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Course Page : http://schdar.harrard.edu/fanye/classes/math23oa- differential -geometry.
Main Reference : Differential geometry by Clifford H . Taubes Chap 1-16
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More information : see syllabus on the page .

Style of this course :

1. This is like a tour to a garden or a zoo .
which means you will meet many new things
but can4 understand them well at the first time .

Dont be afraid to discuss with classmates about

basic definitions and examples , and go back to

previous materials once and once again .

2
.

I study low- dimensional topology , so I will

rearrange the materials in the book in a topologist
way . That means

I will focus more on the construction

and motivation . The book contains
many useful calculations

It's good to read and calculate by yourself .

3. Topics : Manifolds , Lie groups , vector bundles , metrics ,

geodesics , connections , curvatures , principal bundles .
Yang-Mills equations , _ . _ .



Class 1
.

Introduction to manifolds ( Cliff chap 1)

Def 1 .
Atopologiaalmamfold-%FFiiiraaimpact.lt#dtP°E sit

.

each point Cpt ) has a

¥Mnbhd) that is homphi to IR
"

Explanation for red lines :

• topological space : a set ✗with distinguished collection 0
of subsets of✗ called¥2 St
1) ¢,✗ c- 0

2) Any union of sets in 0 is still in 0

3) finite intersections of sets oh 0 is still in 0

Ex : The standard topology on IR
"
: 0 is the collection of

sets given by unions and finite intersections of open balls

{ ✗ I 1×-14 < r tr p -412 ? re K+}
• paracompact : every open cover has a toxic suborder

refinement .• locally finite i each pt is in finitely may open sets .
• Hausdorff : any two pts have disjoint , open nbhds

These
.

two conditions exclude some " wild
"

top. space :

1) Union of rays with irrational slopes ⇐
2) Hawaiian ring L@UfCx.y ) / ☒ -hit-12=1-2

HEIN

( infinite union )

3) Bug - eyed line IRUR/✗-y if ✗=y≠o A
4) The line of irrational slope in /R2/cxnpncxtmytn ) min

c- 2



• nbhd of pt : an open set containing the pt
• homeomorphism = A continuous , 1-1 map with continuous inverse

• Continuous : the pre i'mage of an open set is an

"

open set .

Usually we add the Cung condition to a top ◦ mfd

• Connected : it is not a disjoint union of two open sets

Fact : R
"

is not home◦ to IRM if m≠n
.

So din of a topo mfd is a definite number
.

Ex of topo mfds :

D R
"

, any open subset in IR
"

2) S
"
= { ✗c-K" l 1×1=1 }

3) Tn = 1K¥ , ,
.

. ,✗n ) ~( ✗ it mi, - -
-

,
✗ntmn ) -Mii >MEI .

4) product of manifolds .

Indeed T
"
= s

'
× s

'
× . _ _ is

'

7nF
Then we move to smooth manifolds .

Petz . For a topo mfd ✗ , the nbhd of apt is called

a@oordinate_chart.A collection of charts that

covers ✗ is called
.
a@oratas .

If 0 ,
U are two charts of✗ .

U n v ≠ 0 , then

7- % : U → Rn . Yu : ✓→ IN homes

hv.io/yocfj':0uCUnV)-0vCUnv) is also a. homes

In fkn
It is called the C-die-rans.HN .¥*



Given an atlas Tl and all trains functions hv.lt .

we can recover ✗ by the quotient of the disjoint union

.¥uÑ / U/✗ c- RYu~hwcxsc-RYV.V-U.veU

Idea :* Given the atlas and transition functions

we can always do amputations locally
• We can understand the same manifold by different atlas

Def 3 : An atlas is called a smoothstrune if
all transition functions are smooth (infinitely differentiable)

or in 0

A topo mfd with a smooth Str is called a smoothing
Two mfds are diffeomorphic if 7- a smooth map btw them

with a smooth inverse

Then we can do calculus on smooth manifolds

Fact
.

Smooth str is not unique for some top mfds .

does not exist for some topo mtds .

For dimension n mfd,
If n =0,1 , 2,3 , then we have existence and uniqueness
of the smooth str

.

If n ≥ 4. there exist counterexamples



Two basic examples :

/Rn : 7- unique smooth str if n -1-4 .

uncountable many if n=4 .

Sh : 7- Unique smooth
str if

n= 1,2 , 3
,
5,6 , 12,56 , 6 /

non unique if n ≥ 7 1=56,61 odd

h=? 7=28 smooth str . (Milnor)
h ≥ 8 < 140 even

widely open : n=4

3 : Poincare conj solved
. by Grigori Perelman (2002)

5. 6,12 : Michel A. Kerraire and John W .
Milnor (1963)

56 : Recent work of Daniel C. Isaksen 12019)

61 : Recent work of Guo Zhen Wang and Zhou li Xu (2017)

1,2 , 3,4 , 5,6 , 7, 8 , - -
-

- -

--

low -dimensional algebraic topology
topology
even : complex geometry . symplectic geometry .

Kahler geometry , - .
-

odd : contact geometry ,
.

-
-



Class 2 : smooth manifolds ( chap 1)
Review : ( some people use second countable

,
i. e. Countable topo basis

this is equivalent to paracompact with countably many connected components )

Det 2. A¥fd of d.mn is a paracompact
Hausdorff top ◦ space sit ' each pt has a nbhd that is

home☒ to IR"
.

such nbhd is called achart

The collection of charts is called an atlas_

For two charts U , V .

7- transition function
hmu : down v1→ ∅✓( Vnv )

.

N
R
" "

If hv, u is smooth ( infinitely differentiable ) ,
then the atlas is calledasmoothstr.lt
topo mfd with an smooth str is called a

smoothmfd.RU
.

7- topo mfd that is not smoothable .

I top mfd that has non unique smooth str

Def 2 . Suppose M and N are smooth mtds .

Let U and V be locally finite atlases corresponding to
smooth Str of µ and N (we use the paracompact condition)
A map h : IU→N is called smooth if each map in

{ &✓ oh ◦ 0/5
'
: h ( O ) NV -1-0 } ( v.%) c- U .

( V.%) c-0
is smooth



Ex : Consider the manifold R' with only one chart ∅,
: R'⇒R

and also the manifold 112
"
with only one chart % : R'¥1K

.

Define f: IR ' IR
"
,

then# f- §,

"

= ✗ : 112-412
,
f.g are smooth inverses

9 : IR" R
'

. Qi
'
◦go % = x://2-YR.IR

'
is dilteot.IR

"

The reason to define the smooth Str is 1- do calculus on mfds
Thm1( Inverse function thm )
Let UCR

"

be an open set and let 4
: U→R

"

be

a smooth map .

Choose apt p c- U
. Let 4* be the

matrix {%. }i
,jean ] .

It is called the Jacobian

If 4* is invertible
,
then 7- nhhd VCIR

"

of 44s )

and a smooth map 6 : ✓→ U sit . 614Cpi) =p and

• 604 = Id on nbhd U'CU of p
• ✗ ◦ 6 = Id on V

i.e. 4 has a local increase around p .

Idea : The smoothness assumption reduces a non-linear question
to a linear one (first derivative ) . We will use Taylor 's
thin with remainder to prove it

Pf : Yc ×) = if Cpl 1- (4*4) ( x-p ) +R(x-p ,
✗Remainder

☒call ≤ clap IRCu) - RHI ≤ Clu-444+147
Set a = x-p = 4*-441×1 -44s) - Rca ))
set 41×1=2 .

We need to find apt
Uq = 4*-1 (q-4cm - Rcuq) ) if q is near 41ps



We introduce contraction mapping thm to find Uq

Lem 1
.

Let r - o 8 c- (al )
.
B = {✗ER

" / Kkr }
If f :B-43 satisfies
1) / foxy < Sr it ✗ c-B

2) lfcx ) - fcyil ≤ slx-ylv-x.geB
then 7- unique PEB sit . fep )=p

Pf : Take any ✗◦ c- B. Set ✗ n+ ,
= fcxn )

.

Shee Hn - Xml - Shur for n >m, we know
{Xn }n≥o is a Cauchy sequence , which converges ihB

Let p
be the limit

,
then fcp ) =p ( fexn )=Xn+i)

If q also satisfies fcqs=q .

then

lp-ql-tfcps-fq.it ≤ Stp -q1 ⇒ p=q .

☐

We come back to the pf of inverse function thm .

Take fcu)=¥-' (q- 41ps - Rcw )
Then f maps a small ball to itself because /Rca ) / ≤diet

( int ≤ £ . 1kcal ≤¥ , 8=1 )

/flu)- for / ≤ ☒cut Rcvsl ≤ Clu-4 (14+14)<814-4
when tut , 14 are small

we apply Lem 2 to obtain the unique element uqs.t.fuqs-a.lk

We can also use Len 2 to analyze the function q Uq .

to show it is smooth .; see A 1.1<1 of Cliff 's book .



Def} : Let UCR
"

be
an open set . 4 : U→ Rm a smooth map

a c- IR is a rlue of 4 if the Jacobian 4* is surjective
at any pt in 4-

'

(a)
-

Thmz :(%ᵈt% , 4 be defined in Def 3 .
Then the set of

regular values of 4 have full measure .

Ex : 4 : Rn→ R Iki -sing → _É
,

X?
-

4- = (2¥
,
,

.

.

- ,¥×n ) = (2h , -

- -

, 2in )

H r > 0 is a regular value

Thm3 :( Implicit function thm ) Let UCIR
" '

, 4 : U→ IR
" -m

n -m≥o

and a is a regular value . Then 4-
'

(a) CU is a smooth mfd

of din M. For pt 4-
'
ca ) , 7- a ball BE /Rn with center p .

and a differ ∅ :B-412h

St . ∅ (BA 4%1 ) = {✗m+, = . . - = ✗n
--03 A Bdo ) for some E >0

1

Pf : Let Vi , - -

, Un -m span Ker 4*1
p

.

and let IT be

the projector : Rn→ Ker#↳ ≈ 1km

Define ∅ :B → Rn ∅ 1×1=(41×1,117×1)

Then * p
is invertible

.

and we apply
the inverse function thin to find some local inverse G

Implicit function thin is a good way to construct

smooth mfds .



Def 4 : A s¥ M in Ri is a subset srt.lt PEM
7- Upc Rn and Xp : Up→ R

""

with 0 as a regular value

and Mn Up =4,540 )

suppose N is a smooth mfd of din n .

A subsetMCN

is a sImfd if for any p c-
M
, 7- UpCN

∅p : Up→Rn sit . ∅p(Mn Up) is a submfd of R
"

.

\
-

for : Let f :
'

N→M be a smooth map .

Let p c-N . If for any q c- f-Kp ) , any chart

Uq C. N with ∅, : Uq
→ IRM

, any chart

Up CM with ∅p : Up → IRM, the Jacobian of

∅p ◦ f ◦ 015
'
:/R
"

→ IRM at cfqcq) is surjective,
then f-'(p) is a smooth submtd of N .

.

Fact : For
'

any smooth mfd µ , I ∅ :M→RN N⇒0

Sit . ∅ (M ) is a submfd of IRN. ,

and 4 is a diffeomorphism .

Such ∅ is called an embedding .

The proof use a partition of unity . (see Appendix 1.2)



Class 3 Lie
group

( chap 2)

Roughly speaking . a Lie group is both a group
and

a smooth mfd .

Def 1 . A group G is a set with a multiplication law :

M : G ✗ a →G. S -
t

. @ e write Mla , b) as ab.)

1) a Cbc ) = @ b) c

2) I e c- G s.t.ae = ea fork a←G called identity
3) Any element a c-G has an inverse a-

' EG St .

aa
_'
= a-

'

a = e.

Defz: A Lie group G is a smooth manifold with a

group multiplication sit .

the maps

in :a×a→a and a.in?..::::.:::Ia
• M ( n , A) : the space of nxn matrices from smoothness

as a manifold .

we have Iucn, /R) ≈ Rn
# ^

But -the multiplications are different .
On MIMIR )

,

it is the matrix multiplication
On /Rn? we can use the addition of vectors

to define a multiplication
However

,

MIMIR ) is note a Lie group
because the multiplication is not invertible



• GLCn.IR ) : generallineargnup
the space of invertible matrices in MC n.IR )

lie .

det Ato for A c-GLCn.IR )

This is an open subset of MCn.IR ) because
diet : Men , IR)-HR is a smooth function .

GLCn.IR) = det
- ' ( K- fo} ) ,

where IR - So] is open .

So GLCn.IR ) is a smooth mfd .

Moreover , the matrix multiplication is invertible on Glen.IR)
.

So GLCn.IR) is a Lie group . e- Idn =L
'
"
.
.

.

, )
Def 3 : A subgp

H of a gp G is a subset containing

the lhdenty e , sit . Mla , b) c- It for
'

a ,b c- It

Lem 2
.

A subgroup of a Lie group that is also a
submanifold is a Lie group with respect to the induced

smooth Str
.

Pf : The restrictions of smooth maps M : G ✗ a→ G

and a a-' to a submfd It are also

smooth maps ☐

Ñ%[cn.IR ) : spea.at/ineargwnp-
the space of matrices with det

= 1

Note that Det CA B) edit (A) dotCB)
We can show detx / , ≠ 0



So by Implicit function thm
sunk ) is a smooth mfd , and hence a Lie group .
Since det is a map 1- IR , we only need 1-

find one direction st . the partial derivative is nonzero

consider ti→tA for 1- c-R detctA) = t "delta )

Jt CdetHAD = nt
" _'
dit# )¥¥g= ,

n -1-0
.

More examples
• Ocn ) orthogonal group .

{ A c- Gun .IR) / A-
'
= AT }

Note duet# ) = (delta ))
-1

det# 7 = det (A)

So dat (A)2--1 ⇒ detlt ) = -21 f- A c- 01h )

• 50th ) : Special orthogonal group
{He 0 Cn ) / delta ) = I }

HE 50cm A - [
'
1.

, ) in the other airport of Ocn )

So two components of Ocn ) are diffeomorphic if smooth .

To prove San ) is
smooth

,

we use implicit function this . again

F-. GLCn.IR ) → Synch ) = { nxn symmetric matrices)

FC A) = AAT
.

is the Jacobian F* surjective at F-
'

til)
?

Suppose FCAO) = Id f-* A) = A. AT+ AAF
Let s be any matrix in synch . set A = ISAO

7*1*(1-1)=-1# ☐AFS-ISA.AE ) = s because AoAF=2d



More things are introduced in the course of .

Lie group, Lie algebra, and their representations
complex matrix groups .

• Mcn , E) .

the space of hxn complex matrices

µChill ≈ 1122
"
because a complex number

C= atbi a
,
BER

• Glen ,E) is the open set in Mcnee )

where the matrix is invertible
,
i. e. det -1-0

It is a Lie group

Let CE Glen , E) C = A +Bi A-BE Glen.IR)

Then C Can be viewed as an element in GLGn.IR)

( A
-B

B A)
Indeed

,
let F- / °j )

GLCn.ci ) = {Me Guan, /R ) / MJ=JM }

(%
-

¥ ) ( °
" )=(

-B-A)In ° A - B

( % ?) ( A
- B

☐ A) = C-B
-A

A -B )



• Sun , 6) = {AC-GLCn.es/dd-A-- 1)
• Uln ) = fAEGLcn.es/A*A--Id3A*---AT
• sun ) = {A c- Ucn ] / det(A) = , }

ldetlt > 1=1

We still prove they are smooth mfds by iyiiwtfmctnthm
sun , 6) similar to sun , /R ) .

Need to show dct* /Ais surjective . for det A =L

t = ✗+ Yi c- a 2, dit CTA )=2nt%ktA

Try detctA) = isnt
""

data

(Note that TAE Mcniel because det is i.hear from
Mcn , E) to E)

Un ) . Define F-. Glen , 61 → Herm Cn ) =/ HeMcniel
1-F- It }

f-(A) = A*A For Ao E F'Cfd )

F* / * ◦ (A)
= A*Ao + AFA

Give It c- Herman ) the A. = 'zAoH

Then T-x-IA.LA ) = -21 ( HAEA.tt#toH)-- It .

Soca ) : since /dot A 1=1 for Aeucni detA = e'
'%

Consider argdetA = Oo

argldat ( e'
"

AD = not Oo Jo argldrtce'%D=n

so the Jacobian of argdet : Uln)→ s
'
is surjective


