MATH 157: Mathematics in the world
Final paper topics

1 How to approach the final project

There are several ways to approach writing your final paper. If you found a problem in
class that is of particular interest to you, that is a great start. If you haven’t, ask yourself
what was the topic that seemed both exciting and approachable. Alternatively, you can
also look through the list of topics below.

Once you have a topic or two in mind, I would start by doing two things. First, try
to think of questions within that field that you would like to explore. In many cases the
questions you ask yourself will not be well-defined or are simply too difficult, but it is still
helpful to have a guiding interest in a subject as you approach it. Second, you should
look for references. For good or bad, mathematics is a very abstract subject and it is easy
to find sources which are virtually unreadable. Your goal should not be to find the most
advanced or extensive reference on a given subject, but rather one that spurs your interest
and you can see yourself reading.

Last but not least, you should read some part of the sources you found, and write
about what you learned during the process. Imagine you are writing an essay to your past
self. What would you like to tell yourself? How would you present it? Write an account
you wish existed before you started working on your final project.

2 Logic and miscellaneous problems

Tiling problems. See [14].
An interesting question is counting domino tilings over a fixed region. It turns out
this is very sensitive to the shape of the region (see the relevant wikipedia article).

Chess problems. See [42]

Proofs from the book. [I]. Beautiful problems with beautiful solutions. Any of the
questions in this book could turn into a great final paper with a little extra research.

General combinatorics. Combinatorics is the area of mathematics concerned with finite
objects. Among other things, the subject encompasses questions about counting,
deciding when certain objects exist, and finding optimal objects.


http://en.wikipedia.org/wiki/Domino_tiling#Counting_tilings_of_regions

[7] is a great introduction to the subject. I particularly like the book since it also
touches on many of the computational aspects in combinatorics. Other great refer-
ences are [40] and [23]. The second one is a particularly easy read.

Algebraic combinatorics. The study of polynomials has so many applications to com-
binatorics, that there is an entire sub-field called algebraic combinatorics. This has
been a particularly active areas of research during the last three decades. See [36]
and [13].

Sperner’s lemma and applications. See [I, Chapter 21]. This is a beautiful combina-
torial result with applications to many branches of mathematics.

Generating functions. This is a powerful technique for encoding combinatorial prob-
lems in terms of infinite power series. It is then possible to use results from calculus
and algebra to solve the original combinatorial problems. See [43].

Fractals and dynamics. You have already encountered this topic in a few of the home-
work exercises. There is an amazing book on the subject by David Mumford [20].
Another good book is [27].

3 Number theory

Quadratic reciprocity. The theory of Quadratic reciprocity, due to Gauss, governs
when the equation 22 = a (mod p) has solutions. This is a very classical topic
in number theory, and should be very accessible. See [30, Chapter 11], [3, Chapter
9], and [32, Chapter IJ.

Arithmetic functions. A number of number theoretic functions such as the number of
divisors, sum of divisors, and other have interesting properties, summation formulas,
and asymptotics. See [30, Chapter 7], [3, Chapters 2, 3|, and [22].

Sums of two squares, sums of four squares. Fix integers n,k > 1, and let ri(n) de-
note the number of ways of expressing n as a sum of k perfect squares. It turns out
there are closed formulas for 72(n) and r4(n) in terms of the divisors of n. See [38,
Chapter 10.3]. (This is a great question if you have some background in complex
analysis.)

Dirichlet’s Theorem on primes in arithmetic progressions. Given coprime integers
a and b, Dirichlet proves there are infinitely many primes in the arithmetic progres-
sion {a +bn | n € Z}. See [39, Chapter 8], [32, Chapter VI], and [3| Chapter
7.

The prime number theorem. The prime-counting function 7 is asymptotic to n/Inn.
See [38, Chapter 7] and [3, Chapter 13].



Analytic number theory. There are a number of other interesting questions in analytic
number theory. See [3] and [32].

Cryptography. There are many encryption, key-exchange, and digital signature algo-
rithms worth learning and writing about. Examples include RSA, the Diffie-Hellman
key exchange. See [12], [30, Chapter 8], and [16].

Elliptic curves. The study of elliptic curves is one of the most exciting branches of
modern number theory. One of the major applications of the subject is cryptography.
See [35], or [12] and [16] for cryptographic applications.

p-adic numbers. A p-adic number is an infinite sum a = >0 a;p’ where a; € {0,...,p—
1}. They have a variety of applications in modern number theory. See [17] and [32),
Chapter II]. (This could be a good topic if you are interested in learning more about
algebra.)

Elementary methods in number theory. [22]. This is a great second book in number
theory. Elementary here refers to the fact no proofs use complex analysis, abstract
algebra, or other advanced mathematics. The results themselves can be quite fasci-
nating and deep.

Irrational and transcendental numbers. There are many interesting questions about
the irrationality or transcendence of well-known constants such as m and e. While
seemingly unrelated, these problems are related to a lot of interesting number theory.
A great and very readable source on the topic is [24]. To get started, you can also
look at [IL Some irrational numbers].

4 Probability

Game theory. See [26] and [2]. For a more combinatorial approach, see [9].

Card shuffling. There is a great paper analyzing whether standard card shufling tech-
niques (such as the dovetail) produce random results — [5]. In general, Persi Diaconis
has a number of other papers which could serve as great final paper topics.

Information theory. See [10] and [15].

Markov chains. See [29] and [25].

Black-Scholes. See [33], [34], [§], and [37].

Other topics in mathematical finance. See [33], [34], [8], and [37].

Stochastic calculus. See [34].



5 Algorithms

Discrete Fourier Transform (DFT) and applications. See [39, Chapter 7] and [21],
Chapter 1] for the general theory of discrete Fourier transforms. These techniques
have numerous applications to everyday life. For example, the fastest known algo-
rithm for number multiplication uses DFT. Many image compression (e.g., JPEG2000)
also use related techniques to aid compression.

JPEG. See [4] and [6].

Wavelets. A great book on the subject is [2I]. In addition, there are several introductory
articles such as [0], [41], and [18§].

Error-correcting codes. See [28] and [19]. For more about information theory, see [10].
Compression. See [31]. For more about information theory, see [15] and [10].

Algorithms in 3D graphics. See [I1]. If you find a particular algorithm which interests
you, there are many other specific references.

Perlin noise is a great example of simple mathematical idea which found profound
applications in graphics. Ken Perlin developed the technique for Disney’s Tron
(1982). He later won the Academy Award for Technical Achievement (1997).
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