ECON 2010C — Problem Set 2 — Suggested Solutions

November 20, 2024

Question 1: Capital Taxation in the Growth Mode

Consider an economy with measure one of identical households whose prefer-
ences are given by

o

Zﬂt [log(ct) + alog(1 — nt)]

t=0
where ¢; > 0 and 0 < n; < 1 for all t and where each household is endowed with
some initial capital level ky. Let the production function be F(K;, N;) = AKthlfe
for A > 0, and suppose that the technology is operated by a representative firm
that behaves perfectly competitively. Suppose that the government levies a
tax 7F on capital income each period, satisfying 0 < 7% < 1, and spends the
proceeds on “foreign aid” which does not affect the economy in any way.

(a) Define a recursive competitive equilibrium for this economy.

Household problem:

V(k, K) = maxlog(c) + alog(l —n) + BV (K, K')

st etk =1—08)k+wK)n+(1—)r(K)k
c>0, n>0, k>0

Firm problem:

max A(KY)?(NH)0 —w(K)N? — r(K)K?
Kd,Nd

A recursive competitive equilibrium is given by:
(a) The value function V (K, k) and policy functions ¢(K, k), n(K, k) and ¥'(K, k) for
the household
(b) Firm decision rules N¢(K), K(K)



(c¢) Price functions r(K) and w(K)
(d) Perceived law of motion G(K)
h

such that

(a) Given (3) and (4), (1) solves the household’s problem.

(b) Given (3), (2) solves the firm’s problem.

(d) Markets clear N4(K) = n(K,K), and K4 K) = K.

(e) Perceptions are correct G(K) = k'(K, K)

Characterize the recursive competitive equilibrium. Solve for the steady-state values

of the return on capital, the capital-labor ratio, the wage rate, consumption per unit
of labor, and labor input.

First recognise that distortionary taxation leads to a failure of the First Welfare The-
orem. We therefore have to solve for the competitive equilibrium and can not resort
to using the planner’s solution.

Start with the household problem:

L =log(c) + alog(l —n) + BV (K’ K')+
A= )k + w(E)n + (1 = 7)r(K)k = c =

First-order conditions:

K] sV K= A
0

o5V (B K) = A |(1=6) + (1 - ™Vr(K)
A:ct+k =1 -0k +wE)n+ (1 —78)rK)k

[EnvThm)] :

Rewrite:
1 1 . . .
ar—- = Ew(K ) (consumption-leisure choice)
1 1
- =p= [1 — 04 (1 — (K" (Euler equation)
c c
c+k =1-0k+wE)n+ 1 —75rK)k (budget constraint)



Firm problem yields first-order conditions:

N AL = ) (K (N~ = w(K)
(K9 AB(KY)P (N!0 = o(K)

which can be written as

A(1 - 6) <§3)9 = w(K)

Ae(gz)“ — r(K)

For the steady state, impose additional restrictions that ¢’ = ¢, ¥'(K, K) = K etc.
From the Euler equation we pin down the steady state interest rate:

SREMINID

Using r and the factor demand for capital we pin down the SS capital-labour ratio:

1 1

-0 -0
k=B (A oy (A
N\ LG o1t E=1+90)

Using the SS capital-labour ratio, we pin down SS wages:

w=A(1-6)(K)’

From the household budget constraint at the steady state we get consumption per unit
of labour:

c=(1-7"r—-80K+wN

R (R I
= (1= THPAG) ! — )2+ AL - ()
(- Tk)aA(%)e _ 5% A 9)(%)9
= DA(R) AT 05+ AC) A
= AR - 0% — A (1)
= AK? — 6K — 7" AK? 2)



From the labor-leisure condition we pin down N at the steady state:

(¢) Now specify the problem of a social planner who has to spend as much each
period on foreign aid as in the competitive equilibrium allocation. You can
let g; represent the expenditure on foreign aid that the planner must make
in period ¢. Solve for the planner’s steady-state values of the marginal
product of capital, the capital-labor ratio, the marginal product of labor,
consumption per unit of labor, and labor input.

A social planner has to “spend” g, = 7%rK every period on foreign aid, where r, K are
the values from the competitive equilibrium. Taking this into consideration, let’s form
the social planner’s solution:

B B /
V(K) = 0171]1\78:1}2/ log C' + alog(l — N) + BV (K")

st C+K +g=AK'N'"" + (1 -0)K,
C>0, N>0, K'>0

where g is treated as given, and happens to take on the values above.

Lagrangian of the social planner’s problem:

L(p, C, N, K') =log C + alog(1 — N) + BV(K') + w(AK’N'=% 4 (1 = §)K — C — K' — g)

Let’s take the FOCs of the social planner’s solutions:

Cl: =n (3)
[N : 0 = pA(1L = 0) (5’ (1)
K] : BV (K") = (5)
[EnvThm)] : aVa(]f() = u(@A(%)Gfl +1-9) (6)



Using equations (3) and (4) we have the consumption-leisure condition for the social
planner:

1 1 K
YN 514(1 - 9)(ﬁ)9 (7)

Using the equations (5) and (6), we have derive the Euler Equation:

K/

1
~)

1
B—; (0A( =

o -1 11-9)

And the aggregate resource constraint is:
C+K' +9g=AK'N'"? + 1-$6)K

Now let’s characterize the steady state of the planner.

First, from the Euler Equation (8) we pin down the capital-labor ratio for the social
planner solution:

1

Kgp 9A -0
Kgp = = 9
5P Ngsp (é—l%—&) )
and
MPKgp = 0A(=——— =——1+¢
P (NSP) B

0

K HA 1-6
MPLsp = A(1 — 9)(1\77?;)9 = A(1-0) <1+1—5>
B

From the Social planner’s resource constraint:

C+g=AK'N'""? _ 6K

c Ky, K g
oA YN
C K K 7txrcpKcr
= AN g IRTCRETROR
N (N) 6N Ngp
C K K x  KcgNcg

where we need to differentiate between the steady state in the competitive equilibrium
(CE), which determines the magnitude of g, and the social planner (SP).



From the consumption-leisure condition (7),

K

aC = A(1 - 0)(H)'(1- N)
o = A=) (5~ 1)
C K 4,1
ay = A~ 9)(ﬁ)e(ﬁ -1)
Nsp = a : [e] +1

Here the %—ratio differs from the competitive equilibrium.

How does the competitive allocation differ from the planner’s allocation?
Provide intuition for your answer making reference to the differences in
your answers to (b) and (c).

Let’s compare CE and SP allocations.
First note that , for 7% € (0,1)

1 1 1
MPKcEg = =——(=—-1496 MPKgp=—-—1+4+9¢
CE=TCE 1—rk(ﬁ +4)> sp=g -1+
1 1
KCE‘ _ (1 _Tk)ﬁ A0 1-9 < KSP _ HA 1—0
Ner (5—1+9) Nsp 5+1-6

meaning that capital-labour ratio in the CE is lower that that of the social planner’s
economy. This implies that marginal product of labour is higher in the planner’s
solution compared to the CE:

K K
MPLop =wop = A(1=0)(572)" < MPLsp = A(1 - 0)(>")’

Now let’s compare consumption per capita in these two cases. From the previous parts
b, ¢ we have:

Csp Ksp.g Ksp x  KcgNcop
— A _ ISP Kyt CECE 10
Ngp (NSP) Ngsp “®Ncg Nsp (10)
CCE KCE 0 KCE k KCE
— A _ O k2 CF 11
NcEk <NCE) Nck “®Neg (11)
Let’s define a function g(K/N) s.t
K K K
Y= A b _ s~
o) =AY — 6%



Note that g is a concave and attains its maximum when ¢/(K/N) = A9(5)0~1 -6 =
0, i.e when MPK is equal to depreciation. However, note that in steady state, the
marginal product of capital is larger than the rate of depreciation since the household
is impatient: MPKcg > MPKgp > B — 144 > 6. Since MPK is decreasing in %,

it must be the case that KCE > ]I\?Sjﬁ, > gm‘” where gm‘” is the capital labor ratio
Neoe S mazx

that maximizes the value of g. But since g is concave, and capital labor ratio in both

CE and SP cases are lower than the maximizer, it must be that g is increasing in the

capital labor ratio near both CE and SP capital-labor ratio. Thus, we have that

Kgp
Ngp

Keg
NcE

)>g

)

g(

We can rewrite equations 10 and 11 as

Csp Ksp k. Kce Nce
)—T17r

Ngp g Nsp

Csp < Cck Nce
Now whether e S N depends on the ratio Ner

‘We know that

1

a Ccp
A(o) (ke New T !

1

o Csp
A(1-0)(5EE)? Nsp +1

Ncg =

Ngp =

Taking the ratio and plugging in consumption-per capita expressions we have

C
Nep  AG o Ner T1 o oCse g1 g)(Kse ) (Kexyo
CE Nsp o Ngsp Nop Nep B
- ¢, C. e 7 =
Nov  Samemp vos T1 oneE T AN OGED’ (3R

K K, Kcg N K K
A(REE)” — 5z — TropREEREE + LA - 0)(REE)” (REE)

A(NEE)" — ONEE — %Eﬁggwml—ex—ﬁgg)@ (wep)

Kgpl—t K K N,
A—bf" —rRrop Ngg(zvig) 91\22 + 2 AL - 0)
Kegl=0 K
A— 5Ngg ThroR Ngg +14(1-9)



Now we need to solve for Yc&

Nsp

NcE Keg'™% Kep'™? 1 Ksp'™? g Kecg , Ksp._9gNck
OB g §RCE ket CE L A1) = A 65 K OB (2SR -
Ngsp Ncg NcE ol Nsp Ncg Ngp
NcE Kep'™® . Keg'? 1 k. Kce Ksp,_g Kspl™®
OB §oCE ko CE L D A1 = 0) + T rep o CE (28 -0) = g 55E
NSP( NcE “®Neg o} ( ) cF NCE(NSP ) Nsp
Nep A—§ +14(1-9)
Ngp 1

SP A—§ +la1-0)- ]

Since % > I]\(f—g’;), Neog < Ngp, when 71 is not too large. Indeed, No¢g < Ngp when

Ksp 1-6 _ Kogp 1-60

Nsp Ncg
TK < ) 174 174 174
reeneg INeg) = (W5p) ™'

As a result, production is lower in CE than in SP economy.

Using 13 and 12 we can see right away that % < %. Further, we can compare the
relative consumption levels:

Kcgy _ .k Kcg
Ccp  Ccp/Ncg Nep  9(NEE) —T'reencE  Nep
Cop  Cap/Nep Nop  o(Ese)_ K, . KceNce Nop
sp sp/Nsp Nsp  g({52) — TRropyCE 322 Nsp
Kcpy _ 1k Kcp
g(NCE) T TCENCE

Ksp\Nsp _ K Kcg
g<NSP)NCE T TCE N

Note that $SE < 1 because N2 and g(£s2) > g(Ecz) So, the both the level of con-
: Csp ) Neg 77 Nsp. ‘Ncg i

sumption and consumption per capita are higher in the planner’s allocation compared

to the competitive equilibrium.

Let a=1, A=1, §=0.33, 7x = 0.25, 5=0.96. Start in steady state and con-
sider two scenarios (1) the planner’s allocation each period, and (2) the
competitive equilibrium allocation with the marginal capital taxation, but
the household “magically” gets consumption of c*(1+4x) each period rather
than c. Compute the consumption equivalent variation, that is the value x,
making the households indifferent between (1) and (2). Interpret the value
x in this context.

The consumption equivalent welfare measure finds the percent increase in consumption
of the competitive equilibrium required to make the household indifferent between the
compensated competitive steady state and the planner’s steady state. Since we are in



steady state, it suffices to compare instantaneous utilities. Specifically, we solve for x
such that:

!

U((1+2)Ccg,1 = Ncg) =U(Csp,1 — Nsp)
log((1 + 2)CcE) + alog(l — Neg) = log(Csp) + alog(l — Ngp)

log(1+z) = log(gzl;) + alo (i:]]\\;zg)
1+:CZCSP(1—NSP)Q
Cce 11— Ncg
_CSP(l_NSP)a_l
Cce 11— Nck

For given parameter values, x = 4.05%, meaning that consumption needs to be in-
creased by 4.05% to match the welfare level in the planner’s solution. This is the
welfare loss due to the distortionary nature of taxation.

Question 2: Pollution and Abatement

An economy is populated by measure one of households whose preferences are given by:

S 81 {log(Ch) — aP?,
t=0

where 0 < 8 < 1, Cy > 0 is consumption, « > 0 and P, > 0 is pollution. The house-
holds each supply one unit of labor inelastically. Output is produced using the following
production technology:

Y = A(K) (V)

where 0 < 6 < 1, A > 0, and variables Y;, K; and N; represent output, capital and labor.
Pollution is a by-product of the production process, but it can be abated (reduced) using
“pollution abatement equipment,” denoted X;. Specifically, the pollution produced at time
t is given by

Y;
Pt=¢yi

where ¢ > 0. The current period’s output can be transformed into consumption, abatement
equipment or capital for the following period. All the capital and abatement equipment
used in the current period depreciates fully after it is used, and the abatement equipment
cannot be stored from one period to the next. The resource constraint of the economy is
Y = Cy + Xy + Kyy1, where Ky is capital to be saved for the following period.



(a) Provide a recursive formulation of the social planner’s problem.

V(K)= max logC —aP?+BV(K")

C,N,Y,PK' X
st. Y =A(K)'NYY
Y
P=¢~—
%
C+X+K =Y
N<1

C>0, N>0, ,K'>0

(b) Characterize the solution to the social planner’s problem. Provide a brief
interpretation of each optimality condition.

L=1logC —aP?+ BV(K')+ QUAEK)N'" —YV)+A(Y -C - X — K')+TI(P — ¢§) +T(1—N)

1

[C] : c= A

[N]: Q(1—-0)AK’N~=T
1

V]: —0+A-Tp2 =0

[P]: —2aP+I11=0

[K']: BV'(K')—A=0
(X]: A+ Hgb% =0
[EnvThm]: V'(K)=QA0K'~IN1?

Now let’s combine all the conditions above:

Il = 2aP (14)
1 Y

1 1
5(% - 2aP¢%)A9K’9’1N’1’9 = % (17)

Equation 15 tells us the tradeoff between using resources for ”pollution abatement
equipment” and consumption, i.e. the marginal utility of consumption should be equal

10



marginal benefit of pollution abatement. The pollution abatement technology is con-
cave, so the more resources are allocated to abatement, the less is its marginal benefit
gﬁ%, while the pollution function is convex and marginal disutility of pollution is 2a.P.

The equation 17 is the usual intratemporal Euler Equation. There is an extra term
—204P¢% appearing in the marginal benefit tomorrow due to pollution, because more
capital tomorrow leads to more production and hence pollution.

Now assume that resources are allocated in competitive markets, and that
the government regulates that each household purchases T units of abate-
ment equipment each period. Formulate the household’s problem recur-
sively, and define a recursive competitive equilibrium.

Household’s problem:
V(K k) = maxloge — aP(K)? + V(K K)
st c+k +z=wK)n+r(K)k
c>0, n=1, k>0
(K)
P(K)

o

[perceived laws of motion] : K’ =

Firm’s problem:

max AKYNY —  — w(K)N? — r(K)K*
Kd,Nd

Recursive competitive equilibrium is:

(a) Value function V(K, k) and decision rules for the HH ¢(K, k) k'(K, k)
(b) decision rules of the firm N%(K) and K¢

(
(d) Perceived law of motion for capital K’(K, k) = G(K) and for pollution P(K)

c¢) price functions w(K) and r(K)

such that

(a)
(b)
(c) Markets clear: K=K, NY(K) =1
(d) Perceptions are correct: G(K) = ¥ (K, K) and P(K) = ¢p4K

0
T

Given 3 and 4, 1 solves the HH problem

Given 3, 2 solves the firm’s problem

11



(d)

Providing a set of conditions that characterize the recursive competitive
equilibrium.

L(c, k', \) =loge — aP(K)? + V(K" k') + Mw(K) +r(K)k —c — k' — I)
FOCs:

d : % Y
K]: AVa(K' ) = A
[EnvThm|: Va(K, k)= Ir(K)

Combining these we have the Euler Equation:
B gT(K )= %
Firm’s FOC are:
w(K) = A1 - 6)(K")° (N~
r(K) = AQ(K®) (N0
Note that by market clearing N¢ = 1.

What are the steady-state values of capital, output and pollution in the
recursive competitive equilibrium? How does the equilibrium capital stock
depend on z7 Provide a brief intuition for your answer.

At the steady state r = %, N =1 and
K = (A9B)Ts
and .
Y = A(A0pB) -0

and pollution is

p oY _ A5

Equilibrium capital stock does not depend on spending on the pollution abatement
technology, because T enters the budget constraint of the HH as a lump-sum, non-
distortionary tax. Thus, households do not internalize their impact on z, and thus on
pollution.

12



Question 3: “Baumol’s Disease” in Services

An economy is populated by measure one of households that have preferences over manu-
facturing goods, my, and services, s;. Their preferences are:

S Bt + (1 — (s +5) ]
t=0

where p is a constant satisfying 0 < p < 1, 5 is a positive constant, and e is the elasticity
of substitution between manufacturing and services, satisfying 0 < € < oo. The technology
to produce manufacturing output is

m
}/t = Am,tNm,ta

where N, is the labor input in manufacturing, and A,,; represents manufacturing effi-
ciency. The technology to produce services is

Yf = Ast,t7

where Ny ; is service labor input and A is service efficiency. Manufacturing efficiency
grows exogenously at rate v,, each period: Ay, 11 = Ap (1 + V), where v, > 0. Service
production efficiency grows exogenously at rate v, each period: Ag;41 = Ag4(1 4 7,), for
vs > 0.

Neither Y;® nor Y, is storable from one period, and both goods are restricted to be
non-negative. Employment in the two sectors must satisfy N,,; + Ns; = 1 for all ¢.

(a) Define the social planner’s problem for this economy. Characterize the
solution to the planner’s problem.

The SP’s problem can be described as a fully static problem and is given by:
o B0 HCI) T+ (1= (G} +5) ]
st Y = Ap Ny
Y = AstNsy
N+ N"=1
Api+1 = Amt(1 4+ vm)
Agirr = At (14 )
N™>0, N;/>0
0<Cr <Y, 0<CP<Yy

13



First, note that at the optimum C}"* =Y, and C} = Y}, so the problem can be written
as:
e-1

max[p(Am (1 = Nog)) T + (1 — p)(Ag Ny +5) 5 |71

s,t

S.t Am,t—l—l = Am’t(l —+ 'Ym)
As,tJrl = As,t(l + 'Ys)
Ns,t 2 0

e—1 e—1

LA Ngy) = [1(Ami(1 = Noy)) = + (1 — p)(AsiNoy +5) 5 |77 + AN,

The FOC w.r.t. Ny is

€ 1 e=leg—1 1 e—1 1
£ —_ (As,th,t + S) EAS,t] +A=0

Cf [—pA iy (1= Not) ™% + (1= ) (AgyNoy +5) 2 Agg] + A =0

e—1 e—1

where Cy = [1(Am,i(1 = Not)) = + (1= p)(As i Noy +5) 5 [71.

Complementary-slackness condition tells us that ANg; = 0, i.e either:

(1) A=0 & N57t>OOI‘
(2) A>0 & Nsﬂg =0
(b) Are both goods consumed in all periods? If so, justify your answer. If

not, characterize when both goods are consumed and when just one good
is consumed.

Consider case (1), under which both goods are consumed: A=0 & Ng; > 0.

e—1 1 1
_”Amg,t (1 - Ns,t)_g + (1 - /L)(As,th,t + 5)_gAs,t =0
e—1 1

pA, 7, (1= Nog) e = (1— p)(AssNay +5) 7 Agy

m,t

and N;; can be found using the above equation.

14



Consider case (2), under which only manufacturing good is consumed: A >0 & Ng; =
0. We then have:

1

Cr =y + (1= p)(5) Ay <0

(1= w)(5) F Ag < pAr,
(1= 1)(3) % Aso(1+7)" < (Ao <1+vm> 0)F
(Ano(L+ 7)) Z _ 1—p s

S
50(1 +'Ys>t 1
Ag (1 t
- H 5% > 5,0( +73) _
K (Am,o(L+m)")) =

The above expression gives us the condition under which only manufacturing good is
consumed and Np,; = 1. Let € > 1, then if the manufacturing sector grows very fast
Ym > s, then only manufacturing good will be produced, given that § is high enough.
Another obvious case is when p = 1, i.e. households only care about manufacturing
sector.

(c) Now suppose that 7, > 7. What happens to the ratio of manufacturing
employment to total employment in the long run? (as ¢t — o0)? Explain the
intuition for your answer.

Similar to class problem, we consider 2 cases:

Case 1 (gross substitutes ): € > 1: the share of manufacturing employment goes to 1
in the long run.

Case 2 (gross complements): 0 < € < 1: The share of manufacturing employment goes
to 0 in the log run.

Question 4: Structural Change in a Roy Model of Sorting

There are measure one of agents in an economy. Half are “strong” types that have a com-
parative advantage in agricultural tasks. Half are “smart” types that have a comparative
advantage in services. In particular, strong types are endowed with z units of agricultural
labor units, and one unit of service labor units, where z > 1. Smart types are endowed
with one unit of agricultural labor units and z units of service labor units. Each agent can
work in exactly one sector, and supplies all of her labor units to that sector.

All agents have the following preferences:

S~ 8'llog(cf — @) + log(c})],
t=0

15



where ¢ is consumption of agriculture goods, and ¢} is consumption of services, both
of which much be non-negative each period. The parameter @ is a positive constant that
represents a subsistence requirement. The production functions for agriculture and services
are:

}/ta = AtNta and Y;S = AtNtS,

where N{* is the input of agricultural labor units, /V/* is the input of service labor units,
and A; is an exogenous efficiency level. The initial efficiency level is Ap = 1, and the law
of motion for A; is A¢y1 = A¢(1 + g) where g > 0.

Let services be the numeraire good, and define the relative price of agriculture be p{.
Let the wage per agricultural labor unit be wf and the wage per service labor unit be wy.
Note that wf needn’t equal w; since they are prices for different types of labor inputs.
Assume that both technologies are operated by competitive firms with unrestricted entry.

(a) Write down the problems for strong types and for smart types, taking prices
are given, as sequence problems.
For the household, this problem is static again taken prices and wages as given. We
normalise the price of the services sector to be one:
max log(cf — @) +log(c}) s.t. picf + ¢ = max {wiz, w;} =: I*(wy, w;) for strong types
max log(cf —a) + log(c}) s.t. pief + ¢ = max {wf, w;z} =: I*(w}, wy) for smart types
We can conceptually separate the problem of the household for choosing the sector of

work and choosing the bundle of consumption.
Type strong provide labour supply:

(Z,0) if wWiF > wy
n(wy,w;) = 4 either of the two  if w{z = w;
0,1) if wiz < wy

and vice versa for the smart type. So income I*(wf, wy) is

RTINS —i
wiz i wiz > wy,

I'(wi,wi) = qwiz ifwjz=w,"

7 3

- . 7/7 f—
w, if wiz < wy

Consumption given some income I = I'(w{, w;),i € {a, s} is characterised by:

r pf

a _ & a 0
cg —a I—pic

= pi(cf —a) =1 —picf

= 2picl —pfa=1
17

a a
A T5u Ty

16



and accordingly

c; =1—-picf stc>0
1 a
:I—§—p§‘§ s.t.c; >0

L
= max{ T —p{ 7,0}

Write down the static firms’ problems. What must be true of the competi-
tive equilibrium labor prices w{ and w; in equilibrium? Briefly explain your
answer.

For any sector i € {a, s}:

o, if pid; > w

max piA;N} — wiN} = Nf’d =Ry , if pid; = wi
N - ; .
‘ 0 ,if piAy < wi

We can immediately rule out the first case for either sector, as that would bust the
labour market clearing condition: We have at most %? + % of labour supply in any
sector, given our setting of strong and smart types. If it must be that pfA; < wf and
simultaneously A; < wy.

Characterize the optimal sorting patterns of the workers in period 0, and
the equilibrium relative price of agriculture goods, as a function of Ay.

Everything here is static. So it all depends on the value of A; relative to a and Z.
A priori, we distinguish between several cases: (i) All work in agriculture. (ii) All
strong types work in agriculture, some smart types too — the rest of thsoe works in
services. (iii) All strong types work in agriculture, all smart types work in services.
(iv) All smart types work in services, some strong ones too — the rest of those works in
agriculture. (v) All types work in services. (vi) Some smart types work in agriculture,
some strong ones in services.

First note from household demand that if ¢; > 0 = ¢{ > 0. This is caused by the
subsistence term a: Households first want to make sure they don’t starve, and only
after this requirement is met do they worry about consuming services. This will help
us rule out some cases very quickly later.

Now suppose we are in case (ii). That assumption will pin down wages. First compute
the respective income given those wages, then consumption, and then we look at market
clearing conditions. If both types work in agriculture, that implies that smart types
are indifferent between working in either sector, i.e. I} = w{ = w;{z. The income for
strong types is If' = wi'Z. Because there is positive and finite output in both sectors,

17



the firm conditions imply that w{ = pffA; and wy = A;. Demand for agrucultural
produce by both types is subsequently
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The number of farmhands needed is:
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In this case, I} = wiz = p{f Az = plwy; the last step following from revealed preference
of the smart types wjz = Az = w{. This implies p§ = 2z, and we can confirm that
strong types would not work in services: I¢ = A;z?> > A;, which would have been their
income in services. One may be tempted to do the following sanity check: If there
were no subsistence needs (@ = 0), then preference for agriculture and services would
be symmetric, and labour demand in a would be %(%2 + % -1). This is counter to
intuition, since it looks like an inefficient allocation of types across sectors (half-and-
half each). However, if there was no subsistence need, we would not be in this case in

the first case, as we shall see later.

Now suppose we are in case (i), where all types work in agriculture. The calculation
is similar is in case (ii), except that here the wage in services is not pinned down. We
know that smart types earn I} = w{ = p A, which is what we have been calculating
with before. So this case is just the corner case of (ii) where there is exactly zero labour
(and output or consumption) in services.

Now suppose we are in a perfectly separated labour market, i.e. case (iii). Then we
must have w{zZ > w; from the strong types and wy < wjz for the smart types. (Ignore
equality for simplicity here). Due to the segmentation, we must have labour supply
in each sector of n{ = 1z,n{ = 1z Since labour markets have to clear, we get from

N} = n! for both sectors i that wages must fulfil pfA; = w§ and A; = w. This in turn
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leads to incomes I* = p{ A,z for strong agents and I®* = A;Zz for smart agents. Their
demand respectively is for strong types:
a

1 _
= §At2 + % and ¢ = fpt ¢AZ — p2t max{(A4:Z —a),0}

C_L
Py
The demand for smart types is:
14,z a
C?’S — — taz _|_ g
2 pf 2

1 1
and ¢® = §A pt 5 = 5 max (A:zZ — pfa),0}

Now consider the goods market for agricultural produce. Demand is given by half a
measure of ¢;"" and half a measure of c?’s

1 1 1, Az _
=5t = (Atz +a) + o P a)
1 1
= fA Z(14+—=) + =a
1 tz( + p,?> + 2a
That implies a demand for farm labour of N = % = i ( + ) + . To clear the
labour market for farmhands, which sees a supply of %Z in the separatlng equilibrium,

we must have
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We can rule out case (iv), because from the indifference condition for strong types and

|
the firm condition we obtain I = wj = w{z = pf AiZ = pf = % < 1. But then from
individual demand we have that for any income I;:

a 1
;= —I; —p{=,0} < =1,
Ct maX{2 t P } ol
So aggregate demand for agricultural goods will be strictly higher than that for services,
which is something output under this sorting would fail to accomodate.

We can rule out case (v) where all types work in services, because we have established
that ¢ > 0 = ¢f > 0, which would be violated by this sorting.

We can also rule out case (vi), which is some sort of “degenerate sorting”. Arithmetic
tells us that we can’t simultaneously have I} = wj > w{z and I} = w{ > wjz for
zZ>1.
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(d) Describe how p,; and the sorting of workers by sector evolves over time.
What happens to the ratio of income for strong types to smart types?
Explain your answer.

If A, is low, we start out in case (i) or (ii), where all types work in agriculture, with
possibly some smart ones working in services. In this case, incomes would be I =
pf Az and I = pf As, so

I

—_ =z

I7

As A; increases, more and more services are demanded, until we at some point switch

to a separating equilibrium as in case (iii). We can read off the cutoff for A; from
z

prices: In case (ii), p; = Z, in case (iii), p; = ——a- So the cutoff for the switch is
At

when A; grows beyond Af =22. Then, I}* = pfA;z and I} = A;z, and

I z
e
t

In the limit, the relative price of agriculture limg4, ,oc pf = 1, and so does the ratio of
incomes.

In real life, we see that wages in the agricultural sector are typically lower than in
services, rather than the other way around. In this model, we held the supply of each
factor fixed to be one half each, making smart types a very abundant and hence cheap
resource early on in development. However, there is often low supply of skilled labour
for developing countries. An interesting case for the purpose of this model could be
countries in the former Soviet block, where there tends to be an oversupply of college
graduates compared to the availability high-skilled jobs.
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