. This is something we have already seen when studying
the Stern-Gerlach device for spin 1/2 where the devices rotated relative to each other measured incompatible
observables.

Since the different components of angular momentum do not commute with each other, we cannot
simultaneously diagonalize them. However, in addition to the three angular momentum components, we
can also define the total angular momentum

TP = () (3.25)

It is easy to see that this operator commutes with all three angular momentum components .J; since ad j2J; =
Yoidnady i} = izh i €1ik1J1, Ji } which vanishes since the Levi-civita symbol is antisymmetric in
and k whereas the anticommutator is symmetric. This means that we can take J? and one of the angular
momentum components and use them to label the different angular momentum eigenstates. The convention
is to choose J,.

Let us consider a simultaneous eigenstate of J2 and .J, denoted by |a, b) such that

J?a,b) = |a,b), J.|a,b) = bla,b) (3.26)

Notice that since J? is a sum of non-negative operators, a > 0. It is useful to define the non-hermitian
‘ladder’ operators
Jy = Jp £idy (3.27)

which satisfy the commutation relations
[J2,J4) =0, [L,Jol==Jr, [y, J]=2J, (3.28)

These relations should remind you of some commutation relations we discussed earlier. First, when we
discussed translation operators, we had the relation

[#, Tia] = +aTta (3.29)
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The meaning of this relation is that the operator 7Ty,, acting on an eigenstate of &, raises or lowers its
eigenvalue by a. We also had similar relations for the harmonic oscillator algebra

[N,a] = —a, [N,a']=adl (3.30)

Here, again the interpretation is that a! (a) increases (decreases) the eigenvalue of N by 1. The interpretation
of the ladder operators J_ is exactly the same. This means that

Jila,b) = cila, b+ 1) (3.31)

Although the second equation in (3.28) is similar to the ladder operator algebra we encountered for
translations and for the harmonic oscillator, the last equation is different and makes the properties of the
angular momentum eigenstates quite distinct from these two other cases. To see this, let us recall what
would be the analog of that relation in these two cases. For translation, the analog is [Tg,7_,] = 0 since
all translations commute. This does not impose any restrictions of the eigenvalues of the position operator
(it is unbounded from above and below). For the harmonic oscillator, the anolagous relation is [a, af] = 1.
We saw that this relation had important implications on the spectrum of N = a'a which we found was
bounded from below by 0 but unbounded from above. For the angular momentum algebra, we will see that
the spectrum is bounded from both sides. First, we note that for any state |u)

(u|J? = J2|u) = (u]JZ + J7|u) >0 (3.32)

This means that for a given fixed a, the eigenvalue of J2, can never exceed a. In other words, there is a
maximum value b, such that
b < bmax < Va (3.33)

Since we cannot raise the eigenvalue of .J, beyond by,ax, J4+ has to annihilate |a, byax). This allows us to
write
J ’aa bmax> = CL|CL, bmax> = [JZ + §J—|—J— + §J_J+]|CL7 bmax> = bmax[bmax + 1”@7 bmax> (3.34)
which implies
a = bmax[bmax + 1] (335)
Now we can run the same argument for the minimum value —/a < by, < b to get
a = bmin [bmin - 1] (3.36)
Comparing with (3.35), we see that b, = —bpax. Now starting from byy;,, we should be able to reach

bmax by applying the raising operator a finite number of times. This yields

bmax - bmin =n, bmax = g (337)

Thus, the eigenvalues of J, are only allowed to be integer or half-integer. It is customary to use the notation
where byax = j and b = m and define

J2j,m) = (G +V|j,m),  J*|j,m) =m]|j,m) (3.38)

The states |7, m) also satisfy
Ji|a,b) = cyla,b£1) (3.39)

The constants c4. can be fixed by the normalization. For ¢, we have

lex? = (G.m|(JH)TTT5,m) = (j,m|J?=(J*)? = J*[j,m) = [§(j+1)—m(m+1)] = (j—m)(j+m+1)
(3.40)
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y

37 |-

Figure 3.1: Illustration of the z component of angular momentum for [ = 3. Note that the maximum value
of J, is smaller than the total angular momentum +/12h ~ 3.46h.

We can do a very similar calculation for c_ to get

crjm=VGFmM)(GEm+1) (3.41)

Pictorially, the components of angular momentum in quantum mechanics are quantized into 25 + 1
equally spaced values whose maximum is not equal to the magnitude of the angular momentum as shown in
Fig. 3.1. This counter-intuitive property follows from the last commutation relation in (3.28) which implies
that J? +.J2 = J_Jy + J.. Thus for the maximum value of m = j, (J2 + J2)|j,5) = jlj, j) which means
that the maximum possible value for any component of the angular momentum is always strictly smaller
than the total angular momentum.

It is instructive to see what happens in the limit of large j. To make this discussion clear, let us restore
the factor of A and think of the actual angular momentum rather than the dimensionless one measured in
units of /. In this case, the total angular momentum corresponding to j is f\/j(j + 1). For large j, the
spacing between different values of J, remains the same (= h) but the size of the spacing relative to the
total angular momentum, which we denote by A, decreases since A = ﬁ Furthermore, the ratio of
the maximal value of .J, to the total angular momentum V2 approaches 1 since @ =1+ % ~ 1. This
means that the limit of large j reproduces the expectation for a classical vector. We also note that when we
did the path integral for spin, we had the factor s, which corresponds to our j here, multiplying the whole
action. In the limit of large s, we can perform the saddle point approximation on the action and find that we
recover the classical equations of motion for a classical unit vector.

Despite the unusual quantum mechanical nature of the angular momentum operators J;, we still expect
its components to transform like a vector under rotation. For instance, consider the rotated ket |a)r =
e~%Jz|a). The expectation value of .J, in the rotated ket are related to their expectation value in the unro-
tated ket via

rla|Jzla)r = (oz|ei“”‘]Z Jxe_i‘p‘]2|a> = <a|ewad"z Jz|cr) (3.42)
Using the commutation relations (3.24), we find
ady, J, =iJy, ad} J,=iad; J, =J, (3.43)

which implies ad%’ij = J,. Substituting in (3.42), we get

rla|Jz|a)r = (|, Z ( :‘) +iJy Z ( ;’j‘) la) = cos p(al|Jz|a) — sin p(a|Jy|a) (3.44)
n even ’ n odd )
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A similar calculation for J,, yields
rlalJyla)r = sin p{a|Jz|a) + cos p(alJy|a) (3.45)
More generally, the components of angular momentum transform as a vector under R

rlo|Jila)r = RulalJe) (3.46)
l

Although the expectation value of .J; behaves like a classical vector, when we consider the effect of J;
on kets, we will find a very surprising and counter intuitive result. Consider the case of spin—% with j = 1/2.
The Hilbert space is spanned by the two kets |+) satisfying

Ll =Egl4), L) =) =0 (3.47)

H=(o) F=(1) (348)

we can write the J operators in terms of the Pauli matrices as J; = %oi. Let us now consider the action of
rotation by angle ¢ around the z-axis on a general ket |a)

If we introduce the vector notation

R.(p)|a) = e = (|4) (+|a) + |- ) (—]a)) = e 32+ ) (+a) + €39 =) (~|a) (3.49)

The appearance of the factor of % here has a very important implication: the action of rotation with ¢ = 27
is non-trivial!
R.(27)|a) = —|a) (3.50)

More generally, for angular momentum j we have

R.(2m)|a) = e~ ZAU,m><m,j|a> = Y e jm)(m, jla) = (~1)¥]a) (351

m=—j m=—j

Thus, for half-integer j, the action of 27 rotation gives a — sign. Although the ket —|«a) represents the same
state, we have seen in the discussion of Berry phase that such overall factor has physical consequences. For
instance, if we have interference between two trajectories one involving the particle undergoing a 27 rotation
and the other does not, we will get a destructive interference due to the extra minus sign if j is half-integer
but a constructive interference if j is integer. This has implications for example when we consider electrical
transport in solids where the momentum direction and spin are locked to each other. A trajectory where the
momentum have rotated by 27 will be associated with an extra negative sign leading to some interesting
quantum interference effects.

3.1.3 Orbital angular momentum and spherical harmonics

Our discussion of angular momentum so far has focused on the perspective that angular momentum is a
fundamental quantity not derived from other quantities. This is indeed the case for spin which is an intrinsic
property of the quantum system that cannot be derived from other properties. However, the notion of angular
momentum we know from classical physics is the orbital angular momentum. This is not fundamental and
is derived from the position and momentum variables via

L=xxp (3.52)

However, since orbital angular momentum is also an angular momentum, it should satisfy the commutation
relations (3.24). We can verify that the definition (3.52) together with the position-momentum commutation
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relations indeed yield the correct commutation relations for orbital angular momentum. We can verify this
explicitly for L, and L, by writing

[Lza Ly] = [ypz — ZPy, ZPx — -sz} = [ypm pr] + [Zpya xpz] = ih(_ypa: + $py) =ihl, (3.53)

The relation for other components can be derived in a similar fashion. It is instructive to compare the
discussion here to the discussion of the creation and annihilation operators in the harmonic oscillator. The
way we introduce the operators was by building them out of x and p and showing that they satisfy the
harmonic oscillator algebra. Alternatively, we could have introduced them as fundamental objects defined
by the commutation relations [a, a'] = 1.

Drawing further parallels with the harmonic oscillator, recall that we have presented an algebraic con-
struction of the harmonic oscillator spectrum that only used the commutation relations to construct the
spectrum and the wavefunctions. This is similar to the construction of the eigenfunctions |j, m) for the
angular momentum operators. However, we have also shown that we can solve the harmonic oscillator in
the position basis using the representation of the creation/annihilation operators in terms of z and p. This
is what we would want to do now. Our goal is to find the representation of orbital angular momentum in
the position basis. Similar to how we constructed the representation of linear momentum through the action
of infinitesmal translation. First, let us consider the action of infinitesmal rotation on the positin eigenket

1z, y, 2)

{ ?
(1- ﬁdg@Lsz? y,2) = (1 - ﬁdW[xpy —ypa|)lzy, 2) = Ti{dcpTEydcp|'Za Yy, 2) = |z — ydp,y + zdep, 2)
(3.54)
From this, we can derive the action of L, on the wavefunction ¢ (z,y, z) = (x,y, z|1) using

;
(=7 deL:)ly) = /dwdde\-’L'—yd% y+ade, z)(z,y, 2[¢) = /dwdyddm, Y, 2)(x+yde, y—adp, 2|1h)

(3.55)
which means that L, acts on the wavefunction as

L. 0 0
Lzlp(m?:% Z) = _Zh[x@ - y%]w(mﬁqaz) (356)

Notice that we could have already guess this from the expression (3.52). This action is a lot simpler in
spherical coordinates, where rotation by around the z axis just shifts the azimuthal angle ¢ leading to

0
quyb(ra 07 SD) = _ih%w(ra 07 SD) (357)

Similarly, we can construct the action of L, and L, as

0 0 0 0
Lf(ﬂ(fl’, Y, Z) - _’Lh[yi - Zf]@b(x, Y, Z)? Lrw<ra 67 (P) = _ih(_ sin (b% — cot 6 cos (p%)w(rv 0) (P)

0z oy
(3.58)
L0 9 : ) .0
LyﬂJ(ﬂf, Y, Z) = 72h[2% - x@]@b(fﬂ, Y, Z)a Lyw(rv 9’ SO) = *’Lh(COS ¢% — cot f'sin 90%)1/’(73 07 90)
(3.59)
This leads to the slightly simpler expression for L as
i D 9

Liyp(z,y,2) = —ihe " [xi— — cot 0 —]i(z, vy, 2) (3.60)

00 Oy
Finally, the expression for L? is

1 92 1 0 0
L? =B — sinf— 61
P(x,y, 2) [sin2 6 0° t oo o™ aH]w(ﬂc,w) (3.61)




3.2. SCHRODINGER EQUATION FOR CENTRAL POTENTIAL 71

This coincides with the angular part of the Laplacian in spherical coordinates.

Our goal now is to construct the wavefunctions (r, 6, ¢|l, m). These are usually called spherical har-
monics and denoted by Y, (6, ). Note that the spherical harmonics do not depend on the radial coordinate
since the orbital angular momentum operators L; do not depend on 7. We can also use the notation Y, (1)
where 7 is a unit vector. Spherical harmonics satisfy

LY™(0,9) = mhY,™(0,¢),  L*Y/™(0,¢) = R2(L+ 1)Y™(0, ) (3.62)

with L, and L? given by (3.57) and (3.61). The first equation is easily solved by e"™¥ which means we can
write Y}, (6, ¢) = e™#Y,L, (9). To solve for Y, we note that L. Y;' = 0 which implies

_ ;0 9 1y _ 9 >
0—[+z69 COtH@gp]YZ(G’@_[a& m cot 6]Y} () (3.63)

whose solution is Y, (#) = sin’ # up to some normalization factor. To construct the other spherical harmon-
ics, we simply apply the lowering operator to Yll. The unnormalized spherical harmonics wavefunctions are
thus given by

Y0, 0) o< JTYHO, ) ox e T —i = —cot =] sin! 6 = (—i)! e[+ cot 0] ™ sin'

00 Op 00
(3.64)
The normalization of the spherical functions is given by
/ dpdf sin Y (0, )Y, (0, 0) = 01 Gy (3.65)

The spherical harmonics at m = 0 are given by Legendre polynomials

[21 + 1
Y0, ) = 1 Fi(cos0) (3.66)

An important property of the spherical harmonics is that they correspond to angular momentum which
is quantized to integers not half-integers. We can see this from the angular dependence of the wavefunction
which has the form €% which is only single-valued for integer m. In fact, we can see directly from the
definition of orbital angular momentum L = x X p that a rotation by 27 will give the identity since

R.(2m)|) = e F @puupa) / dadydz|z, y, 2y(z, y, 2)

= /dxdydz|x cos 21 — ysin 27, y cos 27 + wsin 27, 2)Y(x,y, 2) = Y(x,y,2)  (3.67)

This tells us that half-integer spin cannot be realized as orbital angular momentum.

3.2 Schrodinger equation for central potential

3.2.1 General formalism

A spherically symmetric or central potential is a potential that only depends on the radial distance from the
origin r = /22 + y2 + 22. The Hamiltonian for a central potential has the form

VP

H= 2m

+V(r) (3.68)
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Recall the form of the Laplacian in spherical coordinates:

v20(r0.0) = 2L r000.0) + 2 Lo L o000+ Do)
R N T e A r2 sin? § Dp? noe
1 6? 1,
= [;wr ~ a2l Jib(r,0, ) (3.69)
Substituting in the Hamiltonian, we get
n? 92 5 1,
“omrare’ ol VI =R+ 50 (3.70)

Notice several things about this equation. First, it is clear that the Hamiltonian commutes with L? and L.
since both only depend on € and ¢ while ?H(r) only depends on r. Second notice the appearance of the
term proportional to L? which represents an effective repulsive “centrifugal” potential. This can be made
more transparent by separating the radial and angular dependence of the eigenfunctions of the Hamiltonian.
Since the Hamiltonian commutes with both L. and L2, we can simultaneoulsy diagonalize H, L. and L?.
As aresult, we can label the wavefunction with the eigenvalues of the three operators as follows

H|E,l,m) = E|E,l,m), L?|E,l,m) = RI(I+1)|E,1,m), L.|E,l,m) = hm|E,l,m) (3.71)

Since we have already constructed the eigenfunctions of L. and L? given by the spherical harmonics in
Eq. 3.62, we can write the wavefunctions in spherical coordinates as

VEim(r,0,9) = (1,0, E,1,m) = Y;,(0,¢) Rig(r) (3.72)
with Rg (r) satisfying the equation

K292 RA(I+1)

2mr ﬁr 2mr2

HRR,(r) = |

+V(r)|Rg(r) = ERg (r) (3.73)

We see the appearance of an extra repulsive potential that is non-vanishing for [ > 0 and is singular at
r = 0. This implies that for [ > 0, the electrons face an infinite potential barrier to be at the origin. The
normalization of the wavefunction is given by

0o T 2 oo s 27
1 :/ drr2/ desine/ Al g 1m(r, 0, 9)? :/ drr2|RE,l(7‘)\2/ d@sinﬂ/ de|YL (0, )2
0 0 0 0 0 0

(3.74)
Since the spherical harmonics are assumed to be normalized on the unit sphere (r = 1), this means that the
normalization for Rp (r) is

/ drr®|Rg(r))? = 1 (3.75)
0

This suggests defining the function ug ;(r) = rRg (r) such that

/Oo drlug,(r)]* =1 (3.76)
0

which is a normalized wavefunction describing an electron living on the one-dimensional semi-infinite line

r > 0. Substituting R (r) = UETZ(T) in the Schrodinger equation (3.73), we get

h? d? R2l (I+1)
—%W“EJ(T) + [W + V(r)lupa(r) = Eupy(r) (3.77)
This describes a 1D particle living in the region » > 0 and experiencing the potential V;(r) = hzlﬁjzl) +

V(r).
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To understand the general structure of this equation, let us first consider the limit » — 0. Let us also
assume that the potential is not very singular at = 0, i.e. lim,_,o 72V (r) = 0. Since the wavefunction
itself cannot be singular in the limit » — 0 (otherwise it will not be normalizable) then in the limit » — 0

and for [ > 0, we have ,
d I(l+1
W“E,I(T) = (rQ)UE,l(r) (3.78)

The general solution to this equation is
1+1 1
ugy(r) =Ar'"" + B~ (3.79)
T
Normalizability of the wavefunctions implies B = 0. Thus ug (1) ~ 7+ for  — 0. This result makes
sense since the centrifugal potential barrier at » = 0 for [ > 0 implies the vanishing of the wavefunction at

r = 0. As the strength of this barrier is increased, the power by which the function vanishes also increases.
For [ = 0, we can consider a general expansion

upo(r) =Y anr" (3.80)
n=0

at small r. Let us assume that the constant term is non-vanishing. Then ug (r) ~ 1 for small » which
implies Rp () ~ % and Vg 0,0(7, 0, ) ~ % However, since VQ% = —47d(r), we can only get this result
for a fine-tuned delta potential. For any other potential, the expansion (3.80) generically starts at ug g ~ 7.

3.2.2 Isotropic harmonic oscillator

Consider the isotropic harmonic oscillator where V' (r) = %mw%z. Substituting in Eq. 3.77, we get
n? d? REII+1) 1 5,
~o gpaUBr) + = 5+ gmwrTlup(r) = Bug,(r) (3.81)

This equation can be simplified by introducing the dimensionless variables A and p via

1
E=—hwl, r= ip (3.82)
2 mw
Substituting in (3.81), we get
(l+1
d(p) = D)+ (- Phulp) = 0 (3.83)

p

We have already seen from our earlier discussion that for p — 0, u(p) ~ p!*. We would also like to extract
the asymptotics at p — oo where the above equation reduces to

u"(p) — p*u(p) =0 (3.84)

[N

whose solution is u(p) ~ ¢~z Similar to what we did when we solved the harmonic oscillator, it is

usually convenient to extract the asymptotic dependence of the wavefunction. In this case, we can extract
the asymptotics both at small and large p, leading to

u(p) = pre 7 f(p) (3.85)

Substituting in (3.83), we get the differential equation for f(p)

pf"(p) +2[(L+1) = P?If (p) + [N — (2L +3)]pf(p) = 0 (3.86)
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We can solve this equation by assuming the series expansion

Fp) =Y anp” (3.87)
n=0

Substituting in (3.86), we get

0= Zan {n(n—1)p" " +2(1+ D)np" " — 2np" T + X — (20 + 3)]p" '}
n=0

— Z p"{n(n+ Va1 + 20+ D(n+ Dape1 — 2(n — Dap_1 + [N — (21 +3)]a,_1}  (3.88)
n=0

For n = 0, the only surviving term is 2(I + 1)a; = 0 which implies a; = 0. Otherwise, we have the relation

n4+204+3-A
n+2)(n+ 20+ 3)

Gn+2 = | an (3.89)
since a; = 0, this equation implies ag,41 = 0 for any 7, i.e. only even terms contribute to the series. Similar
to our discussion for the harmonic oscillator, we can find the asymptotic value of a,,2/a,, for large n
a 2
22 no oo (3.90)

an n

Thus, as,. behaves asymptotically as ag, ~ % giving f(p) ~ 3. L (p?)" ~ e””. This yields a non-

rr!
normalizable function unless the series terminates which is realized if

A=2n+20+3=4r+20+3 (3.91)
This gives the energy eigenvalues
3 3
E:ﬁw(2r+l+§):hw(]\7+§), N =2r+1 (3.92)

where r and [ are non-negative integers. The factor of 3/2 is what we expect since we have three independent
harmonic oscillator. The degeneracy of the energy level labelled by integer IV is given by

gv= Y. (2A+1) (3.93)

I<N,l=N mod 2

For N = 0, the sum only contains [ = 0 which gives gy = 1, for NV = 1, the sum only contains | = 1 which
gives g1 = 3. The first few degeneracies are {1, 3,6, 10,15,21,...,}.

3.2.3 Hydrogen atom

One of the most famous and iconic example for the success of quantum mechanics was the explanation of
the spectral lines of the hydrogen atom by Schrodinger in 1926. With our developed formalism, we can
finally discuss the hydrogen atom which is given by the central potential V (r) = —?. We note that since
the potential is produced by the proton, the proper quantum mechanical treatment of the problem involves
writing a wavefunciton describing the coordinates of both the electron and the proton. However, since the
proton mass is almost 2000 times larger than the electron mass, we can assume that the proton is not really
affected by the potential of the electron and just provides a static potential 3. A more principled way of doing

3this is similar to the case when we consider the effect of earth’s gravity on a small everyday object. Although the object and the
earth affect each other with the same force, the earth moves very little as a result of this force and it is a very good approximation
to think of the earth as being fixed
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this is to introduce the relative and center of mass coordinates. In the center of mass frame, the Schrodinger
equation reduces to that of a particle with reduced mass y = % Since m. < my, this reduces to
1 ~ me and the relative coordinates basically becomes the electron coordinates. Thus, we can think of the
electron moving in a central potential generated by the proton.

The analysis of the Coulomb potential is very similar to the isotropic 3D harmonic oscillator. The first
step is to identify the asymptotic behavior of the wavefunction at large r. Unlike the harmonic oscillator
potential which grows at infinity, the Coulomb potential decays at infinity. This means that we can have
both bound and propagating states like the square well potential. We will now focus on the bound states
with E < 0. At large r, the radial Schrédinger equation (3.77) becomes

2mE

u"(r) = k2u(r), K% = 2 >0 (3.94)

The only normalizable solution is u(r) o< e”"". Defining p = k7, we can separate the asymptotic behavior
at small and large p by writing

upy(p) = p' e " f(p) (3.95)
We further define )
2m e
=4/ —— 3.96
Po “Eh (3.96)

f(p) satisfies the equation

pf"(p) +2(L+1=p)f'(p) +lpo — 201+ 1)]f(p) =0 (3.97)

Substituting a series solution of the form (3.87), we get
o
0="> ap{n(n—1)p"""+2(1+1)np"" = 2np" + [po — 2( + 1)]p"}
r=0

= Z p"{n(n+ Daps1 +2(0+ 1) (n + Vaps1 — 2na, + [po — 2(1 + 1)]an} (3.98)
n=0
which gives
e —po+2(r—|—l—|—1)a
T D +20+1) "

For large 7, we have “é—jl — 2 which implies a, ~ %T This gives f(p) ~ e* which is unnormalizable.
Thus, we require the series to terminate which implies

(3.99)

po=2(r+1+1)=2n (3.100)
where we defined the principal quantum numbern = +1+1=1,2,3,.... The energy is
me? 1 ,a?

where a = e%/hc ~ 1/137 is the fine structure constant. The energy scale %mc%ﬂ ~ 13.6 eV is called a
Rydberg. For a nucleas with atomic number Z, it is straightforward to see that £ will be modified as

Ey = Ey_1Z? (3.102)

We see that the energy eigenvalues only depend on the principle quantum number n. For n = 1, we
haver =1 =0. Forn =2, wehaver =0,/ =1 orr = 1, = 0. In general, the degeneracy of the n-the

level is
n—1

gn=> (2+1)=n? (3.103)
=0
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Notice that this degeneracy is larger than what we would have expected on symmetry ground only. Sym-
metry will tell us that for a given [, all 2] + 1 states with different values of m = —I,...,[ are degenerate
but there is no reason for different values of [ to give rise to degenerate energy eigenvalues. It turns out that
the Coulomb potential has an extra symmetry that explains this accidental degeneracy. We will discuss this
symmetry later.

We note that in realistic systems, there are corrections beyond the 1/r correction, e.g. relativistic cor-
rections that split this degeneracy. Furthermore, in crystals, even the degeneracy associated with different
values of m is lifted since the crystal breaks continuous rotation symmetry.

We also note that the Coulomb problem has a build-in length scale

1 n
e 3.104
Pl ( )
where a is called the Bohr radius
h?
ap = —5 (3.105)
me

The bohr radius gives the characteristic size of the bound state. In the energy level labelled by the principle
quantum number 7, the size of the bound state is roughly given by n?ay.

3.3 Addition of angular momenta

So far, we have discussed two types of angular momentum. There is intrinsic or spin angular momentum.
This angular momentum can be thought of as a fundamental property of quantum objects that cannot be re-
duced to simpler properties. It satisfies the angular momentum algebra [S;, S;] = ihe;;1,S); and its represen-
tations are generally labelled by non-negative half-integers s. We also discussed orbital angular momentum
L = r x p which is constructed from position and momentum operators and whose representations, the
spherical harmonics, are labelled by non-negative integers [.

In general, a particle has both spin and orbital angular momentum and we will now discuss how to
combine them together. This applies more generally to the addition of any pair of angular momentum
operators as we will see. The first thing we want to consider when thinking of combining spin and orbital
angular momenta is the structure of the Hilbert space. We have so far either focused on the spin component.
For example, for spin 1/2, we labelled the Hilbert space by the ket vectors |[+) and |—). On the other hand,
when considering the orbital or spatial dependence of the states, we ignored the spin part and expanded the
kets in terms of eigenkets of the position operator &, |x). However, since the position operator and the spin
operator commute, we can construct basis labelled by both spin and position operators |+, ) and write the
wavefunction ¢4 () = (£, |1)) which can be written in the vector notation

x) = Vi () o (2)0(x) =1 = z " .
v = (0 ). [Eevi@u@=1= [Eelv@Prv-@P G109

The basis |4, ) can be understood as a tensor product |+) ® |x). A tensor product of two Hilbert spaces V;

and V5 with basis vectors el(l), [=1,...,Nyand eg), m =1,..., Naisthe N; x Ny-dimensional Hilbert

space whose basis vectors can be constructed by combining the basis vectors e and e®?.
The total angular momentum operator is the sum of spin and orbital angular momenta J = L+ S. Since
L only acts on the orbital part and S only acts on the spin part, the proper way to write this as an operator
acting on the full Hilbert space is
J=1®L+S5®1 (3.107)

This makes it clear that the operators L and S commute with each other. However, for simplicity, it is
common to use the simpler but more sloppy notation where an operator 1 ® O is just written as O with
the understanding that the operator acts as the identity in the parts of the Hilbert space where its action is



3.3. ADDITION OF ANGULAR MOMENTA 7

not defined. Since [L;, S;] = 0, the total angular momentum J satisfies the angular momentum algebra as
expected.

Another example for the addition of angular momenta is if we take two spin 1/2 particles. The Hilbert
space for the two spins is 4-dimensional and is spanned by |01) ® |o2), 01 2 = =£. The total spin operator is
given by

S=8514+85=8S1+11 S (3.108)

More generally, we would like to consider two angular momentum operators J; and J» and define the
total angular momentum as J = J; ® 1 + 1 ® Js. The individual components of J; and J> commute with
each other [Jy;, Jo;] = 0 which immediatley implies

(i, J5) = [Jui + Joi, Jij + Joz] = [Juiy Jus] + [Jois Joj] = iheiji(Jik + Jor) = iheiji (3.109)

Thus, the total angular momentum satisfies the angular momentum commutation relations as expected. The
action of a finite rotation by an angle ¢ around an axis 7 is given by

D[Ra(¢)] = Di[Ra(¢)] ® Da[Ra(p)] = e ¥ @e o 5" (3.110)

For infinitesmal ¢, we can write D[R ()] = 1 —i%7n - [J; ® 1 4+ 1 ® Jo]. This means that J = J; ®
1 + 1 ® Jo is the generator for a total rotation D[R ()] as expected. Our goal is to understand how the
eigenfunctions of the total angular momentum are related to the eigenfunctions of the individual angular
momentum operators.

Recall that, in general, we need to find a (maximal) set of commuting operators to label the basis of
the Hilbert space. For the angular momentum algebra, we found that a natural choice of such commuting
set of operators is given by the total angular momentum and any given component (taken to be the z-
component by convention). However, for the case of addition of two angular momentum operators Jp
and Jo, it turns out there are two natural choices. One is just to take J?Z, Jy., J3 and Jo,. On the other
hand, many physical contexts requires labelling the state with the total angular momentum, which is usually
the quantity that couples to external physical probes, instead of individual components. In this case, it
makes sense to use the total angular momentum J? and its z-component .J, to label the states. Now since
J2=J3+J24+2Jy - Jy = JE+ J2+2J1, 02, + J1y Jo— + Joy J1—. This means that J? commutes with
J12 and J22 but not Ji, or Jo,. Thus, the second possible choice for commuting operators is J 2 T, J 12 and
J2. The eigenfunctions for the first choice are given by |j1j2; m1ms)

JE|j1g2; mima) = K251 (j1 + 1)|j1j2; mima), Jiz|j1j2; mima) = hma|jije; mimg)  (3.111)
J3|j1d2; mima) = h2ja(ja + 1)|1j2; mama), Joz|j1j2; mima) = hmal|jij2; mima)  (3.112)
The eigenfunctions for the second choice are given by |j17j2; jm)
Jiljrges jm) = B2 ji(G1 + Dljijzim),  J5lijvge; jm) = h2ja(G2 + 1)|j1j2; jm) (3.113)
J?[jijas jm) = B25(j + Dljiges jm),  Jeljige; jm) = hmljija; jm) (3.114)
3.3.1 The Clebsch-Gordan coefficients

Using the resolution of unity, we can expland one of these bases into the other
rdas gm) = Y |jages mama) (jaje; mamaljije; jm) (3.115)
mi1,ma

The coefficients (j1j2; m1ma|j1j2; jm) are known as the Clebsch-Gordan coefficients.
The Clebsch-Gordan coefficients have several important properties. First since J, — Ji, — J2, = 0, we
can derive the relation

0 = (jrjos mimalJ, — Ji. — Joz|j1je; jm) = h(m — my — ma){j1je; mimaljije; jm) (3.116)



78 CHAPTER 3. ANGULAR MOMENTUM IN QUANTUM MECHANICS

Thus, the Clebsch-Gordan coefficient (j;j2; m1ma|j1j2; 7m) vanishes unless m = mj + my. This makes
sense since a state with total z-component of angular momentum m can only be decomposed into states
whose z-component adds up to m.

A second relation is that

v — g2l S J <1 +J2 (3.117)

This relation makes intuitive sense since the length of a sum of two vectors cannot exceed the sum of
their lengths (which is realized if they are parallel) and cannot be smaller than the difference between their
lengths (which is realized if they are anti-parallel). This relation implies that the dimension of the Hilbert
space labelled by |j1j2;7m) and |j1j2; mims) match. To see this, note that in the |j1j2; mime) basis,
—j1 < my < jj and —j; < mgy < js leading to a total Hilbert space dimension of (2j; + 1)(2j2 + 1). On
the other hand, counting the dimension of the |ji1ja; jm) gives > ;(2j + 1). Without loss of generality, we
can assume j; > jo which implies that the sum over j goes from j; — j2 to 71 + j2 yielding

Ji+j2

> (2+1) = (i) +d2+1) = (i — ja— D)1 — g2) + 21 + 1 = (21 + 1) (252 +1) (3.118)

J=j1—j2

Thus, the Clebsch-Gordan coefficients (j; jo; m1ma|jij2; jm) form a square matrix whose linear dimension
is (271 + 1)(2j2 + 1). Itis relatively easy to see that this matrix is unitary since it relates to orthonormal
basese to each other. As we will see later, the Clebsch-Gordan coefficients can also be chosen to be real
which means that the matrix they form is an orthogonal matrix.

Before discussing the general procedure to construct the Clebsch-Gordan coefficients, it is useful to
consider some simple examples. The first one is the addition of two spin 1/2 particles. Here, j; = jo = 1/2
and we can drop the 7; and 72 indices from the basis kets for simplicitly. The first basis choice corresponds to
labelling a state with the S, component of each of the two particles yielding four states |++), |+ —), | —+),
and | ——). The second basis is labelled by the total spin j = s whose possible values are s = 0, 1. For s = 0,
ms = 0 whereas for s = 1, mgs = 0, +1. These are called singlet (s = 0) and triplet (s = 1) representations.
To expand the singlet state |0, 0) in terms of the state |+, ), we use the fact that m = 0 = m; + mg which
means that only |+, —) and |—, +) will contribute to the expansion. Thus,

0,0) =a|+—)+ 8| —+) (3.119)

Applying J; = Ji4+ + Jog to both sides, we get the condition 0 = (« + )| + +) which implies « = —f.
The normalization fixes the total magnitude of |«| = % while the overall phase can be chosen arbitrarily.
This gives the singlet state

1
0,0)=—4=[|+—-)—|—+ 3.120
10,0) = Zll+ = =1 =+)] (3.120)
For the triplet states, we can perform a similar analysis. Due to the constraint, m = mj +mso, the state |1, 1)
can only receive contribution from | + +) which implies |1,1) = | + +). Similarly, |1, —1) only receives
contribution from | — —) which implies |1, —1) = | — —). Finally, |1, 0) can be expanded in terms of |4, —)
and |—, +). The requirement that this state is orthogonal to |0, 0) immediately yields
1
LO)y=—||+—)+ |-+ 3.121
1,0) \@H )+ =+)] (3.121)
In summary
1 1
0,0) = ——[[+=)—|—+)], [L,1)=]++), [1,=1)=|-=), [L0)=—=[+-)+|—+)] (3.122
\>\/§[I>!>]\>\>\>\>!>\/§H>|>]()

In general, we can derive recursion relations for the Clebsch-Gordan coefficients by acting with the
raising/lowering operators as follows

Jeljrgaigm) = (Jue + Jox) Y |jrdes mama) (Guja; mamaljia; jm) (3.123)

mi,m2
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Using the relation

Jelj,m) = /(G Fm)(j£m+1)|j,m=£1) (3.124)

we get

VG Fm)([GEm+Dljije; jm+1)
= > V1 Fma)(r £ ma + 1)jija; ma £ 1 ma) (1 ja; mamaljija; jm)

mi,m2

+ > V2 F ma) (a2 £ ma + 1)|juja; ma, ma & 1) (jija; mima|jija; jm)  (3.125)

mi,m2

Multiplying both sides by (j1, j2; m1, ma| and using orhtonormality, yields

VG Fm)(F £m+ 1)1, jo; m1, maljijo; j,m £ 1)
= /(j1 Fma + 1)(j1 £ ma) Gage; ma F Lmaljijz; jm)
+ v/ (j2 F ma + 1)(j2 £ ma) (jijo; mima F 1[jija; jm)  (3.126)

Using this relation together with normalization, we can determine the Clebsch-Gordan coefficients in general
up to an overall phase that can be chosen by convention so that all coefficients are real.

3.3.2 Transformation under rotations

We have so far considered many vector quantities that are promoted in the quantum theory to operators such
as x, p and L. However, we have not yet discussed systematically the requirement of compatibility between
how a general vector operator is expected to transform under rotation and how rotation is represented on
kets. More specifically, let us consider some vector V' with components V;. The expectation value of V' in
any ket should transform as a vector under rotation as

(a|Vila) = Rij(a|Vj|a) = Rij(a|Vj|a) (3.127)
On the other hand, the ket itself transforms under rotation as |a)) — D(R)|c). This means that
Rij(a|Vjla) = (a| D(R)'V:D(R)|a) (3.128)
Since this should apply for any ket |«), it implies the operator identity
D(R)'V;D(R) = Ry;V; (3.129)
Taking R to be an infinitesmal rotation implies
[J1, Vi] = —ih[m]i; V; (3.130)

where ~y; are the infinitesmal generators of 3D rotations given by

0 0 O 0 0 1 0 -1 0
m=l00 1|, ~swm=l0 00|, ~wm=[1 0 0 (3.131)
01 O -1 0 0 0 0 O
It is not hard to see that [;];; = —¢;;; which implies
[Ji, Vie] = iheiji Vi (3.132)

which is a property of any objects that transforms as a vector in the quantum theory.
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Chapter 4

Symmetries in Quantum Mechanics

We have already seen a few examples of symmetries in quantum mechanics. For instance, we have seen that
the Schrodinger equation with a spherically symmetric potential commutes with the angular momentum op-
erator. We have also seen that the free particle Schrodinger equation commutes with the translation operator
which means that its eigenstates are also momentum eigenstates. These two are examples of continuous
symmetries in quantum mechanics. We have also earlier discussed the parity operation when studying the
harmonic oscillator and double well problems. Parity is an example of a discrete symmetry operation. In this
and the following lectures, we will have a more systematic discussion of symmetries in quantum mechanics.

4.1 General Formalism

The connection between symmetries and conservation laws has already been well understood in classical
mechanics. For instance, if the classical Hamiltonian of a system is independent of the position variable x,
i.e. the Hamiltonian is symmetric under translation £ — x + a, the Hamilton equations of motion imply
p = 0 which means that p is a constant of motion. In the quantum theory, symmetries are described by
unitary operators that leave the Hamiltonian invariant

SHS' =H 4.1

If S is a continuous symmetry labelled by some set of parameters A%, then we can define its infinitesimal
generator GG, as we have done for translation and rotation, via

SO =1 — %)\“Ga +0(0?) 2)

where GG, are Hermitian operators GIL = G,.
The invariance of the Hamiltonian under the action of S implies

[Ga,H] =0 4.3)

That is, the infinitesimal symmetry generators commute with the Hamiltonian. An important consequence
of this relation is that operators GG, are time independent in the Heisenberg picture since

G,
ih
N

This means that the operators (G, are constants of motion. This is the quantum version of the classical
statement that a symmetry implies a conserved quantity or a constant of motion. In the Schrodinger picture
where the time-dependent is in the states not the operators, the commutation relation (4.3) also has an
important consequence. Consider an eigenket of a symmetry operator G at time ¢t = 0

=[G H] =0 (4.4)

GIA) = AN) 4.5)

81
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Under time-evolution, |A) will generally evolve to a different state (note that we are not assuming here that
|A) is a stationary state)
A, to; t) = UL, to)|A) (4.6)

Now recall that 2/(t, t) only depends on the Hamiltonian !. Thus, [G,, H] = 0 implies [G,U(t,to)] = 0
which leads to

GIA to;t) = GU(L, to)|A) = U(L, 1o) GIA) = MU(L, o) [A) = A[A, to; t) 4.7

Thus, |\, to; t) remains an eigenstate of G with eigenvalue A at all times. Notice that this does not mean
|\, to;t) is a stationary state. For instance, let us consider a non-stationary state described by an even
wavefunction ¢(—z) = ¢ (z) in the 1D harmonic oscillator. Such state will in general be described by a
linear combination of even parity harmonic oscillator eigenstates. Under time evolution, the coefficients of
such linear combination will change and the wavefunction itself will change but it will remain an even parity
wavefunction. We will never introduce non-vanishing coefficients in the odd parity wavefunctions.
Symmetry has an important consequence for the spectrum of the Hamiltonian. Consider an eigenket of
the Hamiltonian |n) with eigenvalue E,, then the state G|n) is also an eigenket with the same eigenvalue
since
HG|n) = GH|n) = E,G|n) (4.8)

Then we have two possibilities:

1. G|n) = A|n) for some constant A: this implies that |n) is also an eigenstate of G.

2. GIn) # A|n) for any \: this means that G|n) and |n) represent different states i.e. the spectrum of
the Hamiltonian #H is degenerate.

We have already seen this with rotation symmetry which implies that the orbital angular momentum com-
ponents commute with the Hamiltonian [L,, H] = 0. We have chosen to label the orbital angular mo-
mentum eigenspaces by the eigenvalues of L? and L, denoted by |I,m). For the case of L., we have
the first case above where L.|l,m) o |l,m). However for L, ,, or more conveniently L4, we have
Li|lym) < |l,m £ 1) # A|l,m) for any A. This represents the second case and implies that |I, m) and
|l, m £ 1) are degenerate energy eigenstates. This gives a 2] + 1 degenerate space of eigenstates for a given
L.

4.2 Parity symmetry

Parity or space-inversion is an operation that flips all spatial components sending a vector & to —z. Itis an
example of the norm preserving operators we discussed in Lecture 13 which are described by an orthogonal
matrix RRT = 1 with det R = —1 (it is not part of the special orthogonal group). Explicitly, the parity
action on a 3D vector is described by the matrix

P = 0 -1 0 4.9)

Our goal now is to define a unitary operator 7 which represents the action of parity on Kkets in the same way
D(R) represented the action of rotation. The operator 7 should be distinguished from P in that it acts on
kets that can be of arbitrary dimension. Similar to what we did with rotations, we require 7 to satisfy

(alrtzimla) =Y Pylalajla) = —(ofzia) (4.10)
J

'In the simplest cases it is just given by e~ #1(=10) byt even in complicated cases where it is given by the Dyson series (Eq.
16 in Lecture 5), it only depends on H(t).
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Since |«) is an arbitrary ket, this implies
er = —a, (4.11)

or equivalently, {7, z} = 0.
The anticommutation of the parity operator and the position operator implies that the ket 7|x) satisfies

xT|X)) = —TIT|XT0) = —XOT|T0) (4.12)

Thus, the ket 7| is also a position eigenket with eigenvalue —ao which means that 7|x) = eX(®0)|—a).
The phase y can be removed by an appropriate choice of gauge for the position eigenkets 2. This implies
that acting with 7 twice yields the same state 72|z) = |z¢), i.e. 7> = 1. A unitary operator that squares to
1 is also hermitian since

o =aln? = (@In)r =7 (4.13)

This also implies that the eigenvalues of the parity operator are +1.

The action of parity on momentum can be understood as follows. In the position basis, the momentum
is represented as p = —ihV, which suggests that p is also odd under parity. We can understand this from
a more general basis-independent perspective by noting that translation and space inversion satisfy

Pty =t_oP (4.14)

which is the statement that translating a vector by a then applying inversion is the same as translating the
inverted vector by —a. The same relation should apply for the operators T, and 7 representing the action
of translation and inversion on kets, respectively, i.e. 71, = T_gm. Taking a to be infinitesimal and using
the fact that momentum is the generator of translation 7, = 1 — %a - p yields

mp = —pr (4.15)

Thus, parity also anti-commutes with the momentum operator.

Finally, we want to understand the behavior of angular momentum under parity. As discussed previously,
there is two types of angular momentum: (i) orbital angular momentum L = x X p and (ii) intrinsic angular
momentum which is defined more abstractly as the generator of rotation. The fact that parity anticommutes
with both  and p means that it commutes with the orbital angular momentum. For more general angular
momenta that cannot be written in terms of x and p, we need to use the definition of angular momentum as
generator of rotation and note that parity commutes with a general 3D rotation, PR = RP, which implies
that it commutes with the infinitesimal generator of rotation

[r,J] =0 (4.16)

This relation is a little strange. We generally expect a vector quantity to behave as a vector under rotation
Vi = R;;Vj and to flip its sign under inversion V; — —V;. Although this is true for  and p, it is not true for
J which remains invariant under inversion. Such vector quantities which are invariant under inversion are
called Axial or pseudovectors. We note that if we take the inner product of two vectors or pseudovectors,
e.g. x - p, the resulting quantity is a scalar that is invariant under both rotation and inversion. On the other
hand, the inner product of a vector and a pseudovector yields a quantity that is odd under inversion. Such
quantities are called pseudoscalars.

To understand how electromagnetic fields transform under parity, let us see what we expect classically.
The equation for the classical Lorentz force is

FLorentz = Q(E +v X B) (417)

Since F' = m&, we expect F' to be odd under parity, i.e. to transform as a vector rather than a pseudovector.
Since electric charge ¢ is clearly a scalar, then the electric field should also be a vector, i.e. odd under

?For example, in 1D, we can define | — z) = =|x) for z > 0.
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parity. On the other hand, since the velocity v is odd under parity, B has to be even under parity i.e. B is a
pseudovector. We can also verify that Maxwell equations are invariant under

T — —x, J— —dJd, E— —FE, B— B (4.18)
Thus, in the quantum theory, we expect the addition of an electromagnetic potential to a Hamiltonian to
preserve parity i.e. 7H (A, ) = H(A, ¢). This implies

1
TH(A, 9)T = 5 (p—qA)" +qp (4.19)

1
—(p + qrAT)? + qrom =
m 2

2m
which implies
TYT = @, TAT=—-A (4.20)

up to a gauge transformation. This immediately gives
7Er =n(-Ve¢ - 0;A)r =Vp+ 0 A=—FE, TBr=n(VxAr=VxA=B (421

The behavior of the wavefunctions ¢(x) = (x|t)) under inversion can be understood as follows. The
wavefunction corresponding to the ket 7|t)) can be easily obtained as

Un (@) = (@|7]y) = (—z[) = P(-z) (4.22)

If [¢)4 ) is an parity eigenket with eigenvalue =+, then we have

(z|m|Yps) = £(z|Ys) = TYs () (4.23)

Equations (4.22) and (4.23) imply
Vi(—x) = £y (x) (4.24)

This means that + parity eigenvalues correspond to even wavefunctions and — parity eigenvalues correspond
to odd wavefunctions, as we discussed earlier.

If the Hamiltonian commutes with the parity operator [H,n] = 0, then every non-degenerate eigenket
of the Hamiltonian is also a parity eigenket. Degenerate eigenkets are generally not parity eigenvalues but
we can choose particular linear combinations that are even or odd under parity. If H describes the motion
of a particle in some potential V' (x), then the condition [, 7] = 0 is equivalent to V(—x) = V(x). Let
us now consider some simple cases of potentials satisfying this condition. For simplicity, we will restrict
ourselves now to the 1D limit. The simplest case we can think of is that of a free particle where V' (z) = 0.
The eigenfunctions of the Hamiltonian are plane waves v (x) = e’**. These are not parity eigenfunctions
since 7y, (2) = e~ ** = 4_,(2). This is consistent with the theorem above since the states () and
Y_r () are degenerate with the same energy % Instead of the plane waves, we can choose to write the
eigenfunctiosn of the Hamiltonian in terms of sin and cosine, 14 j(z) = e'** 4 ¢=k= which is proportional
to cos kx for + and sin kx for — 3 Another example is the harmonic oscillator. Recall that the ground state
of the 1D Harmonic oscillator was a Gaussian, which is even under parity. Now since the raising operator is
a linear function of x and p, it is odd under parity

{r,a} =0={m,a'} (4.25)

This means that the n-th eigenstates of the harmonic oscillator [n) oc (af)”|0) has parity (—1)". This is
consistent with the fact that the eigenstates of the 1D harmonic oscillator are bound states which are always
non-degenerate, thus they have to be parity eigenstates.

*Note here that we should restrict ourselves to k& > 0 since ¢4, _x (%) = +1b1 (). The special case of k& = 0 has only the +
state since the — state vanishes.
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One important physical consequence of parity symmetry is the following. Consider two parity eigen-
states o) and |e) such that w|o) = o|o) and 7|e) = €|e), where o, € = +. Now imagine an operator that
commutes or anticommutes with parity

100 = a0, a=+ (4.26)

Then the matrix elements of such operator between the states o) and |¢) vanish unless aoe = 1. To see
this, consider
(0]04le) = (o] (720,72 |€) = (o|n! (xTOur)|e) = cealo|Oqle) (4.27)

Thus, ceov = —1 implies (7]|Oge) = 0.

This is an example of something called selection rules that plays an important role in understanding
radiative transitions between different atomic states. A particular example is when the operator O is taken
to be the position operator &. The selection rule above implies that only states with opposite parity can be
connected by x. An important consequence of this rule is that for a parity symmetric Hamiltonian with
non-degenerate eigenstates |n), the dipole moment of any energy eigenstate, which is proportional to x,
vanishes since (n|z|n) = 0.

4.3 Coulomb potential revisited: Lenz vector

Another example where a symmetry has important spectral consequences is related to something we already
encountered for the Coulomb potential where we found that the degeneracy was larger than what we ex-
pected based on angular momentum conservation alone. Such ‘accidental degeneracy’ turns out not to be
an accident at all. It turns out there is a hidden symmetry of the Coulomb potential that is responsible for
this degeneracy. Below, I will briefly outline, how this symmetry works and how it affects the spectrum. For
those interested, you can check Sec. 4.1.4 for more details.

It is known that the Coulomb problem in the classical theory had an extra constant of motion in addition

to angular momentum known as the Lenz vector given by M = P ;lL — %m The quantum version of this
vector is given by the operator
1 2
M=_—(pxL-Lxp) —"= (4.28)
2m T

It is tedious but straightforward to verify that M commutes with the Coulomb Hamiltonian

2 2
e
n=L2_ _° (4.29)
2m 7
Furthermore, the commutation relations for the different components of M with the components of angular

momentum and with each other are given by
: . H
[Mi, Lj] = zeijkth, [MZ‘, Mj] = —Zﬁei]’kLk% (4.30)

The occurence of the Hamiltonian in the last relation implies that L and M do not generally form a closed
algebra under commutations. This means that the successive application of commutator of different opera-

tors L; and M; cannot be written as a linear combination of the operators L; and M; alone. This implies that
o Li+p7 Mj)

if we define the symmetry operator I, g3 = el , the product of two such R’'s cannot be written
again in the same form i.e. these operators will not form a group which is a fundamental requirement for a
physical symmetry. This discussion tells us that M;’s do not generate a symmetry action for the Hamiltonian
in general. However, if we restrict ourselves to the space of bound states of a given energy £ < 0, we can
define the operator

m

N=,/——5M 4.31
55 (4.31)
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we get the algebra
[Li, Lj] = d€ijn L, [Ns, Lj] = i€ijp Ny, [Ni, Nj| = degji Ly, (4.32)

which is a higher-dimensional version of the angular momentum algebra where we have 6 generators instead
of 3. Can we identify what group this belongs to? We are looking for a group that includes SO(3) as a
subgroup and has 6 generators. The obvious choice which turns out to be the correct one is SO(4), the

group of rotations in 4D. An easier way to understand this algebra is to define I = # and K = L EN
which turn out to satisfy the algebra
[IZ‘, IJ] = ieijkllw [Kl, KJ] = ’ieiijk, [IZ, KJ] =0 (433)

This means that the algebra above is equivalent to two copies of the SO(3) algebra. The two operators I
and K each satisfies the angular momentum algebra so the eigenstates can be labelled by the total angular
momenta /2i(i+ 1) and h?k(k+ 1) where i and k are arbitrary half-integers. However, note that I? — K2 =
L - N = 0 which implies that ¢ = k. Thus, the degeneracy of a given eigenstate defined by ¢ = k is
(20 +1)(2k +1) = (2k + 1) = 1,4,9, ... (remember that k is half-integer). This is the same degeneracy
we found in the Coulomb problem if we identify the principal quantum number n with 2k + 1. Thus, the
extra hidden symmetry explains the accidental degeneracy of the Coulomb Hamiltonian.

4.4 Time-reversal symmetry

Time-reversal symmetry in the classical theory is the statement that, in the absence of dissipative forces, if
x(t) is a solution to the classical equations of motion in a potential V (), then x(—t) is also a solution since
the classical equation of motion mi# = —V'V () is invariant under the replacement ¢ — —¢. Another way
to say this is that if we have a movie for a particle or a collection of particles experiencing a potential and
interacting with each other in the absence of dissipative forces, we cannot tell the difference between the
movie playing forward or backward. In classical physics, we expect velocity to be odd under time reversal
which implies that momentum and current are also odd. Again considering the expression for the Lorentz
force, we can deduce that, under time-reversal, F is even while B is odd. We can explicitly verify that the
Maxwell equations are invariant under

T —x, t— —t, J— —J, E— FE, B— —-B (4.34)

The fact that B is odd under time-reversal makes intuitive sense since B is usually generated microscop-
ically by some circulating currents which would switch direction under time-reversal. It is important to
emphasize the following. If we study a system subject to a fixed external magnetic field, the system will
appear to break time-reversal symmetry. This means that if we look at the time-reversed versions of trajec-
tories of the system keeping the external field fixed we can tell the difference between a forward moving and
a backward moving trajectory. Our goal now is to understand how time-reversal manifests in the quantum
theory.
Let us start by considering the Schrddinger equation

miww t) = (—th2 - V(a:)) Y(x,t) (4.35)
7 U 2m ’ '

Since this equation is linear rather than quadratic in time-derivatives, we see that for a solution ¥ (x, ),
¥ (x, —t) is not necessarily a solution. Does this mean time-reversal is broken in the quantum theory? This
would be very surprising. One hint of how time-reversal should act in the quantum theory is the fact that time
always appears in the quantum theory combined with a factor of ¢ suggesting that the correct implementation
of time-reversal symmetry should also involve complex conjugation. Indeed, if we can verify that whenever
Y (ax,t) is a solution to the Schrodinger equation, ¢ (x, —t)* is also a solution.
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But what does it mean to say that time-reversal action involves complex conjugation? In the operator
formalism of the quantum theory, we have seen that symmetry transformations are implemented by unitary
operators. However, the transformation that maps v to 1* is clearly non-unitary. The simplest way to see
this is that (¢|x) = [ daxy*(z)x(x) — [ dey(z)x*(x) = (|x)* i.e. the inner product of two kets is not
invariant under complex conjugation. Does this mean that time-reversal is an invalid symmetry operation in
the quantum theory?

The answer turns out to be no. We have just been using a restricted definition of symmetry operators.
It is something we have already touched upon very briefly in one of the earlier lectures, but we can address
more systematically now. The only measurable in the quantum theory is the absolute value of the overlap
of two kets |{«|/3)| whose square gives the probability for the state |«) to be measured in the state |3). This
means that a symmetry operator |a) — S|a) should satisfy the requirement

[(alB)] = [(SalSB)| = [l B)] (4.36)

This is clearly satisfied by any unitary transformation |a) + Ula) since |(Ua|UB)| = [(a|UTUB)| =
|{a|B)]. However, it is also satisfies with the complex conjugation operator ¢ — 1* defined above which
maps («|f3) to |(«|B)* which still preserves the absolute value of the overlap. Complex conjugation belongs
more generally to a class of symmetry operators called anti-unitary. An anti-unitary operator is defined by
la) = Ola)

(©a|0f) = (alf)",  O(ala) + 2|B)) = 1O]a) + 30|6) (4.37)

It is easy to see that the product of two anti-unitary operators is unitary which means that anti-unitary
operators do not form a group by themselves. Instead, we can construct a group consisting of unitary and
anti-unitary operators which contains unitary operators as a subgroup.

We have already seen an example of an anti-unitary operator which is the complex conjugation operator
that we denote by K. Consider for example the spin operators for a spin 1/2 particle given by S; = %ai
where o; are the Pauli matrices given by

0 1 0 — 1 0
ax:<1 0), Uy:<i 0 >, O'Z:<0 _1> (4.38)

We emphasize that these matrices are expressed in the basis |z, 4). For example, S, = 2(|z, —=)(z, +| —

2
|z,+)(z,—|). Since o, , are real while o, is imaginary, we have
KSe K =Sz, KS,K =-S5, (4.39)

However, it is important to note that the representation of the complex conjugation operator is basis-
dependent. For example, in the y-basis, |y, +), S, = Z(|y, +)(y, +| — |y, —)(y, —|). The action of complex
conjugation in this basis is just XS, = S, which seems to contradict Eq. 4.39. To resolve this apparent
contradiction, we note that like any other operator, /C is not basis-independent. Instead, under a change of
basis, it changes as I — >, |a)(a|/C|b) (b|. For the example above, the transformation from the z basis to

the y basis is implemented by a 7r/2 rotation around the x-axis, given by the unitary U = e 20 = ¢T T,

Under this transformation, X maps to UTKU = UtU*K = €2 ?*K = io, K. We can verify that the operator
0K anticommutes with S, expressed in the new basis. This example illustrates that a complex conjugation
operator in one basis maps to a more general anti-unitary operator in a different basis.

So what is the most general anti-unitary operator? Since the product of any two anti-unitary operators
is unitary, for any unitary operator, we can construct the combination ©/C which is a unitary operator U.
Noting that X? = 1, we see that © = UK. Thus, any anti-unitary operator can be written as the product
of a unitary operator times complex conjugation. We can now ask the question: are there any symmetry
operators satisfying (4.36) that are not unitary or anti-unitary (up to unphysical phase factors)? The answer
turns out to be no. A theorem by Wegner, whose proof is beyond the scope of this course, have shown that
symmetries in the quantum theory can only be unitary or anti-unitary.
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With our understanding of anti-unitary symmetries, we now revisit the question of time-reversal sym-
metry which as we argued before requires the introduction of complex conjugation. Time-reversal operator
can be defined through its relation to the time evolution operator via

TU) = U(—)T (4.40)

This relation means that evolving a state by the time ¢ then applying time-reversal is the same as applying
time-reversal then evolving in the reverse time direction. Using the fact that the Hamiltonian is the generator
of time-evolution U (dt) = 1 — ¢Hdt, we find that

TiH =—iHT (4.41)

Here, we kept the factor of 7 to account for the possibility that 7 is anti-unitary. According to Wegner
theorem, we have two possibilities: either 7 is unitary which means that 7¢ = ¢7 which implies TH =
—HT. This equation implies that for any non-zero energy eigenvalue E of #, there is a corresponding
energy eigenvalues —FE. This does not make sense physically which can be seen by considering simple
examples such as the free particle Hamiltonian which we expect to be time-reversal symmetric but whose
spectrum satisfies £ > 0 and is unbounded from above. The other possibility is that 7 is anti-unitary

[T, H]=0, T 4T =-i (4.42)

The anti-unitarity of 7 has an important consequence. Physically, we expect that applying time-reversal
twice to a state yields the same state. But recall that in the quantum theory, physical states correspond to
rays in the Hilbert space rather than unique ket vectors. This means that for any ket [), 72|1)) = €¥|¢)
where @ is independent of |) 4. Thus, we can write 7 = €1 which implies UrUr = ' or equivalently
Ur = ei9U7T—. Transposing both sides gives U7T- = 9Ty = 62i9U7T- which implies €2 = 1. Thus, § = 0
or ™ which implies 72 = 41. As we will see later, these two possibilities are realized for integer (+) and
half-integer (—) spin.

The action of time-reversal on different physical observables can be understood based on simple physical
considerations. First, we expect time-reversal to leave position eigenkets invariant 7 |x) o |z) which means
that

TaT ' == (4.43)

We also expect time-reversal to commute with the translation operator 7,,. Now since momentum is the
generator of translation, we get

Tip)T '=ip, = TpT '=-p (4.44)

Thus, momentum is odd under time-reversal as expected. This is what we would have obtained also from
the position representation of the momentum operator p; = —iha%l. In fact, we can show a more general
statement where any unitary operator must either commute with both x and p or anticommute with both x
and p whereas an anti-unitary operator has to commute with one and anticommute with the other °>. We can
see this by acting with an arbitrary symmetry operator S on the Heisenberg commutation relation. Let us
for simplicity consider the 1D case

Slz,p]S~! = SihS~t = [SzS~L, SpS~] = SiS'h (4.45)

For unitary S, SiS~! = i which implies that S should commute with both z and p or anticommute with
both x and p whereas for anti-unitary S, SiS~! = —i which implies that S should commute with one of =
and p and anticommute with the other. An example of an operator that anticommute with both x and p is

“To see that this has to be the case, consider two different kets |11,2) and assume T? [11,2) = g2 [1)1,2). If 61 # O, then the
state [1)1) + [t2) will map to a different state |1/1) + €'“2=%) |¢)5) under the action of 772.
SHere, we are not considering operators that mix « and p
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the parity operator 7 we studied last lecture. Time-reversal 7 is an example of an operator which commutes
with x but anticommutes with p. Finally, we can consider the anti-unitary operator 77 which anticommutes
with z and commutes with p.

Finally, we expect time-reversal to commute with spatial rotations which implies

TGI)T ' =id,, = TJLT '=-J, (4.46)

This is again the result we expect at least for the case of orbital angular momentum L = x X p. Note that the
an operator that anticommutes with all angular momentum components have to to be antiunitary to respect
the angular momentum commutation relations.

To understand the action of time-reversal symmetry on a system characterized by an arbitrary angular
momentum labelled by a half-integer j, let us first consider the case of a spin 1/2 particle (j = 1/2). As we
discussed earlier, the spin operators can be represented in terms of the Pauli matrices .S; = gai. Notice that
the Pauli matrices o, and o, are real whereas the Pauli matrix o, is imaginary. This means that if we write
T = U7 K we have

Z/{TUIU;- = —0y, uTaqu} = 0y, UTO'ZU;— = —0, 4.47)

Thus, in the space defined by the three component vector (0, 0y, 0.), U acts as a rotation around the
y-axis by an angle w. Such rotation is represented by U = e h™y = 720 = 10,. We now see
that 72 = Uriy = e~ = —1. Thus, the action of time-reversal on a spin 1/2 particle satisfies
72 = —1. We can anticipate the action on higher spins by recalling the formalism for addition of angular
momentum we discussed in Lecture 16. There we found that combining an even number of spin 1/2 particles
can generally be expanded in terms of states whose total spin is integer while an odd number of spin 1/2
particles can be expanded in terms of states whose total spin is half-integer. This suggests that the action
of time-reversal on a state with n spin 1/2 particles, defined via the tensor product 7, =7 T QT ...,
satisfines 72 =T2@ T2 @ T%--- = (-1)™

We can see this more generally by considering some arbitrary angular momentum algebra [J;, J;] =
i€j;jphJ). We can always choose two of the components to be real and one to be imaginary which is chosen
to be J, by convention. This means that

KJz K = Jg., KK =—J, (4.48)

This can be done explicitly by considering a specific representation |j,m). .J, is diagonal and real in this

representation. J can also be chosen to be real which means that J, = *;J’ is real while J, = J*;i‘]*
is imaginary. Using Eq. 4.48 and the relation 7.J,7 ! = —J, yields

Urloly = —Tosy  Urdliy =J,, (4.49)

which means that U7 = e~ % /v up to a phase. This gives 72 = UrUs = e~y = (—1)% where we
used the fact that rotation by 27 around any axis gives (—1)7.

The last aspect of time-reversal symmetry we would like to discuss are its spectral consequences. First,
let us note that time-reversal acts on wavefunctions by complex conjugation since 7 |x) = |z) which means
that 7 maps ¢ (z) = (z[¢) to (x|T) = (T Lz|T1Ty)* = (T 1z|y)* = ¢(z)*. We would now like
to discuss the implication of time-reversal symmetry on the spectrum. For a unitary symmetry, we found a
non-degenerate energy eigenstate is also an eigenstate of the symmetry operator. Below, we will see that we
can derive a very similar result for time-reversal. Consider an eigenstate |n) with energy eigenvalue F,, for
a time-reversal symmetric Hamiltonian [7", H] = 0. Then

HT|n) =TH|n) = E,T|n) (4.50)

which means that 7 |n) is an eigenstate with the same eigenvalue. Then we have two possibilities: If |n)
is non-degenerate, then 7|n) is equal to |n) up to a phase that we can choose to be 1. The statement
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T |n) = |n) implies that the corresponding wavefunction ,,(x) = (x|n) is real. On the other hand, if 7 |n)
represents a different state compared to |n), then we deduce the spectrum has to be degenerate. At this
point, the discussion completely parallels the one for unitary symmetry. There is however one consequence
that is unique for anti-unitary operators that satisfy 72 = —1 known as Kramers’ degeneracy. Consider the
overlap

WITY) = «(T*|Ty) = ~(TYl)" = —(|Ty) (4.51)

Thus the overlap of [+) and T|¢) vanishes identically whenever 72 = —1. As a result, |¢)) and T|1))
cannot describe the same state. For a time-reversal symmetric Hamiltonian, this implies that every energy
eigenvalue is doubly degenerate.

4.5 Lattice translation symmetry

The last important symmetry we are going to consider is lattice translation symmetry. Earlier in the course,
we considered continuous translation symmetry discribed by the unitary operator T, which satisfies

TxT,'=x+a (4.52)

The different translation operators commute 7,7, = T,/ 1T, and the the generator for infinitesmal trans-
lations can be identified with momentum. For a single particle, continuous translation symmetry is very
restrictive. It is only realized if the potential V' (x) is a constant. However, in a lot of contexts, we want
instead to think of an electron living in a periodic potential. This usually occurs when we consider the
movement of an electron subject to the potential generated by a lattice of positive ions. Due to the much
heavier mass of the ions compared an electron, we can ignore their movement to a very good approximation
and think of them as providing some background periodic potential V(x + a) = V(x).

In the following, we will focus for simplicity on the 1D case V(z + a) = V/(x) since translations
along different directions commute and we can easily generalize our analysis to the multi-dimensional case.
Similar to our discussion of the free electron case, it is very useful to place our system on a large box and
consider periodic boundary conditions ¢ (z + L) = ¢ (x). However, to be compatible with translation, L
has to be an integer multiple of the lattice constant a, L. = Na. Since the kinetic energy % commutes
with any translation operator, the condition V (z 4+ a) = V(a) implies that T,H(x)T,; ! = H(z + a) =
% +V(z+a)= % + V() = H(x). This means that [T}, H] = 0 and since T;,, = 7", it also implies

[Tha, H] = [T}, H] = 0. Thus, we can simultaneously diagonalize H and 7T, and use the eigenvalues of Tj,
to label the energy eigenstates. The periodic boundary conditions can be expressed as
Ty ) = [v) (4.53)

Denoting an eigenstate of 7, by |k) such that T,,|k) = Ag|k), the boundary condition implies that AYY = 1.
This means that \g is an N-th root of unity

Ne=enN™ pn=0,... N—1 (4.54)

Notice that the states labelled by n; and ny + mN for any integer m are equivalent. Defining k = %nk
such that A\, = €%, we see that the discrete translation eigenstates are labelled by a wavevector k, but
unlike continuous translation, the eigenstates corresponding to k and k& + Qfm label the same state for any
integer m.

So what is the most general eigenstate of discrete translation |k). An obvious choice is i (z) = (z|k) =
e’* However, this cannot be the only possibility. One way to convince yourself of this is to take the limit
of V(x) — 0. In this case, we should recover the free particle case where the eigenstates are labelled by
|k) where the wavevector k is unrestricted, i.e. goes from —oo to +o0o, while for the periodic case k goes
from 0 to 27 /a. Clearly the number of eigenstates of the Hamiltonian cannot abruptly change as we switch
on a small periodic potential. Another way to convince yourself is to look at the matrix elements of the
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Hamiltonian in the plane wave basis. To make our notation more transparent, we denote the plane waves in
the continuum by |¢), where g € (—o0, 0o) and reserve |k) for the case where k € [0, 2Z)

h2 2
(d1Mlq) = 775 +(¢|V(z)lq) (4.55)

The matrix elements of the potential are simply the Fourier components

(d|V]q) = /dmei(q_ql)xV(:c) (4.56)

Since the potential is a periodic function with period a, its Fourier components are only non-vanishing for a
discrete set given by ¢ — ¢’ = 2 n. This means that the Hamiltonian is not diagonal in the continuum plane
wave basis. Instead, it connects plane wave states whose momenta differ by “In. A general eigenstate of
such Hamiltonian can be written as

i) = 3 I, (k) = Mt up (@), u(e) = Y @ an (k) (4.57)

n n

where ug () is a periodic function uy(x + a) = ug(x). In general, an eigenfunction of discrete translation
satisfies 15, (z 4+ a) = ¢*%4);,(z) which implies that it can be written as

Vi(r) = e uy () (4.58)

for some periodic function ug(z).

The Hamiltonian will have many eigenstates of the form (4.58) for any given k£ which we can label as
usual by some integer n. Thus, the common eigenstates of translation and the Hamiltonian are labelled by
k € [0, 2%) and an integer n, ) such that

Tun, k) = e™|n, k),  Hln, k) = Eypln, k) (4.59)
where the wavefunctions 1, ,(x) = (z|n, k) have the form

U i(x) = eik$un7k(x), Un k(T 4+ a) = up () (4.60)

This is the statement of the Bloch theorem. v, 1, () are called Bloch states whereas w,, ;(x) are called cell-
periodic states. k is usually called the crystal momentum. It differs from actual momentum in that it is only
conserved up to terms of the form 2 ==m for integer m. Such momenta are called reciprocal lattice momenta.

In the thermodynamic limit N — 00, we can think of k as a continuous parameter since the spacing
between different consecutive values of k is Ak = ]2\,—7; goes to 0. It is important to emphasize that the
range of k is given by the interval [0, %”) which is independent on the system size and only depends on the
lattice constant a. The contintuum limit is obtained by taking a — 0 where we recover continuous lattice
translations and the range of k can be taken to be [0, cc) .

It is important to emphasize that while the Bloch states are orthonormal since the are the eigenfunctions
of a Hermitian (or unitary) operator with different eigenvalues, the cell-periodic states at different momenta
are not generally orthogonal.

The generalization to higher-dimensions is straightforward In d dimensions, k is promoted to a d-
dimensional vector with d components satisfying 0 < k; < =X where a; is the lattice constant in the i-th
direction. This means that the vector k lives on the d- drmensronal torus. Such torus is called the Brillouin
zone.

®we can also make a more symmetric choice and choose k € (=2, Z] which becomes k € (—co, +00) in the continuum limit
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Figure 4.1: Illustration of the nearly free electron model.

4.5.1 Nearly free electron

We will now consider a few cases to illustrate the Bloch theorem. First, consider the limit of very weak
potential. Since the case of zero potential corresponds to plane waves |g), it makes sense to express the
Hamiltonian in this basis as in Eq. 4.55. Since the Hamiltonian only connects states with ¢ — ¢’ = %’rn, we
can write ¢ = k + %’rn where £ is inside the Brillouin zone and define

2 21, \2
h*(k + =tn)

Hoy (k) = (k' (M) = ===

St Virms Vi = (et [V [} = / dei )Ty ()

4.61)

We see that for V' = 0, this Hamiltonian is diagonal n. It corresponds to a rewriting of the free particle

Hamiltonian, which is diagonal in a single unrestricted momentum g, in terms of one Brillouin zone mo-

mentum k and one integer index n. Pictorially, this corresponds to ‘folding’ the quadratic band dispersion
to lie in the Brillouin zone and labelling the different branches with an integer n.

When V is small and non-zero, we will get some mixing between different branches at the same Brillouin

zone momentum k. To understand the effect of this mixing, let us consider the following simple example.

Take the following 2 X 2 matrix
(B V
A= ( Ve B, ) (4.62)

Its eigenvalues can be computed in a straightforward manner to be £ 1'5E2 + \/ ( E SEZ )2 + V2 If|V] <«
| E1 — E5, its effect will be negligible and the eigenvalues of this matrix will be simply given by its diagonal
entries /1 and Fs. On the other hand, if |V| > |E; — E»|, we can basically replace £} ~ Fy ~ FEj and
find that the eigenvalues are F & |V i.e. the splitting between the eigenvalues is given by 2|V|. When we
add a small potential V' to the folded free electron dispersion, its effect is to connect different branches of
the dispersion at the same crystal momentum k. This can be represented by a large matrix whose diagonal
entries are the energies ¢,, j, = W and the off-diagonal entries are V,,,,». For small V', we can neglect
the term V,,,,» unless |Vi,,v| 2 |€nr — €71 Which only happens at the center or edge of the Brillouin zone
when k ~ 0,£7 as shown in Fig. 4.1. This opens up gaps of the order |V,,,,/| at the edge of the Brillouin
zone leading to the emergence of separated energy bands.

4.5.2 Tight-binding model

There is an alternative way to understand the emergence of energy bands that starts from the opposite
limit of very strong periodic potential. Let us start with a periodic potential consisting of potential wells
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(a) (b)

t o t1

Figure 4.2: (a) Periodic potential well with tunneling ¢ between neighboring well. (b) Periodic double
potential well with tunneling ¢; between left and right states within each double well and 2 between adjacent
wells.

at x = na separated by infinite potential barriers. This is a generalization of the double well potential
we studied earlier. There, we found that in the limit where the potential barrier is infinite, the wells get
effectively disconnected and we can find the spectrum in each well separately. Denoting the lowest energy
state localized at the [-th well by |l), we see that |) are all degenerate energy eigenstates with an energy
eigenvalues that we denote by Fy. The states |/) are not translation eigenstates. Instead, they satisfy T, |l) =
|l +1).

Since the energy eigenvalues are degenerate, we can choose any linear combination of these eigenstates
which will also be energy eigenvalues with the same energy. Following our discussion of the Bloch theorem,
it makes sense to look for eigenstates of the translation operator Ty, It is straightforward to verify that the
state

REDIEE) (4.63)
l

is an eigenstate of the translation operator with eigenvalue e’*®. Notice that since we are keeping only

one state per well, we have only one state for every Brillouin zone momentum k. We can verify this by
comparing the dimension of the Hilbert spaces of the states |/) and | k). For a system with N unit cells, such
that TNV = 1, the basis |I) spans a Hilbert space of dimension N. On the other hand, the basis |k) spans a
Hilbert space parametrized by k = %n where n = 0, ..., N — 1 which also contains N points.

Once we make the potential barrier finite, we expect the states |I) to no longer be eigenstates similar to
the case of potential well where the eigenstates are instead the & linear combinations of the states from the
left and right well. However, the states |k) remain eigenstates since they are eigenstates of the translation
operator. If the barrier is still reasonably high, we expect the mixing between the states localized in different
wells to be small and also expect the mixing between non-adjacent wells to be neglegible. This, we can
approximate the Hamiltonian by

H:Z{E0|l><l|—|—t\l><l—|—1\—I—t*|l+1)(l|}, t=(H|l+1) (4.64)
!

For simplicity, we will assume ¢ is real in what follows. Acting on the states | k), we get
H|k) = (Eo + 2t cos ka)|k) (4.65)

This gives the energy dispersion E, = Ey + 2t cos ka.

The tight-binding model can be easily generalized to include multiple states per well. For instance,
imagine each well is itself a double well potential with a potential barrier as shown in Fig. 4.2b. Then we
can focus on the two lowest energy eigenstates that can be expressed in terms of eigenstates localized in the
left or the right parts denoted by |I, o) where o = L/R. If we again consider tunneling between nearest
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neighboring wells only, then we can focus on tunneling between the left and right wells within each double
well, denoted by %1, or tunneling from the right part to the left part of two adjacent wells denoted by 2. The
Hamiltonian is then given by (we will drop the constant term Fy in what follows)

H=> {ta(|l, L)(I, Rl + |1, R){I, L|) + t2(|l, R)(I + 1, L| + |l + 1, L){I, R|)} (4.66)
!
Defining the states
ko) = e ™|l o) (4.67)
l
we can write the Hamiltonian
H=> {(tl + toe™® )|k, LY (k, R| + (t1 + t2e™* )|k, R) (k, L\} (4.68)
k
We see that the Hamiltonian is diagonal in k and can be written as
ronN _ 0 t1 + 7526“m
(hoal M) = bt HOI= (o TR ) G

The energy spectrum of this Hamiltonian is given by &|t1 + toei*®| = £/(t; + t2 cos ka)? + (t2 sin ka)2.
This Hamiltonian describes the so-called Su-Schrieffer-Heeger (SSH) model which is the simplest model
for a topological insulator in 1D.

We see that the main advantange of tight-binding models is that they allows us to focus on a few relevant
states within each well (usually called orbitals) and writing a matrix Hamiltonian for each crystal momentum
k that depends on k and a few model parameters. The last thing I want to discuss is how symmetries are
represented in the tight-binding picture. For a unitary symmetry that leaves momentum invariant, we have
Slk,a) = 35 58.a(k)|k, B). If the symmetry S leaves the Hamiltonian invariant, STHS = H, then the
tight-binding Hamiltonian satisfies

Hop(k) = (k,a|H|k, B) = (k, oSSk, ) = ) S S5(k,vIH[k, ) ZS o555 H 5 (k)
¥,0
(4.70)
which means that as a matrix H (k) = ST(k)H (k)S(k). For k-flipping unitary symmetries such as parity,
we have S|k, ) = > 5 Sp.a(k)| — k, B) which yields

H, 5(k) = (k,a|H|k, B) = (k,a|STHS|k, B) = Z oSs.5(—k, V| H| =k, 8) = 8% S5 pHy 5(—Fk)

(4.71)
which means that as a matrix H (k) = ST(k)H (—k)S(k). Finally, for a k-flipping anti-unitary symmetry
such as time-reversal, we have Tk, ) = >3 Tp o (k)K| — k, B)

Hop(k) = (k,a|H|k, B) = (k, o T HTk, 5) Z oT5.5(~k, 7 |H|~k,35)" Z oSs5H 5(—k)

(4.72)
which implies H (k) = T'(k) H(—k)*T (k).
The fact that parity and time-reversal relate the tight-binding Hamiltonian means that they do not impose
a local symmetry constraint at every k point. However, they impose a symmetry constraint for momenta
which satisfy —k = k 4+ G where G is a reciprocal lattice vector since H(k + G) = H(k). In 1D, these
are just the momenta k = 0 and k£ = 7 within the Brillouin zone. All our conclusions about the symmetries
is thus valid at these points. In particular, for parity symmetric Hamiltonians, we can label non-degenerate
eigenstates at momenta k = 0, 7/a by their parity eigenvalues if the Hamiltonian is parity symmetric. For
time-reversal symmetric Hamiltonians with 72 = —1, we have Kramers degeneracy at k = 0, 7/a but
not at a generic point in the Brillouin zone. These considerations play an important role in the theory of
topological insulators which is beyond the scope of this course.



Chapter 5

Approximation Methods

5.1 Time-independent perturbation theory

5.1.1 Non-degenerate perturbation theory

In this chapter, we will begin our study of approximation methods. We will begin with “perturbation theory,”
which begins from an exactly solvable starting point and systematically computes corrections in a Taylor
series like form. In particular we begin with a Hamiltonian of the form

H=Hy+ AV (5.1)

where Hj is exactly solvable; we know all of its eigenstates ]n(0)> and eigenenergies Eflo), such that
Hy [n©)) = Y In(?)). We have introduced a perturbation operator V, as well as a perturbation strength
A. One could absorb )\ into V, or define V' so that A = 1, but it is convenient to retain A as a free parameter
while deriving the perturbation series as it is a convenient way to effectively count powers of V. Indeed, any
physical quantity computed from (5.1) that has d powers of A will necessarily have d powers of V.

We will compute |n) = |n(\)) and E,, = E,, () such that

H|n)=E,|n). (5.2)

We assume that there is no degeneracy; there is a single state |n) with energy F),. In the next lecture we will
address the case of degeneracy. Note that since H = Hy + AV is a function of A, so are |n) and E, though
we will often leave this dependence implicit. The computation of |n) and E will be done order-by-order in
A (and thus V). In particular we consider expanding

n) = [n@) + X [nM) + A [n®) + X3 [n®)) + ...

E=E® 4 xEW 4 XE® 1 BEG) 4. i
so that |n(d)> and E@ are order d in V, but don’t have A dependence. We will systematically calculate these
corrections order by order. We pause to comment that we do not include 1/n! factors that would enable us
to associate (@ with the n-th order derivative of E with respect to A evaluated at A = 0, as is typical in
Taylor series. This is essentially a convention choice in how E(?® is defined and the choice we make here
will be slightly more convenient for our purposes.

There is another subtlety that we will have to address which is gauge redundacies associated with |n)
as a function of A\. As an example, for V' = 0, where all corrections should be trivial, we could imagine
the “perturbed” state [n(\)) = €' [n(0); the exponential could then be expanded to generate a series
with [n(®) o [n(9)). These corrections that are proportional to |n(?)) do not change the state physically,
they simply change its unphysical coefficient. In order to derive a canonical expression for |n) we will need

95
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to remove this gauge redundancy. To do this, we simply imagine deleting the part of |n(d)> that lies along
1n(0)) and therefore impose
O @y =0,  ford>1. (5.4)

That is, all corrections are required to change the unperturbed state rather than adjust its coefficient. We
pause to comment that the set up we have outlined typically results in states that are not normalized, since
the leading order part \n(0)> has a fixed coefficient of 1 in (5.3), but the state can always be renormalized
after it is computed to the desired order.

Expanding out the eigenequation (5.2), and writing A,, = E,, — E,(lo) for the energy shift, we have
(B — Hy) [n) = (\V = Ap) [n) (5:5)

This rewritten eigenequation will be the starting point for our expansion. The reason is that it relates the
order D correction to |n) to orders d < D on the right hand side, as both AV and A,, contain at least one
power of A.We begin by acting with [n(?)) on the left. Since Hy |n(?)) = Y [n(9)) (likewise for the dual
“bra” version because H( is Hermitian), the left hand side vanishes and we obtain

O] AV —=Ap)|n) =0 (5.6)
which says that (\V — A,,) |n) is orthogonal to |n(?))
An = 0O\ |n) = ED = nO|v |pld-D) (5.7)
so that we can compute the order d energy in terms of the order d — 1 state. Next we invert (5.5):
n) = )+~ (V — A ) (5.8)
E,’ — Hy

0)

The above equation requires some explanation. The operator (Efl — Hy) is not invertible; it has exactly
one zero mode, |n(?)), and exactly one state not in its image, also |n(?)). Thus, in the Hilbert subspace of
states orthogonal to |n(?)) we can invert (E( ) — Hy). This is what the second term in (5.7) corresponds to:
the state ()\V A,) |n) is orthogonal to |n(9)), so it lies within the desired Hilbert subspace. The resulting
state E()i (A\V — A,,) |n) then yields the part of |n) that is orthogonal to [n°). We can then add anything

proportional to [n(?)) to |n) while still satisfying (5.5); the specific addition of [n(?)) is obtained through
consistency with (5.3) and (5.4).

We can obtain another form of (5.8) by using the energy basis to diagonalize (Eflo) — Hp)™! (though
sometimes other bases or techniques for this inversion can be useful). We insert a complete set of states, the
eigenstates of Hy, as

AV —Ay) Z|k:0) EOTAV = Ap) In) = > [KO) (KO1(AV = A,) [n)
k#n

where we used again the orthognality (5.6) to restrict to k& # n. We then use (Er(LO) ~ Hoy k) =
(E7(10) _ E,EO))‘I 1k©) to obtain

[n) = @)+

—o @ *OLOV = A [n) [KO) . (5.9)
n B’ — By,
We could have also obtained the above expression by acting from the left with <k(0)] on (5.5) to obtain an
expression for (k(*)|n) and then using the basis expansion [n) = [n(©) + 37, (k®[n) |K©).

Thus, starting from E and |n) up through order d — 1, we can compute E(%) from (5.7) and then |n(%)
from (5.9). We will now obtain explicit expressions to first and second order, which are the orders most

often used. First, from (5.7) we have
EW = (nO)v [n©) (5.10)
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which amounts to just taking the expectation value of V' in the unperturbed state. We note that this is the
only correction that appears in perturbation theory if [Hy, V] = 0; indeed, in this case the perturbation may
be simultaneously diagonalized with the Hamiltonian such that the unperturbed states \n(0)> are exact. Then,
the only correction is (5.10). All higher order corrections result from [Hp, V] # 0 and resulting corrections
to the eigenstates |n) # |n(0).

The first eigenstate correction is

)1/ 11 (0)
Wy _ 5~ EDV R o)
[n(V) gﬁ 0 5o ) 5.11)

where we have used that we can replace |n) with |n(?)) on the right hand side of (5.9) in computing |n(1)
because AV is already first order in A\. We have also used that the term (k(¥)] A, [n(?)) = 0 because
A, =FE, — ET(LO) is a number and k£ # n.

We can now plug (5.11) into (5.7) to obtain

KOV |n©)y?
E@ = § I . (5.12)
n 0 0
ot EY E,g>

There are a few remarks to make on this form of the second order energy correction.
1. The correction only depends on the difference between unperturbed energies.

2. Eigenvalues that are very far away from the one of interest have very little influence on perturbed state
and thus very little influence on the second order energy correction.

3. The sign of the correction is such that eigenvalues are “repelled” with an equal and opposite “force.”

Indeed, the expression for E,(f) has the same form but with the opposite sign, and the above expression

is positive if E,(LO) > Elio) and negative otherwise.

4. The second order correction and repulsion strength diverges as two eigenvalues approach each other.
This indicates that our assumption of non-degeneracy above was not innocuous; as we approach
degeneracy, the perturbation theory we have developed here degenerates. Said another way, the per-
turbation must be much smaller than the spacing between eigenvalues in order to trust the perturbation
theory developed here.

We note that the second order correction diverges as two energy levels approach each other leading
to breakdown of the formalism. Perturbation theory with degeneracy then requires a change of goals and
formalism, nondegeneracy is not a mere simplifying assumption.

Before jumping into non-degenerate perturbation theory, we will study a simple example. This simple
example will allow us to practice applying non-degenerate perturbation theory, but it will also point us in
the correct direction for developing degenerate perturbation theory.

The example is simply a two band Hamiltonian with

Hy = wy +wo,, V =¢coy,. (5.13)
The unperturbed states are |+) = |+z), and the first order energy correction vanishes:
EWY = (4]0, |+) = 0. (5.14)
The second order correction however is nonzero. Picking the negative state leads to

Lo _ VP 2

- —w— (w) 2w

(5.15)
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Let us compare to the exact solution. We will set A = 1 for simplicity here since we already have ¢ to
characterize the strength of the perturbation. Then the exact spectrum of H = Hy + €V is

Ei=wot Vw2 +e2 (5.16)

The above can be derived by brute force, analogy to a spin problem, or by squaring H — wy and obtaining
w? + £2 and taking the square root, noting that there has to be a positive and negative branch since tr (H —
wp) = 0. In any case, for w > ¢ we can expand the square root in small ¢ to obtain
0, £
EL=E"4+— 5.17
+ + 2% ( )
which precisely matches the perturbation theory calculation.
However, in the degenerate limit w — 0 we instead obtain

Ey =wyte (5.18)

such that now there is a first order correction to the energies, despite the fact that the first order standard
perturbation theory result (5.14) is zero. One way to view the origin of this issue is that, when there is degen-
eracy, there is no preferred basis for the eigenstates of Hy. If, instead, we choose the |+z) basis, for w = 0
the states would still be eigenstates of H but we would recover the first order correction (£z| V' |+x) = +e.
These nonzero matrix elements in the |+x) basis can also manifest as off diagonal matrix elements in the
|£2) basis, i.e.

(2| V |F2) =e. (5.19)

The conclusion is that, in degenerate perturbation theory, off-diagonal matrix elements of the perturbation
within the degenerate subspace must be taken into account entirely.

5.1.2 Degenerate perturbation theory

Indeed, the problem must be solved essentially exactly within the degenerate subspace; there is no perturba-
tive simplification to the energies (5.16) for generic w, . But if the degenerate subspace is a small, isolated
part of the entire spectrum of Hy, we don’t want to solve the entire Hamiltonian H exactly. We should be
able to perturbatively take into account the influence of remote energy levels on the degenerate subspace.

Our goal will then be to derive an effective Hamiltonian that only acts within a suitably perturbed
degenerate subspace. The leading corrections to this effective Hamiltonian will be that of Hy and the
projected perturbation, and the subleading corrections will involve the influence of energy levels outside
the degenerate subspace. This effective Hamiltonian can then be diagonalized afterwards.

We will begin by labeling eigenstates of the unperturbed degenerate eigenspace as ]n(o), [}, where n la-
bels the degenerate eigenspace of interest and [ 1abels the states within the eigenspace such that Hy |n(0) ) =
Eflol) \n(o), l) where Efzol) are not necessarily distinct for different [ — we are allowing for degeneracy after
all! We have, for simplicity, chosen a basis where Hy acts diagonally, but this is not necessary and in general
may not be the most natural basis. However, the basis of the degnerate subspace can also be changed after
deriving the effective Hamiltonian. States that are outside the degenerate subspace we will continue to label
as \k(0)> with energes E,go); degeneracies amongst these states are unimportant for our purposes here, k
simply indexes all of the states outside of the degenerate subspace of interest.

The effective Hamiltonian and perturbed degenerate states are defined by demanding that the action of
H on |n, ) keeps the state within the degenerate subspace:

H |n,1) = hp v |n,l') (5.20)

Here h is a matrix in the /,!” indices that implicitly depends on \ because H does. We are using the
repeated index summation convention, where the repeated I’ above implies that the above equation should
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be interpreted with a sum over I’. We then expand

h = WO + ApD + A2 4

(5.21)
[n,0) = [0, 0) + A[nt, 1) + 2% [n®), 1) -
as before. Our gauge fixing condition is generalized to
O 1n@ 1"y =0,  ford>1. (5.22)

so that every correction changes the makeup of the degenerate subspace, and doesn’t have a part that rotates
one basis state into another, for example. With this set up we can more or less directly generalize the
non-degenerate perturbation theory to the degenerate case.

Expanding out the eigenequation (5.20), and writing A,, ;v = hy, 7 — E,(Io)éll/, we can manipulate the
eigenequation as before to obtain

(BY — Ho)|n, 1) = AVéw — Apur) I, 1) (5.23)

We have introduced d;;- factors on the Hilbert space operators, like AV, that do not directly act on the [ index
of the state, in order to consistently have |n,!’) on the right hand side of the above equation and |n, [) on the
left hand side. Acting with (n(9),1”| from the left, the left hand side simplifies to

@ (EY — Hy) n, 1) = (B — Epr) 0@, 1" 0,1y = (B = Byp)éym =0 (5.24)
where we used (5.22) in the second to final equality above. We then arive at

O 1| AV — D) In, 1) =0 (5.25)

which says that the state (A\Vr — A, ;1) |n, I') is orthogonal to (%), 1) for all I”; that is, it is orthogonal
to the unperturbed degenerate subspace. Again using (n(?),1"|n,I') = &, we have
A = (0O UAV [0, 1) = b} = (0O, 1|V [nld=D 1) (5.26)
so that we can compute the order d effective Hamiltonian in terms of the order d — 1 states.
Next we act with (k(o)] on (5.23); i.e. we are acting with an eigenstate outside the degenerate subspace.
We then obtain )

(0) - -

(KOTAVEw + A ) In, 1) (5.27)
so that the basis expansion |n, ) = |n(?) ,l> + Zk;én (kO n, 1) [£©) yields

In, 1) )+ Z k:<°>| AV + D) In, 1) [EO)) (5.28)
k#n nl B k

The equations (5.26) and (5.28) again play the role of enabling us to calculate higher order terms in the
expansion from lower order ones. Let us compute the first few corrections. The first order correction to the
effective Hamiltonian is

= OV 0. (5.29)
We see that the effective Hamiltonian takes into account the projection of V' on the degenerate subspace
entirely. For the two dimensional example above, this would represent no simplification at all, but if the de-
generate subspace is small relative to the entire Hilbert space then (5.29) can be very helpful. Diagonalizing
hg}l, can range from easy to extremely difficult or impossible depending on the size and complexity of the
degenerate space.
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At higher order we arrive at corrections that change the makeup of the degenerate subspace through
(5.28). At leading order, as before, we can replace |n,l) — \n(o), [) on the right hand side so that the A,,
term drops by orthogonality. We then obtain

l
\n(l), l) = Z % |k > (5.30)
k#n Enl - Ek
and the associated second order correction to the effective Hamiltonian
(n, |V [E©) (KO V |n, 1)
SR

There is a nice way to think about (5.31); the perturbation kicks one out of the degenerate subspace, leading
to the matrix element from (k(®)| V'|n, 1) and then brings one back to the degenerate subspace, though not
necessarily in the same state, leading to the matrix element (n,1| V |k(?)). Because of the “intermediate”
high energy state |k(9)), this process is divided by (ESZ)
intermediate state is very far away in energy.

— E,(;)))_1 which suppresses the process if the

5.1.3 Applications of perturbation theory

In this section, we consider some applications of perturbation theory following the formalism developed
in the previous two sections. Before considering specific examples, let me first point out that although
the expression for the second order perturbation theory is rather complicated and requires the knowledge
of all eigenstates and eigenenergies of the non-perturbed Hamiltonian, in many cases, we can derive an
upper bound on the value of this term that provides a reasonable estimate for the value of this perturbative
correction. Consider the correction to the ground state energy n = 0 for a perturbation V' such that the first
order correction vanishes E(()l)
is given by

= (nO|V|n(®) = 0. Then the leading correction to the ground state energy

£(0) (0)y ]2

@ _ _g® E® [(ETV]0T)]

By =B, By =) e T (5.32)
k£0 k

Using the fact that
EY —EY > B9 — B = ABun (5.33)

We can simplify ]E ] as

B <

1 (0) 172/
EOWI0O) 2 = L S 0O RO o) = COVICD s 54,

AE‘mm Emin k AE‘min

k;é()
Historically, the earliest and most prominent application of perturbation theory was to understand the
fine features of the atomic spectra with the simplest example being the Hydrogen atom. For an energy level
with principal quantum number 7, we have found earlier that the degeneracy of the energy levels is n?
(ignoring spin). This means that for n > 1, understanding the effect of any perturbation requires the use of
non-degenerate perturbation theory. On the other hand, for n = 1 and for spin-independent perturbations,
we can use the non-degenerate perturbation theory described above. A simple and illustrative example is the
(quadratic) Stark effect.

Quadratic Stark effect

The Stark effect corresponds to the shift in the energy levels in the presence of an electric field. It is obtained
by considering the Hamiltonian (5.1) with

Hy = HHydrogena V =—eFEz, e<0 (5.35)
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Here, we assumed the magnetic field is in the z direction, E = E2. We will consider the limit of small &
so that the perturbation V can be considered small !.

The effect of the perturbation V' on the energy of the lowest energy state n = 1 in the Hydrogen atom,
labelled |1,0,0) (n = 1,1 = 0, m = 0) can be understood as follows. First, we notice that the first order
contribution to the energy vanishes since (1,0, 0/z|1,0,0) = 0. This can be understood by recalling that
the spherical harmonic YTffZOO is spherically symmetric (it is independent of the angles 6 and ), so the
angular integral [ dfsin 6 cos 6|Yy| vanishes. Another way to see this is using the parity selection rule we
discussed earlier. Since H is parity symmetric, a non-degenerate eigenstate has to be a parity eigenvalue,
but since V' is odd under parity, then its expectation value in any parity eigenstate has to vanish since
(1,0,0|V|1,0,0) = (1,0,0|7V~|1,0,0) = —(1,0,0|V[1,0,0) = 0.

This means that the leading contribution to the energy of the n = 1 state is quadratic in E. It is given by

1 k|z|1 2

2 koo Tk EL00

Notice here that the sum does not only include the bound states of the Hydrogen atom but also the extended
(scattering) states that we have not discussed. Evaluating this expression is quite tedious but can be done
analytically yielding the result o« = 4.5a3. Here, instead, we will use the simplification discussed in Eq. 5.34
to derive an upper bound on a: which will turn out to be not very far off from the exact result. Using (5.34),

and noting that AFy;, = e? [1-1]= 3¢ e get

2aq 41 7 8ag
16
@< =) (5.37)
where we used the shorthand (22) for (1,0,0|22|1,0,0). Due to the full rotation symmetry of the n = 1
state, (2%) = (2?) = (y?) = %(r?). Recalling that the radial part of the Hydrogen atom wavefunction goes
as e*r/“o, we find
00 4,—2r/ag
o Jo drrie o2
(r4) fo Ty 3ag (5.38)
which implies (2?) = a2. Substituting in (5.37) gives
16a;
a< 3% = 5.3a} (5.39)

We see that this upper bound is not so far off the actual value. The reason for this is the following. Since
the energy goes as 1/n? for the bound states, the recplacement of the denominator by AE only introduces
a small error for n > 2. For the extended states, this replacement may introduce large errors since the
denominator is unbounded but the matrix elements |(k|z|1, 0, 0)| are expected to be small since they include
the overlap between a bound state whose probability is concentrated over a small region in space and a plane
wave whose probability to be in this region is very small.

Linear Stark effect

To understand the effect of electric field on higher energy levels, we need to employ degenerate perturbation
theory. As we discussed last time, in degenerate perturbation theory we consider certain subspaces labelled
by ]n(o), [y where [ labels the states within each subspace. Each subspace is characterized by small energy
separation between the states when the energy is evaluated using the unperturbed Hamiltonian Hy. In
degenerate perturbation theory, the action of the perturbation is assumed to modify the degenerate subspaces

' An important subtlety here is that since the potential V' is unbounded from below (it goes to —co at z — —o0), perturbation
theory is strictly speaking not applicable. In particular, bound states can now escape. However, for small V/, the lifetimes of such
bound states will be long so that it still makes sense to talk about the energies of the states as long lived metastable states.
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labelled by n only perturbatively, whereas its effect on the individual states within each subspace could be
large. This is captured by writing an effective Hamiltonian

H]n, l) = hn,ll’ |TL7 ll> (5.40)

where |n, [) and h,, ;7 have the perturbative expansions
ho = ABD . n, )y =) 0D 1) (5.41)
d d

where the first and second order terms in A are given by

O (1O [V . 1
W = @1 |vin®, 1), hﬁf?l,zzm’”wk Y Vin, [) (5.42)

We would now like to use this formalism to understand the effect of electric field, Eq. 5.35, on the energy
levels of the Hydrogen atom for n > 1. For simplicity, let us consider the case n = 2. Here, we have 4
degenerate eigenstates corresponding to [ = 0,m = 0 (2s orbital) and [ = 1, m = 0, &1 (2p orbitals). We
begin by noting that the electric field along the z-direction breaks full rotation symmetry but still retains a
2D subgroup corresponding to rotations around the z-axis. This means that [V, L?] # 0 but [V, L.] = 0. As
a result, the matrix elements of V' between states with different m should still vanish since

0 = (l,m|[L,, V]|l',m") = h(m — m/){l, m|V|I',m) (5.43)
Thus, for m # m/, (I, m|V|l’;m’) has to vanish. This means that we can only have non-vanishing matrix

elements between the states |0,0) and |1, 0). Furthermore, since the |/, m) states are parity eigenstates, the
diagonal matrix elements (I, m|V |, m) are also zero. This means that the matrix h has the form

0 (0,0[V|1,0) 0 0

| @,0/v]o,0) 0 00
h = 0 0 0 0 (5.44)

0 0 00

where the basis states are |0, 0), |1, 0), |1,1), and |1, —1). The matrix element (0, 0|V'|1,0) can be directly
evaluated as 3eag E. Thus, the first order correction to the energy

AY = £3ea0E (5.45)
The corresponding energy eigenstates are
%) = —=(10,0) 1,0)) (5.46
- \/§ ’ 9 .

Notice that the effect of electric field in degenerate perturbation theory is linear rather than quadratic.
This can be understood by noting that, in the absence of degeneracy, all eigenstates are parity eigenstates so
the eigenstates can have no dipole moment which leads to the vanishing of the linear term in perturbation
theory. The only response to electric field is then obtained through the quadratic (polarizability term) which
can be understood as a field-induced dipole moment. On the other hand, in the degenerate case, we can
choose linear combinations of the states which have a dipole moment and such combinations acquire linear
energy corrections proportional to their dipole moment in the presence of field.
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Spin-orbit coupling

The final effect we would like to discuss is the spin-orbit coupling. Spin-orbit coupling is ultimatlely a
relativistic effect so its proper treatment should wait until we introduce the proper relativistic generalization
of quantum mechanics, the Dirac equation. Here, I will instead present a crude intuitive argument that turns
out to reproduce the correct expression up to a factor of 2. The idea is that an electron moving in any
potential feels an electric field given by

1
E=--VV (5.47)
€

For the particular case where the potential only depends on the radial coordinate, we get an electric field
pointing in the radial direction given by

E=—-"22V() (5.48)

Now, although in the rest frame of the nucleus, there is no magnetic field, in the rest frame of the electron
it feels an effective magnetic field since it sees the nucleous moving with velocity —v 2. The effective
magnetic field is given by

1 1
Bg=——vxE=——pxFE (5.49)
c mc
Substituting (5.48) in (5.49) yields
1 d
B = — —V(r)L (5.50)
mecer dr

Thus, there is an effective magnetic field that is proportional to the orbital angular momentum. On the other
hand, since the electron has a magnetic moment proportional to its spin, its energy in the presence of a field

is changed by

eS
AHg = —u- B, ,u:% (5.51)

Thus, there is a correction to the Hamiltonian due to the effective magnetic field given by

1 d

AHLs = m2c2r dr

V(r)L-S (5.52)

The actual correct answer turns out to be smaller by a factor of 2

1 d

AHps = 2m2c2r dr

V(r)L-S (5.53)

Applying degenerate perturbation theory we see that this term can lead to linear corrections to the ener-
gies within the 2n? degenerate subspace for a given principal quantum number n. This degenerate subspace
is labelled by the the eigenvalues of L2, L., S?, S, corresponding to the quantum numbers [, m, s = 1/2,
and mg = +1/2. The spin orbit coupling term commutes with S? and L? but not with L, and S,. We can
compute the matrix elements of A Hyg between states with different m and mg, but a much more convenient
approach is to use the formalism for the addition of angular momentum we developed earlier. We can intro-
duce the total angular momentum J = L + S and notice that 2L - § = J? — L? — S? which implies that
L - S commutes with both J? and .J,. This means that we can label the states with the quantum numbers ,
s, j and m;; instead of [, s, m, and m. In the new basis, A Hig is diagonal and we only need to compute the
diagonal matrix elements. The transformation between the two basis is performed via the Clebsch-Gordan
coefficients we discussed earlier.

We now notice that the action of L - .S is simple in the new basis since

2

‘ 1 . e, .
L-S|l,s,j,m;) = §(J2 — L*— 8%)|l,s,5,m;) = ?(j(j +1)—1(l+1)—s(s+1))[L,s,j,m;) (5.54)

2We are here neglecting for the moment that this is not an inertial frame
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We can substitute s = 1/2 above. The first order energy correction is diagonal in the new basis and given
by

1 d wo 3
Apjm; = <m%v(r)>n,l7j,m]‘ 5(] (G+1)—1(+1)— Z) (5.55)
For Coulomb potential with atomic number Z, we have V(r) = —ZTCQ. Thus, we need to evaluate the

expectation value <%>n,l,j,mj- While we can try doing this by brute force, there is a nice trick we can use.

First, we notice that since the states |n, [, j, m;) are eigenstates of the Hamiltonian, the expectation value of
B2 d2 | RA(+1)  Ze?

the commutator ([Ho, A])y,1.jm, vanishes for any operator A where Hy = —5- 75 S £ is the
radial Hamiltonian. Now choosing A = d%, we get the identity
1 27e*>m? | h?
()t = [ gty (556)

eh?

The term 5> — effectively modifies the centrifugal term bZ SQending [ — 1+ 557, which correspond to a
correction to the energy AE,, = E,, . E, = %ch an‘ l+i/2 = —n(l+11/2) E,. This gives

Ze? 27%e*m? 27%a’m?c?

(o= 7o = 7 (5:57)

T nl(l+1)(1+1/2)k nl(l+ 1)1+ 1/2)k

Substituting in the energy expression gives
Z%a? 3
Aniim, =— E,jG+1) —-I(l+1)—- 5.58

The correction is proportional to the energy eigenvalue E,, times the dimensionless number Z2a? where

. 2 .
« is the fine structure constant @ = 7. ~ 13% The smallness of the fine structure constant justifies the
perturbative treatment. An important observation is that the spin-orbit coupling scales as the square of the

atomic number so it becomes more important for heavier elements.

5.2 Variational Method

In perturbation theory, we found that we can find approximate solutions to quantum mechanical problems
which are sufficiently close to an exactly solvable limit. However, this is not always possible. In many cases,
we want to solve a problem that is not close to a solvable limit or where perturbation theory is known to fail.
In this case, another approximation approach, known as the variational method, is very helpful.

The variational method is mainly used to estimate the energy and the wavefunction for the ground state of
a given Hamiltonian. It can be adapted in some cases to determine excitations but we will not consider such
cases here. The variational principle relies on the simple observation that since the ground state is the lowest
energy eigenstate of the Hamiltonian and since we can expand an arbitrary state in terms of eigenstates of
the Hamiltonian (since they form a complete basis), then the expectation value of the Hamiltonian in any
state has to be larger than or equal that in the ground state. To see this explicitly, consider a Hamiltonian H
with eigenstates |n) and eigenenergies E,, n = 0,1,... with Ey < Ey < Es.... For an arbitrary state
|1}, the energy expectation value is given by

o W) 5.59)

(¥l)

Here, we have taken into account that |¢) is not necessarily normalized. We can expand |1)) in terms of the
complete basis |n)

[0) =Y caln),  ca = (nly) (5.60)
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Substituting in (5.59), we get

|Cn| E |Cn’ E _E0+EO) ’Cn|2(En—EO)
b= Z ol Z - =Eo+ Y e > Ey (5.61)

Thus, the energy expectation value of |1)) provides an upper bound on the ground state energy. Furthermore,
this bound is saturated if and only if |¢,|?(E,, — Eo) = 0 which means that |+)) is a ground state, H|)) =

Eoli).

5.2.1 One-dimensional Schrodinger equation

While the variational method does not provide us with a control to how close we are to the actual ground
state, we can use our physical intuition about the problem to come up with some good guess for the ground
state. Variational methods are particularly powerful if we can come up with a family of wavefunctions W{ §}>
parametrized by a family of parameters {{} that we expect provides a good approximation for the ground
state. We can then compute the variational energy as a function of {£} and find the minimum of Etey. We
expect that, at least within this family, this minimum value provides the best approximation of the ground
state and if this family of states is chosen properly we usually get a good approximation for the ground state
and its energy.

Let us now consider some examples. If we want to find the ground state for the 1D Schrodinger equation
for a potential that grows at infinity or at least is sufficiently large such that we have a bound state, then we
know the ground state does not have any zeros and that it has to decay at infinity. We can also impose further
symmetry requirements. For instance, for parity-symmetric potentials, the ground str?te should have even

parity. These considerations suggest using a Gaussian variational ansatz ¢ (x) = e 2¢? labelled by a single
positive real number £ is a good starting point to estimate the ground state for a general potential that grows
at £oo. Let us first consider the Harmonic oscillator whose Hamiltonian is given by

2
H = lhw [—d + mﬂ (5.62)

Here, we are measuring z in terms of [ = \/h/mw. The variational energy is given by

o Joo dahe () Hpe(z) 1
CT date(w)de(z) 262

This expression grows at & — 0 and £ — oo so it should have a minimum somewhere in between. To find
the minimum, we simply set 0 = C% = —¢73 + ¢ which implies £* = 1 whose only real solution is ¢ = 1.
The corresponding dimensionless energy is e = 1. In the original dimensionful units, this corresponds to
E=land E = %ﬁw This is the same as the exact answer since the family of states )¢ does contain the
harmonic oscillator ground state.

Let us now consider another example. Consider the linear potential V' (z) = k|x|. The Hamiltonian can
be written in terms of a dimensionless position variable z measured in units of zg = (h2/mk)'/3 and the

energy scale eg = kxg as

1
Shwee, + 52 (5.63)

1 d&?
H=¢g [— + ]m@ (5.64)
T
We can now use the same variational state and write

S dede(@)Hye(z) 11
ST e @e@) & E (569
deg _

This expression also grows at 0 and infinity and has a minimum between given by 0 = T = —%{ -

Eg = €p¢€¢,

w
+
S

whose only real solution is £ = (/7/ 2)1/ 3. The corresponding dimensionless energy is €yin =
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0.813. This potential can be exactly solved with wavefunctions that can be written in terms of Airy func-
tions. The exact ground state energy ¢ ~ 0.809. We see that the variational method provides an excellent
approximation for the ground state energy since the difference between the variational and exact energies is
~ 0.004E( where Ej is the natural energy scale of the problem.

Let us consider a third example with a quartic potential

H= L& +a! (5.66)
= &0 5 dl‘Q T .
This is a potential for which no analytical solution exists. However, we can still solve this equation nu-

merically to find that the ground state energy is ~ 0.668Ej. Using the Gaussian variational ansatz, we
find

1 3 4
=—+- 5.67
Again this expression has at least one minimum for positive & obtained by solving 0 = % = —%5 —3 4 3¢3

leading to £ = 1 /61/ 6. The corresponding energy is €, = (%)4/ > ~ 0.681. We see again that the

difference between the variational and exact solutions is very small 0.013 Ej.

5.2.2 Ground state wavefunction

In all the examples we considered we found that the Gaussian ansatz provided a good approximation for
the ground state energy. How about the ground state wavefunction? In general, a state which provides a
good approximation to the ground state energy could have very little overlap with the actual ground state if
it happened that there is another eigenstate of the Hamiltonian whose energy is close to the ground state 3
On the other hand, in many cases, we can place a lower bound on the gap between the ground state energy
and that of excited states. If we know the gap to the first excited state is at least A, then we can use Eq. 5.61
to write (here for simplicity, we will assume |1)) is normalized)

E—Ey=Y len(Bn— Eo) 2 A enl* = A1 — |eo]?) (5.68)
n n=1

This implies that the deviation of the wavefunction overlap from 1 cannot exceed % or equivalently

E — Ep E — Ey
> l-—x1-— :
[(1]0)] = 4/1 x 1-—X (5.69)

In all the 1D cases we considered, since we have a confining potential, we expect the spacing between
eigenstates to be of order Ey where Ej is the typical energy scale of the problem. Thus, since the difference
E — Ey was at most 1%, we expect a very large overlap > 99% with the actual ground state wavefunction.

5.2.3 Helium atom

As a final example for the variational method, we consider the problem of the ground state of the Helium
atom. Here, we have two electrons and two protons. The Hamiltonian takes the form
h? 22 2¢? e?
H=——(Vi4+V)H - " " 4 — 5.70
2m( 1+ 2) r ro =+ |’I"1—’l"2| ( )
Without the last term, this Hamiltonian simply decomposes into a sum of Hamiltonians for the first and
the second electrons whose ground state can be obtained by separation of variables to be the product of

3 An extreme case would be if the first excited state has energy very close to the ground state and our variational ansatz happens
to be exactly equal to that state. In this case, the ansatz will have zero overlap with the ground state due to the orthogonality of
different wavefunctions.
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ground states of each Hamiltonian separately (71, 72) = ¥100(71)%100(72). However, the last term makes
it impossible to perform a separation of variables. Note that there is no sense in which the last term is a small
perturbation to the problem since it is of the same order as the interaction between each of the electrons and
the nucleus, so we do not expect perturbation theory to be applicable.

So How do we proceed? we can begin by deriving a crude bound where we simply use the state

P(r1,m2) = P100(r1)100(rg) = e~ 2ritr2)/ao (5.71)

as an ansatz. Recall that the ground state energy of a single-particle in the Coulomb potential V' (1) = — ZTez

is —Z2Ry where R, = 13.6 eV. Thus, the energy expectation value for the two electrons excluding the
last (electron-electron interaction) term is —81, ~ —109 eV. The expectation value of the last term can
be evaluated as 5R, /2 ~ 34 eV, leading to the variational energy estimate —75 eV. The actual energy
measured experimentally or determined using more sophisticated methods is —78.96 eV which means that
our variational estimate is off by 3.96eV which is around 5% error. Is there a way to do a better variational
estimate? it turns out there is. This comes from the observation that for each electron, the presence of
the other electrons means that on average it sees a reduced nuclear charge. This can be implemented by
assuming the wavefunction is again a product of two separate ground state wavefunctions for a Coulomb
potential but with a reduced value of Z. Such ansatz can be written explicitly as

Yz (11, re) = e Zritralao (5.72)

The variational energy is then given by
Ez =R, [222 — %ZZ} (5.73)
This expression has a minimum at Z = 27/16 ~ 1.69 with minimum energy £ = —77.5 eV. We see that

this gives a better estimate of the total energy since the energy difference is now 1.46 which is within 2% of
the actual value. The value of Z ~ 1.69 can be physically interpreted as each electron seeing an effective
nuclear charge reduced by roughly 0.3e due to the other electron.

This example is an illustration of a powerful set of methods known as mean-field or Hartree-Fock meth-
ods where we write a variational ansatz for the ground state of many-interacting electrons in terms of a
product of single-particle states that depends on some physically motivated variational parameters. More
sophisticated variational methods employing more complicated wavefunctions are also used (e.g. Density
matrix renormalization group which uses variational states called tensor networks or matrix product states)
and is an active area of research.
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