Clocs & \eekse bundle (CV\G\\Q 2)
MW\(WL"M 2y ﬁ\(@%‘g = L\‘@ ﬁ}m“P
)\M\v\\“HJ L \feefor S’DO(C& = \edter l&W\o“Q

Ded L. Lot M be o smosth ymfel of olim m.

A smosth VV\H E s called o @&9\\> Vector bundle
over M With ’FW Aimension N lf we howe ’W%ll@wﬂ

) Thre ¢ o Smosh Pt N e
for each peth, T Up M Ay TCUp) R
St fr ecdh xe Op o ) — R
< an diffes mophiam
2) There i< o Smevth mop 5 - M—E si. 7(_08:14
5> There (s o Smesth wep A R+t —L «f
o) W(}Amv)) = T(v)
b) /4(f//M(r’/V)> f/{ACW/\/)
c) pLLv) = v
A) hrnv) =y el (ff ve 2,8

Ex Tre podect bunlle (slso bl the i buvelle.)



Dem DT 1s colled Fhe undle) projection paitp
For WM wnte E’w = T (W)
Beped By ol o fr e p
>\U b(%e/S o J#@O CFU L!()/—} UXR EY

(H(\/)//\U(\/)> WU (S C& (ui M o]L C—i
2) 6 or (1s r'ijq (o colled he e Sedhon

Ay ° 0= OefRn
%) /V\ Lo %}?D“”U To the  sealow M«L(Pl(wm n dhe vecdtor gJQMa
we \/twguy Wi fe /-Mf\/\/) o h/

Dof 2= Lot EE be fwo vechr budbs over i)
A Secpn gE E ‘s o smoath vwf S: M E ¢ Tes=%
A hommwpwsm 95 E—F ic o smoth e st
(¢(\/> = (V)
2) j?(rv} /\mj;aw ( Hene 75(6(@3 - 3/CP7>

A bund 2 [Somorphem s o Aow«vﬂw»};wsm weth o hverse j:(‘:

)
—C

@M&g‘h\?v\ . Is any punclle  (soparphic o Fhe Frvel bumdle )

CWWQ/K&WFL&i M"O'EMS })(/{V\C/dé Over S\

\g(@ﬂ/)eﬁ]*@% ( cosd st >\/:\/%
VAL —/&D)@



‘\/\/@ howe o\' S oot b V\mf

Pf(0>27‘\)7<[P\ "DE

(@)fﬂ — (0, {TOO‘SL”\):Q) , + Q\/\S\\@ )B
23 O s O > w’;k@ osBcai@ rfstlf\@sm;‘»@)
< ka@ —Cu § (gmﬁ9> - ( 5""(90”%(9~0v»®9br\;/®

(//////’/////// t:<-&é%@>

SN0

p S not OW\’H/\MOWS an
O- 0=2T]

| So we feed Fhe secondd chart
@%¥Rﬂ)ﬂﬁﬁafj

[/K\\/\ﬁ the Seme VV\MLD

b= @6:2“
Jv/

We  Con f/‘f\f/( N Non2ewo Selhdon o’f S/x)R :E/
(fuﬁ nse S - S’ —> E’ S(B) = (@,\)

Bm‘ We ctnn4 ffl'/\&{ o honzero Secnhom af Mb@:‘uﬁ WWUQ

[Im%u«'ﬁ\/d// Whn we move S(o) SWOJW/ += Sﬁlm/
we will howe SO # s(om) )




MOM PY’OPZVT\ZA olpount Se ous

FV\OP 1? \) (#2 E">E( (\5 o L)OV"\OV\ADWJQL\IKSVV\' g{\/\,-jz_:_

s o seehon, Thw el o k/‘)#D(éC%)} S o sechion O]t E‘
Colle the puchfornerd of <

>) S\ /QLL {\/\—%/7\ SecHons TM/\ Sl €S, - Kl G, (x)tSULK)

13 0;[§0 t sechon AZgo S (s o Sechown

HQV\GZ +L\Q é}}a(,e O}L Sechons 14 ¢ Vepdor S)DQCQ’
5) 104 M’“”P\ ;M= Then jfg ‘5 nlso o sedhon.
LF) O o nbid (/ pfm/ PeA/\, we har g O(Vé[w

@, Elo = (V) — O<R’
L, 2y o boss #Egﬂfﬁw\ We com Lorstrut

SMPPOSG e,
Sectons S~ Sn- U%E‘Q S((x):%ﬁ(&@
. [om“yﬁm eedor bundle 3 &W/g 7emm+wt

b)l Sectons.

Rem Gilobally (on 1) we may nok e seckions
[é\j- Mg ]omeL> or The olm o{ the \Jeehr Cpete
@mra&c)\ @7 ceohons s lesg than olim O]C the fiber
é”) I\C wo hewe sectons S-S A2 = <o Aot

h QV\/ MH/W( U gt[U ((:ww\_s o besis
CThen we com use fhem Ao %ﬂ‘w‘o{[c‘;e, E



i‘,g_\ 30\ an/u( ISOWWPIAIBM ﬁbé MX/RV\—>E’

(X, Sowed)— 201 S;(X)
ore @w«pb o][ Vedesr bundles
Lot ST= [ xe®( 1913 E= fow R a1

7<‘\/:O

T -E—=< Tixw=%F  r(x=(%1v) reR
A _
O SC—EC D(x0=0k0)

Lok ]RP/H bé Hae SPM& 0\6 lnes %vaj\/\ De FRV\
< b [ﬂt (5o ('\/\Of) I’? Comn m(So be N?QV‘JUJ 0s SVH—_H%
\/\/waa —| acts  on X E/ —X

= e RPVRY| 2 3




Class S Towgart burdl
Recall e plofwtion of tectr bunlle
D@{Ll: Lot M be o smosth mfk of dlim .
D smosth mfA E 1o called o (eal) vector buadle
orer M with fiber climension N iff we have fhe followy
) There ¢ o Smosh rtp T E— M
for each e, T UpSM )y TCY) — R
st o eodn xe Op xo TR — R
< an O{(ﬁ@ mw,o\wv\
z} There i< o Smevth mop 5 M—E si. T(D/a:ﬁl
5> There (s o Smosth mp A RE —FE <t
2) Tpirv) = Tew)
o) ACr o plein) = Ml v)
c) mlhv) =
A) ev) =V for cdl iff ve T8
We howvt om olfernsiig ey +o Mw =
DQ\CZ Fix o loolly fute open w@r%qﬁ

fw O,V el st U(\\/%LCP_ Qb\ ofe O ]ﬁum}fbﬂ
ﬂ\/u\ UNV — &\LCV\/HQ> celled bl e fromshon

E= () UxR (pwie OR ~ (p, gup e U xR

JeWU pe UV




gﬂ\/UKU/\’“j— need o 56%‘57[\‘/ +he WULWWJ oo pekihon

Y 9yu :jJL U DV #¢

2) 3V,Jﬂuw”jwfl_4 OOV DW £
colled_(ocydt Cooliber

/(D\Q recson Ao /\/1"7‘00{%(& 3VU (s %\/\Q ]Couowwﬂ
me\ D&’g T ) ,FV{ (AW/ PE ,\/\ we hewe 4 nu’ld UC/\/\
St Ely =mwr = U»R’
N —— (TW)//\O(V))

o viVa e Bl thon we con clefin
VitV {AUJP)H\ ( /\U\P VRS AU\PW») < EIP-

@ D

R R”
T'}\a M{j\/\tb@f\ SLLO(/L[.A be, kvd(/f)@/\w 6f ”H/\Q CL\Q\\QQ D’{\ U

\\% D s plso Y \/ . we sef o= Au‘f (Vi) =12

s =wlp) 'Cer ey =y /Pf( Al O@u)g[@\)
O\l OQA())FT(&))

et Mo = hyelod Dy xR — R

T o) (0 e

S @, €r eR Con be arbitory LL\/U]F < Jineow
BA W\/U’p € GLn, R)



Hente  we hom g P Gyy DN\ — GlLwR)
ﬁw(‘D) = N“LW)P Alis mep s smesth becuae W s
Ovo ° Joy =24 G 7 Juw Jwv T 4

by Gorshruction Coy,mml7 Civen Y ﬂwg, We o

0&50 recovelr the  Vegkr bunclle i Da%i,
The cecond y% IS mgefw ts WM +he %ﬂj&rf bundlle:

6f
Df)( M s ot Swesthn WH WM UWL
|S AN UZ/&‘WY bMV\M TM Oomgff(/l Hu( oxg %“ow}\

Eor e [o@m/ fincte oorcbinate ortla A %w M
Gr UM el = UDU#P , e hav  difes
% U—= R %; \/*\)[@m
= o, R—R" s fhe ran st funchon

L()jt 6\/\) — Cl’\\/()>¥ - TN \T&wbﬂm OTL hVU

C ClLinR)

Choin rule
o hpy=%d = Gyo°w =~

o ® huwhyy=Z = JW0 7 Jow® Jwy =74

Q@Wy TN consTruchon 12 IMM M@f)ewlwf O]ﬁ M/
(see Clft's bosk 3.4)




As o result - for omy - chewt JTih . we Mo
T, 5 DxR” we clencte the w{{@ by (Do)
PW\D M C hQN s o sbmfel of i N L/ defhition,
for each pe A T nbhd Uc[ﬁN/ - J—R""
wth O as fhe regdar veloe e the Towobiun Ve 15
Surjectisork esch pt b Y (o) omed MO D) =Yl

l\}':3 nN= 2

Fer \Ff\ s ideated it
R F
+he Smlag)pmm AQ M%+ to M\ ot p.
\/vl/\(ob\ ¥ (\w&(%w&# o’f the choreg o]f U
l@;rt}&] for o pr %é/\/\ oo lD_

the prjction of 4-p o Kerif],

7 S & J(‘ﬁ@m?h(‘sm 4o o ball Clcaf\(&\[)

nhih gvs A Choyt qcor [

ﬂ/\ Con be TG&GM bs  subset




Def A sechon - M —>TM (s celld o vechr fid
Let CTMIR) be he spre of swasth funchons M—RR
meth odkdibon  Grek wmaltipliestion
A dedvaton o a map I from CTMIR) foriedf
St ) L9 = L= L) 2) 1 (r)=0 for condust
3)&089) = L)yt fL9> Leibna A
We com ety o leriudon it o eedsr fielol
Olien o Vecfer Wﬁdw{ <: M= T e eonspud o

deredon Lo ool Lie clemudive
L e JCHM be o dhar by U= FR
@)%: Ty — DR’
for {(‘ M—=> R oafwe ]Cu = jfﬂﬁ RS
By oShy = (3o, Vove )
Vi U= R
D@%N (Lg{)u — Bﬁ) - =R

Cier @ Cheek Lgf M—=R Mlq;udu%vf

+ha choreg of U by the buclle %Si? %




R ecoue (Lg{)&) “(2:_( Vi axu
{\ [
Wrete S[U = [2_ VK—B/)% QMJ Wy Te {BXt

08 o basis of sechons fw R & R %ﬁ

/f_zl\& ﬂO%”HOW [ ¢ IWJ)DT’("WY L&W&Q 4 “HNL {‘M’h/\f@__
We (/LS'/U%[Ly Ola (Om[%pbv\ 0&“7 011/\0\ write &

N

v old O >
L@F’f %7 S = ax



Closs 6 oot buelle cmd Cofugot hundle

Recall he Afomgeat buscdle T 1< Slopreed by

the bundlle Aramgton funchor %O;qu)%
where  hyo= @ B, 15 the st funcoon of M
A sechon s- M—=TM s alled o veetsr freldh
A derimton L is o wep fron CLMR) b chef
) Lgp =L Ly Lir=:

2) g = LUf)g + {419

Frm o vVeebr ficld s we clfie a Olrichion

LS C/O,LLZJ L,i@ M(/Hv‘d\\v& oT S
LoCa”/ )M §50: ) '\)}QV\ (?de : W[OK—QUXAQV\

¢W OS[U : U’) UKHQY\ \/de)/f;\
CLJ Vy,--. V\>
= BQXE g,
Lsf), =T Vel of e of U.
o v varly wrte sy vk
Tor anather d\m \/  We wnte %K s bess ped

S[\/ > \/K / e howve



U% %JDv
g0 ) 2l
f@,f ({85 4yop)') ) S8 45

0 ~(> SARCHCRL

0 ;

Y~
b&f’s X
O YF -
\/" 'e[/\ Bp\ﬁw(s \/ /)( Q—(;\j\
¢U ¢V ’ R 43 C LPjh @omjbvwfb
W) 2
. b k D[j ByK
Q rb/\/

nsTruet o
Co
We
Aechlon
‘ren o clerda
C”wuﬁaléf@ \:& N e‘ﬁhttows
ctor
Ve

2 A —R neel [o/ L
\/(é (/U[/WN_ 7(?' /”% 5@1\\/\7'/\
14 /X ’CO CZU l UXR}/\ l)é
> [\
- U
ot ’—

Ot){ QIS]DOV\ ()\& i



A /FMM%OV\ —F/\/\_ﬁﬁ D(L'f;‘\/\z‘(’, o Vedor %W v{ ns (]Q’{LOWS‘
be o dert DCM, PyiU—=R

D@%\/\z 'FU: /]CO §b3 [ A }Q Cong'dlr QFU%GT(SJE)/ 4/2'%)>
Lot CWD)'U = %‘91&0 o

SKe DKk .

DﬁfL The (ofergut bulle THL s efred by gw:((hvu>;\)T
/‘\§€m{\ow S M—> ?kM | $ @&[QJ o 1hf-0rm

g{mftw o #F\’\ﬁ M\’“ﬁ\f’” O_f %}%
Caver () CM we glefive (X0 4o he fhe

n

Sections &WFUPMA«‘@ to basie aff KR
Py - TMlu— DR

Tren for £ M= R clefe o -form ol by
OKWC - Z—%% ok

Aloghen f veehe bullss Cchup &)

Deft Civen o vedbe lowlle & —= M wih budl
frovsofon fueckins jvuvl Then dlefine fhe chel

el ot oy 17
Rom TN v tha uel bunelle =t TN



2o > Hm(Ep R Y =E

The direct sum of Ao bulls B B2 —0 15
quen ¥ €10, r&\/l/mc LKEZ‘TT - T)
Rewm LE@EQ(F = ”‘P@(}Z[

ﬂ\/U ﬁ\/U @ Jud 2
The buelle Hom(E1,Er) 15 clefied by
o (E )], = Honl B, Ely)
T oim EJP: ol EzlP:k
Hhan olim Hom (2, ED[p = 1€
Hom (B, E) |y > U= Mk n)

l\/\uix"‘> KXV} Wodvcas
’H/\Q bundle Fransfio ’f\’\ﬁwﬁbn E&JQ Moy CM(k )

f"‘O My = ﬁ\/ULW\UQ\/U/B
T 9

f

The buwdle B®E: can be defred by Homl £l E)



C[ﬂtsf 7 BMAQUZ Dtl%ngﬂ\ W\A WNJUE ymb(//s (CW,,; L{/{)
Lﬂfﬁr fime | we Itrodute he W“jm pueclle and, cts oluel bun(e

(c&tan (;ﬁm?my bundle) Today we hfrodice pore  gonsiructios

Je P SP&(@B

Of - Gien Br oM wedefe

) E®BE,—M ¥y @'@El)‘Pca\p@ (7;\}3

L) l”}@V‘/\(Z:/&/E})F\)’\/\ b\/ H"Y"‘(B/Ez\\() :H‘OW\[G\P/EAP)

3) L @8 —M by Pl L7 ES) ]
WLV,N “H'\@ EMMUUQ ﬁgm(‘g’h\vﬂ flﬁmv\t:f*’"\ O“‘[ E?E (< \rgﬁju)(g

Z‘F) E( ¢S 0 M& 0\E E)/ );g Eg S O Suwa Q{Ez
WJ E(l{; S O Sugg}%m crf E»)]o
FO@% : @W/V] vedor bundl (s o SMW‘WUR o]ﬁ O Pmdud bunclls
%WWW&\% /Fur Owy E / J Ef <1 £, OF, s |5oMn°»’J)\4\(
o« PWULML& bndhe
§> 1‘6 o (s o subbundle Q(L €2, 711’\20\ &(L%\WL e
quotiest_burdie B/E Ly (E/8)),= G/ E),
De/€ \A/C (‘/WOO{U(Q Some 0/96st on o vedrr spne V cmel
Then ‘7@“&({1[@& %WW\ Fo  Vecfor Luho{/{@

Vs ke duel of Vo TR He (VU IR)
\/&@_ @\ﬁ@ (s dhe St @f s\ [neony «Fumvh% ]D: \/X\/X"KVHH%

e, when all varobles excepf one dire {%‘*U*, 't s a lhesr function



gyw\k(w) (¢ the Sef of é]wme%\c /o Hﬁli‘wv W\MP
I EENVARSSRVIES IS - SESRV/ SRV Ry
/\k(\/X) BS ’H"Z Sef o{‘ am”ﬁFSy‘/‘" s I/'/\”‘P
w[\ £V ) 2~ ofCw s v
&(\N\ &\/%)@)Q = (d(\m \/%5\( =

i g\/wk(\/X) = VH“(:H> clim /\\< \/% :{(V{i> osk<n

O K-on
dm AVF = AN =p
We  Con &\So Lonshrad Syw‘kg% /\k% (ASD g)’WKEA\(—E>
Tt gwl for B | her Maﬁgm s o NE

/—\Vl orcentahon OW[ E ;g ) [/lowl«ara 2040 Seehon @f /\ (_j
K/\/Il\wb\ NW((ALD_S o MCML LSDWWF)WSW\ /\ 6 = /\/\XP\
Ay\ orcenfeion of J\/\ (< Om o enteNoa o—i; T/U\

E ng[\/\} ES w_\g (‘f therg  x an oreat=™

E ‘(5 Oﬂ\em'{‘abu lﬁ T

EX‘ Tt\é MD|O(US LMMUZ (s nst or]\avdmllLL, TSV‘ 'S or»‘evﬁ%\fl-z,
AV\/ dwo Orienfoions <y, Se [\/\—)/\V\E gc\rﬁsj‘y gl:{gl

4\, 49[\/\"‘9//%/ fF(P)iQ /)[vr W\YPGZM‘
I{ f{j i< &[WW/S /})DS*‘%\U&, M gc/\/ ) Dﬁw%n\\mg alre r‘flA&L Seume
1{ \A LS &Lv«a/s Mja«h‘m , We §c~»/ fwo  Or(eatetous (Ve O(PSSI‘JrQ

A Secfion O]L /\ /%6/(/\ (¢ 0& [l 0 bﬁrvm
(we wi( ﬂo backe o SW /\kT*/\/\ [(;.’vu’ " J&R]'\am Co howmo (ucjy>



Dg;fl rF:C\/\")/\/ (S G smesth Mmep. mT-E—N 5 o V. b,
De fie WNE = \Y(P V) e MxE [ fepr =003
Ths s celled he_pull ek 28= /@C#ENP:EZ&JD»

However, we DON'T huve  the [(PM%—%N’““ Lomshruchon
r\

/er @@v\arh‘ wmup. l?vf eryw\* LMVWUL,\/VK Cln D{brﬁvua

the fomget_wap Ao Thlp —TN{g,, (= {7, )
O.S,fv“ovv& /Fw UCI\/\ /\/C,l\} LW ewg.

470% :/(—l\/\\uxa UX)RW\ (P\/A(:TN l\/—~> \/xhg\/\
{ (S gyv\oof}k/\ e ¢\/ o{ o 755\ . HZM—D HQV\ < gyvln*\/)
;W Ve i l() , 0{0{7\/‘@ *Frse vV = (‘%D\/j)j ° (CFvof”qSSz;;ﬁw V
We con  show o Ls I\AO{LIMW@W“\ O{ U, \/ Veouse +he laumul/lm
fren S it e %wm%‘aws o*{' M, ”(\/\/




ﬁowFuf vedse  loudls (CWF@
D@(’ A gomplex v b E over M satisfes fle TL“O“S
1) Thre 1« o Smosth ip T-E—M
for each peh, T Up &M Ay TCy,) "
St for each xe Op Do - T —C =K
< au d(ﬁ@o MWFMM
2,> There (¢ G Shkovth mep 5 M—E s TDS:M
5> There s o Smesth mep /A:@*E —F ¢t
0) Tl(//\mv)) = TT(v)
b) /4(f//M(r’/V)) T/MU’W,\O
c) plhv) =
A) pirv) =v el iff ve Ty, 6
O we pse Fhe bundle fronson %w«m&w

Jw’ UW"> Cltn, ©) colled budl frenchon fctin
:: 67/( X@/QQ)UQéUXCN(P 3\10 GUXC

Y peUnv
gﬂ\/UIUNé”‘Z need o s&‘%f‘y +he {Ql\mwj o poliFon

—

) Ivu = Juv U DOV #¢

>) ﬂ\/,uoﬂmwﬁwujz‘* OOV OW #p
colled neyde codihe,



IZZW\; IV\ +he 0(9% é“f 0°W\J7U/f 7eov~«ef\‘v7f Hhere ¢ ¢ (‘/(QL
KFL?“ &VWW V’LOIV\L'("QLJ' \/\/Q CCin Oya“( SOVM& Vwﬁ—t/\rat

Core o, simbr o the et geel vb for reslefd
(0 femgert bl sotmgent bl

Rt wi cho e oomplx v b over @ m#{
Ex (Comlenifietor) - Let Ee—M be a pel b

ot E& :CELRX@>/(W\//CVVCV/“> re k.
,ﬂ/\fs (S & C/(?X \/\b ovay M

We olso hawe dlusl. @, o ® . S N
S bbmalle %uoaﬁwr bundle /%ll heck 7%« ww Vb



