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1. Consider a particle on a ring of radius R with kinetic energy
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where ¢ is the azimuthal angle and the wavefunction ¥ (¢) = ¥ (¢ + 27) is periodic.

(a) Calculate the energy eigenvalues and eigenfunctions of Hy.

for n € Z.

The eigenfunctions are |n) = €? /1/21 and the associated eigenvalues are E,, = 721222

(b) Let us put the particle, which has charge ¢, in an electric field pointing in the x direction of strength e,
which leads to the full Hamiltonian

H = Hy — geRcos ¢.

Calculate the new ground state wavefunction to first order in €.

We note that
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where we used the form of the eigenfunctions in the previous part. The first order correction to the
ground state|0) is then
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For the next part it is convenient to write the perturbed state in a slightly different way
10Dy = 2mR3ge cos ¢ |0) (2)

using again .

(c) Use the new ground state wavefunction to calculate the induced electric dipole moment in the 2 direction
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to first order in . Then use this to calculate the polarizability of the system
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We note that the normalization ([¢) = (| + (' )(|@) +[¢")) = 14+0(e?) because (p@[y1) =
0. So we can focus on the numerator to leading order in . Using

Pz = qR((0| cos ¢ [0) 4+ (0] cos ¢ |0)) = 4mg® R*e (0] cos® ¢ |0) = 2mq>R*e




where we used

The polarizability is then

2. Upper and lower bounds on ground state energy. You may find the following integrals useful.
o0 12 o0 m2
/ drzle @ = dgﬁ, / dee” @@ =dv/m
oo 2 oo

(a) Consider a Harmonic oscillator Hamiltonian
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Bound the ground state energy from above with the variational principle (copied below) using a Gaussian
trial state of variable width
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Since d is arbitrary, optimize your bound by minimizing it over d. You will have an easier time if you use
that (x) = (p) = 0.

We begin by computing the expectation values of 22 and p? in the Gaussian wavepacket
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. We therefore have
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The above bound is valid for all d. We can optimize the bound by minimizing the right hand side with

respect to d. To do so we calculate the minimum of the function f(A) = 45)\ + imwQ)\. Differentiating

f and setting the derivative to zero yields d = VA = v/h/mw. The bound above then yields
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(b) We will now lower bound the ground state energy. Using the Heisenberg uncertainty principle, show that
the ground state energy is lower bounded as
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where (x?) is the expectation value in the ground state of 2. By computing the minimum of the function
fo) = % + 2mw?), show that
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and that this lower bound matches the upper bound of the previous part, pinning the ground state energy
to the value %hw

We use the Heisenberg uncertainty relation of the ground state wavefunction together with (z) = (p),
by symmetry, to lower bound
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Taking the expectation value in the actual ground state, we then have
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Note that on the right hand side we should still interpret (x?) as the expectation value in the g round
state, which we (nominally) do not know. We can, however, know that the right hand side is greater
than or equal to the minimum of f(\) = % + %mwQ)\, since the right hand side above can be
interpreted as f(2(z?)) (we are making a slightly different definition of f here for convenience in order
to use what we did in the previous part. We found in the previous part that f()\) has a minimum
value of fiw/2. We therefore conclude

Eo > hw/2

Combined with the previous part, we have that Ey is upper and lower bounded by fiw/2 so that it
must be equal to hw/2 (which matches the exact solution).

(¢) Now consider
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where A has units of energy per unit length. Upper bound the ground state energy of H using a gaussian
trial state, as you did in part (a), and optimize the value of d.

The expectation value of the first term is the same as in part (a):
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For the second term we evaluate the integral directly, using the symmetry under x — —x to restrict
to z > 0 and multiply by two:
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We therefore have
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Minimizing with respect to d we have
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