
Class 4 Vector bundle ( chap 3)

Manifold + group = Lie group

Manifold + vector space =
Vector bundle

Deft. Let M be a smooth mfd of din m .

A smooth mfd E is called akeabvectorbundkore.irM with fiber dimension n if we have the following

2) There is a smooth map IT
: E-→ M

for each PEM ,
-7 Up CM do :#Cup)→ Rn

St . for each ✗ c- Up .

Xu : TFC × ) → IR
"

is an diffeomorphism
2) There is a smooth map 8 : M→E sit .

-1108=21

3) There is a smooth map µ : IR
✗E→Est .

a) Tiller , v1 ) = Tcu )
b) McrMlr ! v1 ) =µcrr

'

,v )

c) µ 11 , V ) = V

d)Miri v7 = V for r≠l it re Imf

Ex .

The product bundle ( also called the trivial bundle )

E- = MAR
"



Rem 1) IT is called the Cbundtepnjeetinmap

For WCM ,
write EIW = Titw)

Tor p EM , Elp is called a

fkoverpdudefwe.sndiffer Yu : Elo→ UHR
"

by
(Tib

,
docu ) Cfo is called Italian of E

2) 8 or its image is called the zero section

✗v08 = OEIR
"

3) µ corresponds to the scalar multiplication in the vector space

we usually write µ (Av) as ri

Det 2 : Let E , E
'
be two vector bundles over 14

.

A sect of E is a smooth nap 5. M→E s.t.tos⇒d

A homomorphism ∅ : E-→E
"

is a smooth map st .

1) TICH ) = Tlkv )
2) ☒ rv ) = rcfcv ) ( Hence ∅ ( Glp )) = 8km)

A bundkisomorphisI.is a. homomorphism with an inverse g=E↳E

Question : Is any bundle isomorphic to the trivial bundle ?

Counterexample : Mobius bundle over s '

{6- ivies'
✗ 1122:(

cost sin O

SMO -ago )V=v }



'

We have a
'

smooth map

10 , t ) 10
,

1-cos'⇐O ) , t sin# O ) )

(
↳ O suo

suo -ao )(n¥f ) = (
↳0%0#hosing
showsto - GotSisto

\

= (
auto

)
""⇔."

sin £0

0--0=21-1

✓ So we need the second chart

p
'
:(-⇒ ✗ IR→ E

using the same map

a
•⇒

="

we can find a nonzero section of s
'
✗ IR =E

/

( just use S : s
'

→ E
'
s(01--10,1)

But we cannot find a nonzero section of Mobius bundle

( Intuitively , when we move sco ) smoothly 1- SCUT ) ,
we will have SLO) =/ SLIT ) )



More properties about sections :

Prop 1 : 1) ∅ :-[→É is a homomorphism .

s : M→E

is a section . Then § : ✗ ∅ (sci)) is a section of El

called the pushforwaI of s

2) Si , Sz: M→E sections
.

Then S
, +52 : ✗ I→ six) +SIX )

is also a section . Also rs ,
is a section .

Hence the space of sections is a vector space .

3) f- : M→ K ,
S : M→E

.

Then fs is also a section .

4) On a nbhd U of any pen . we have a differ
% : Elo = -11-4 U ) → 0×112

"

suppose e , ,
-

-

, en are basis of #
^
.

Then we can construct

sections Si , -

- .sn : U→ Etu six)=Ñ× ,
ei)

ice . locally , the rector bundle is aways generated
by sections .

Rem Globally ( on IU ) . we may not have sections
(e.g. Mobius

bundle)
,

or the din of the vector space

generated by sections is less than dim of the fiber .

5) If we have sections Si , - -

, Sn : M→ E so that

1h any
nbhd U.si/u forms a basis

.

Then we can use them to trivialize



i.e. 7- a bundle isomorphism ∅ : MXIR
"
→E

( ×, Iaiei )→ Iaisicx )

More examples of vector bundles .

• Let 52 = { ✗ c- 11231 1×1=13 E = {His c- 1123×42311×1--1 }
✗ . ✓ = 0

Tl :-[→ 5 TICXN ) = ✗ rcxiv ) = ( × , rv ) RHR

8:52→E ① ( x ) = Cxio )

• Let RR
""

be the space of lines through OER
"

( a pit is a line ) It can also be regarded as 5%1=13
where -1 acts on × by -✗ .

E- = { c-i-x.rs c- IRR
"_ '

✗ IR
"

/ ✗Hr }""

I



Class 5 Tangent bundle
-

Recall the definition of - vector bundle

Def 1 : Let M be a smooth mfd of din m .

A smooth mfd E is called akeabvectorbundkove.irM with fiber dimension n if we have the following

2) There is a smooth map IT
: E-→ M

for each PEM ,
-7 Up CM do :#Cup)→ Rn

St . for each ✗ c- Up .

Xu : TFC × ) → IR
"

is an diffeomorphism
2) There is a smooth map 8 : M→E sit .

-1108=21

3) There is a smooth map µ : IR
✗E→Est .

a) Tiller , v1 ) = Tcu )
b) McrMlr ! v1 ) =µcrr

'

,v )

c) µ 11 , V ) = V

d)Miri v7 = V for r≠l it re Imf
we have an alternative way to define E

Def 2. Fix a locally finite open cover U of M

For UN EU St .

UAV -1-01 . choose a function

9W : Uh ✓→ GLCn.IR) calledbundletran-s.tn#nE--uU.uUHRYcp.uK-UxRn~lpigviU)c-VxR"
ptunv



{gvu} UN c-I need to satisfy the following condition

1) gvu
= gii unv≠∅

2) gviiguwogwo
__ Id Unvnw to

called cocydeaondition

The reason to introduce gru is the following

From Def 1 . for any PEM . we have a nbhd UCM

St . Elo = -11-401=-0×112
"

V→ ( Tcu ) ,docu ) )

If his c- Elp .

then we can define

Vith#u /p)
"
( Kulp cult Xulplvz)) c- Elp .

Fan Tkn
The definition should be independent of the choice of U

if p is also in ✓
.
we set ei = do /plvi ) 21-1.2

Viva =@ Ip )
"

cement =pJ(XvIp°Hulp5Éei )
+Mp ◦Kulp)Yez ) )

Let Yuu := Xv ◦☒ 5! UAV ✗ R
"

→ R
"

Then 4W /plated = 4W /pilei ) -14W /plea)

since e , ,
ez EIR

"

can be arbitrary . 4W /
p
is linear

.

i. e. 4vulp-CGLCn.IR)



Hence we have a map gw : UAV → GLCn.IR)

Gvulp ) = 4W /
p
this map is smooth because 4W is

.

guv
◦

guv = Id gvuoguwogwv
= Id

by construction
. Conversely .

Given { gw} . We can

÷!:::f%%¥÷:%:¥¥→.ae :

Edm n

Def M is a smooth mfd .

The ten-game ofM
is a vector bundle TM constructed as follows .

Fix a locally finite coordinate atlas U for M

For V.V c-U
.

with UAV ≠ ∅ , we have differ

∅u : U → R
"

Olu : ✓→Rn

h.ru = ∅jb∅u : R
"

-412
"

is the transition function .

Let gw = (hvu)* =
the Jacobian of hvu

C- GLCn.IR )

hvuohuv = Id ¥5
"

gvuogw = 2d

hvuohuwohwiisd ⇒ 9W
◦guwogwv⇒d

Ran The construction is indeed independent of U
( see Clift 's book 3. 4)



As a result . for any chart UCM .
we have

TM /u UHR
"

.

we denote

itheddfeoby@DxPropIfMClRNisasubmfdofdrnn.bydefinition ,
for each pe M . ? nbhd UCIRN

, 4 : U→ 112
""

with 0 as the regular value ie .

the Jacobian 4* is

surjective at each pt in 4-
'

co ) ,
and MA U = 4-40 )

µ =3 h = 2
'

Ker 4*1
p
is identified with

*
the subspace IR

"

tangent to M at p .

Which is independent of the choice of U

the projection of g-p to Ker4*1 piii.
"

÷: :::is a diffeomorphism to a ball Clary,
hhih gives a chart for M

'" "UHR
" / p.no }



Def A section S : M → TM is called a veetorfeeld

Let Mi IR ) be the space of smooth functions M→R

with addition and multiplication
A derivation is a map 1 from CIM ;D to itself

sit . D Lcf + g) = Lcf )+2cg) 2) Lcr ) = 0 for constant
function r

3)Lcfg ) = @f)gt f Ig ) (Leibniz rule )
We can identify a derivation with a vector field
Given a reefer field s : M→ TM . we construct a

iii. iii.i:÷÷¥i÷*
.

∅u* : TM to ⇒ UHR"

For f : M→R . define fu = focfj
'

:/R'→R

Suppose 0/0*05 /u = ( Idu , vi. Va . . . - Vn)

VK : U→ IR

Define (↳ f)u=É,Vk¥. : U -412

Exer : cheek Lsf : M -412 is independent of

the choice of U by the bundle transition function
of TM



Because (↳f) u = .É,
V¥¥ .

we may

write Stu = _É
,
vk¥ and write {¥ }

as a basis of sections for RR
"

EIR
"
✗☒

This notation is important because in the future
we usually do calculation locally and write a

vector field as É
,
V1-¥



Class 6 tangent bundle and cotangent bundle .

Recall the tangent bundle TM is defined by
the bundle transtin function 9w=(hvu)*
Where hvu = ∅j ' ◦ ∅, is the tranistun function of 1.4

A section S : M→ TM is called a vector field .

A derivation L is a map from MAN to itself

ft . 1) Leftg) =L (f)
+ LG) 2) Lcr) = o

3) Afg) = Llfjg + f-1cg)
for constant r

From a rector field s
,
we define a derivation

Is called Lie derivative ofs

Locally UCM ∅u : U -412
"

%* : TM / u→U✗R
"

∅u* Oslo : U→ UHR
"

Uk :O→ IR
( Id

,
Vi , - - , Vn )

CLS f) to = ⇒ VK Ihdep of the chase of U .

So we usually write s/o = -24-2×7
For another chart V . We write Fye as basis and

Slr = -2 Vid¥k .
we have



%;∅÷ ' ⇒ᵗE¥E"=¥%¥ "¥¥*"
∅o°∅j ' : IR

"

(with basis yk ) → R
"

[with basis xk )

↳ ÷yk=¥'%y#Y¥ [
✗ i :*

"→R

projection to )
1-th coordinate

and Eva¥, = Ericka. Evi ¥
,

⇒ vi. = EviÉvT
⇒ I = a.HE:)
Conversely , given a derivation 2

. We construct a

vector field as follows

Let Vic : U→R be defined by
L( ✗ ko ∅u ) where ✗ ii. Rⁿ→R is the projection

Let I* : U→ TMI u≈ UHR
"
be the section

correspondy to basis of R
"

set S =§ VK¥
~ ~ I

Exercise : for any f- : M> IR

(4- Hu = (↳ f) Iu = Eve≥¥Éˢ



A function f- :M→R define a vector field of as follows .

for a chart U CM . ∅u : U→ IR
"

Define fu = f- ◦ ¢5
'
: IR
"
- IR consider Cfo)*=l¥% . -9¥:)

Let f) Iv = -72%7¥
.

Def The acted -1*14 is defined by gvu=¢hw)*")T
A section S : M→ FM is called a 1-form_

Similar to the definition of ¥.
Given UCM . we define {dxk } to be the

sections corresponding to basis of 112
"

.

∅u* : Fml u→ UHR
"

Then for f- : M- R , define a 1- form df by
-

df = -2T¥ dxk
Algebra of vector bundles ( chap 4)

Def Given a vector bundle E-→ M with bundle

transition functions {gvu} . Then define the did
bundle E-→M by ⑨WIT}
Rem FM is the dual bundle of TM .



Élp ≈ Hom ( Elp .IR) (E)
*

=E

The direct sum of two bundles E. Ez → 14 is

given by El ④Ez = { (Viis ) c- Ei ✗ Ez / Tiwi ) = -1121k$
Rem

. E-☒Etp = Elp Elp
guv = 9in, 9Wh 2

The bundle HomlElite) is defined by

Hom IE ,ED / p = HOMIE / p , Elp )
If din Elp = n din Ea / p=k
then din Hom (E. E.) Ip = nk

Hom CE , E) / u ≈ U ✗ Mlk , n )

luck in ) kxn matrices

the bundle transition function sends Mu C- MCKM )

to Mr = giv.zmugtvu.PT
↑ T ↑

kxkkxn.mn

[ ] [ ] [ ]
The bundle Ei☒Ez can be defined by Hom / EYED



Class 7 Bundle algebra and bundle maps ( chap 4-5)

Last time
,

we introduce the tangent bundle and its dual bundle

(called cotangent bundle) . Today we introduce more constructions

vector spacesDef . Given E , ,Ez→M .
we define ↓ ↓

1) EOE,→ 14 by EREZ )|p=E|p⊕E4p

2) HOMIE , EH→M by HOMIE, /Emp = Hom (Elp , Elp)

3) E
,
☒Ez →M by Homl EF, ED

where the bundle tranistion function of EF is {(gÑ5 }

4) Ei is as6 of Ez if Es is a subntd of Ez

and Edp is a subspace of Elp
Fact : every vector bundle is a sub bundle of a product bundle

equivalently . for any E. 7- E
'
St .

E. ④Ez is isomorphic

to a product bundle

5) If Ei is a sub bundle of Ez , then define the

quotientb-nnd.be EYE by EYED /p= Elp / Elp
.

Def . We introduce some operations on a vector space V and

then generalize them to vector bundles

✓
*
is the dual of V : ✓

*
= Homlv.IR )

✓
*
☒ .

. ☒✓
* is the set of multilinear functions f : ✓ ✗ Vx - - ✗V→R

i.e. when all variables except one are fixed . it is a linear function .



Symkl V4 is the set of symmetric , multilinear map
i. e. fc . - Ni , - - ; Vj . -

- ) = ft .

- -

, Vj , -

-

; Vu .

-
- )

MTV * ) is the set of anti - sym mat map

ice . fc . - Ni , - - ; Vj . -
- ) = - ft .

- -

, Vj , -

-

; Vu .

-
- )

dim *Pk = @ in = nk

din symKVY = (
n -1k - ' ) din N' V*=µ<)o≤k≤

n

k

O Kon

dinÑV*= 1 A"V*=R

We can also construct symÉ* , ÑE* ( also symkE.ME )
If {gut is for E ,

then fdetlgiu) } is for ME

An
'

ori-n-n.co f E is a nowhere zero section of ME .

which induces a bundle isomorphism ME
≈ M×R

An orientation of M is an orientation of TM .

I ⑥RM ) is orientable if there is an orientation

E- is orientable if # is

Ex - The Mobius bundle is not orientable . . TS
"
is orientable .

Any two orientations s , .sn
: M→ME satisfy Si = fsz

for f- : M- IR , fcp ) -1-0 for any p c-M
.

.

If f- is always positive . we say two orientations are the same

If f- is always negative , we say two orientations one opposite

A section of AK -1*14 is called a k-fr
( we will go back to study nkT*M later in deRham cohomology)



Def - f :M→N is a smooth map . IT :-[→N is a V. b.

Define f-
*
E = ftp.vjc-M-E/fcps=-cvB

This is called the pnltback of E ,
E) Ip = Elfyn .

However , we D0Have the
"

push - forward
"
construction

for general bundle . For tangent bundle ,
we can define

the tngentm→ f* : TM Ip→ TN /fq, , (
= f-*TN / p )

as follows . For UCM NCN ,
we have

∅u*:TMlu→ UHRM ∅v* : TN /✓→ VHR
"

f is smooth ⇒ ∅✓ of ◦ ∅j
'

:/Rⁿ→R
"
is smooth

For ✓ c- Tulu
, define f-* v = ∅v¥°(¢v°f°Ñ¥u*V

We can show it is independent of U , V because the bundle

transition functions of TM , TN



Complex vector bundles ( chap 6)

Def .

A comp6×v E over M satisfies the following
2) There is a smooth map IT

: E-→ M

for each PEM ,
7- Up CM Xu : THC Up)→In

St . for each ✗ c- Up .

Xu : THC × ) → =/R2
"

is an diffeomorphism
2) There is a smooth map 8 : M→E sit .

-1108=21

3) There is a smooth map µ :①
✗E→Est .

a) Tiller , v1 ) = Tcu )
b) Mcr Mcr ! v1 ) =µcrr

'

,v )

c) µ 11 , V ) = V

d)Miri v7 =V for r≠l it re Imf

Or we use the bundle transition function

gw : Uh ✓→ Gun ,① called

bundletran-s.tn#nE--uU.uUxC/cp.uK-UxEn~lpigviU)c-VxCnpc-
Unu

{gvu} UN c-I need to satisfy the following condition

1) gvu
= gii unv≠∅

2) gviiguwogwo
__ Id Unvnw to

called cocydeaondition



Rem
.

In the class of complex geometry , there is a def

for complex manifold .

WE can get some natural

complex v. b. similar to the natural real v. b. for real mfd

(e.g. tangent bundle . cotangent bundle )

But we do have complex v. b. over ted mfd

EX
. ( complex ificatun) : Let EiR→M be a heat v.b.

Let Ee = (Epic )/crv.ci-ncv.ro ) re IR
This is a cpx v.

b. over M

We also have dual .
⊕

, Hom . ☒ , Symk ,N
'

sub bundle . quotient bundle , pull back for complex v.b.


