Phys 251 A Problem Set 2
Date posted: September 15, 2023
Due date: September 21, 2023

. Using that |+z) = |1) and |—z) = |]) are orthonormal, show that

. h?
[Si, S;] = iheiji Sk, {Si, S} = ?61‘]’

where

Se= N AI=WUD,  So=FINU+IIM, 8 = 51 U +ilb ).

. Consider the spin operator S, =n - S = n,;S; + nyS, + n.S. where n = (sinf cos ¢, sinfsin ¢, cos #) is a unit
vector in an arbitrary direction characterized by a polar angle # and azimuthal angle ¢.

(a) Construct the state |[n+), which is the eigenstate of S,, of positive eigenvalue, in terms of the |+z) basis
states and the angles (6, ¢).

(b) Compute ((AS;)?) and ((AS,)?) in the state [n+) in terms of the angles (6, ¢). Convince yourself your
answer makes sense by choosing some special (6, ¢).

(c) Calculate ([S;,S,]) in the state |[n+). Show that the uncertainty relationship ((AS;)?)((AS,)?) >
1 2. .
71([Sz, Sy])|” is satisfied.

(d) For which n is the uncertainty product ((AS,)?){((AS,)?) maximized?

. Consider a momentum operator p that has eigenstates |p). Define an infinitesimal boost operator by the
relationship B(dp) |po) = |po + dp). Write B(dp) =1+ iWdp

(a) Show that B(dp) is unitary

(b) Write B(dp) = 1+ iWdp. Show that W is Hermitian.

(c) Calculate [W, p|, and write an ansatz of W in terms of x that satisfies this commutation relationship and

thus generates the boost B(dp).

. Using the canonical commutation relationship [z,p] = ¢h and the identity proved in the last problem set,
ad4(BC) = ada(B)C + Bada(C) where adx(Y) = [X,Y],

(a) Show that [p,2"] = —ihnz"™~! (hint: use induction)

(b) Show that [z, f(p)] = ihf’(p) for any function f that can be expanded in a power series

(c) Evaluate [22,p?]

(d) Show that €?*/" |z4) is an eigenvector of x and find the corresponding eigenvalue.

a2
. Consider a Gaussian wavepacket ¢ () = ce2.% , where c is an arbitrary constant that could be chosen so that the
state is normalized. Calculate ((Ar)?) and ((Ap)?) in the quantum state described by the wavepacket. Show

that the uncertainty relation ((Ax)2){(Ap)2) > %2 is saturated.
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