
( skip all materials
about principal bundles
and come back to chop 10 later )

class 12 de Rham cohomology .

( Chey, 121
Basic idea of homology/cohomology :
Given a graded abelian group C = Ci and an endomorphism

d :C→ c s- t . dcci ) C Citi (for cohomology)

Cci-1 ( for homology )
and d 2=0

Then Imd = { Cec / 7. atC. da = c }

Ckerd = {c.ec/dc--o3HiCC.d)--kerCd:Ci-Ci-i)/e-m(d:Ci-i-ci)
( Notation Hilc , d) for homology

H*cc , d) = Hiccidl HHC , d) = 9.Hiked ))
or HEc.d)

Def . (Cid ) is called a (a) chain complex .

H*(Cid called the

(G)homology group of Cc,d)

elements in 2nd are called lcolboundaries

elements in Kord are called Cc◦)cy

For an element ce kerd
,

the corresponding element in H* is detuned by [c)

Rem
① The chain complex may not be an invariant (of manifold or bundle) .

but the homology and its rank are invariants ( up to isomorphisms)

② When taking Kord/Ind ,
we may

lose some information in

[c. d) ,
but that makes H* simpler to study .



③ Sometimes . we dont need the grading . , just start with CC, d)

with d2⇒ and take HEC, d) = lard/Imd .

d can be understood as a matrix

twitter.iiiyiii-iiiiiiiiam.wm.io#
Let M be a smooth manifold of d.mn

For 1<=0 >
1 , -

-

> n ,
let Ñ=ÑCM ) be the space of

sections w : M → N'T*M
( At each point p c- M ,

we know Wp is an antisymmetric multilinear map

Wp --

T.mx#Uy;-xtpM--RAntisymmeensWpl---Vii' ' 'Nj . -

- ' ) = - Wpc - -
-

, Uji : vii. .)

dim #FM)|p=( %) )

since sections are called K- form , It is the space of K- forms

on M
.

In particular Ñ = CEM
, /R) is the space of

smooth functions on M (10-4*14--112)
Previously . for a smooth function ( a 0-form ) f : M→ 112

we construct a 1- form dt by local chart df=É?!dxi

d is a map : 520-521

Goal : extend d to RK-
'

sit
.
DE o

This map is celled the exterior derivative

I AKV is called the exterior algebra for V )



Fact : Locally , any K- form can be written as

I
i. < ii.a. i.

fii.ie DX" ^ ' -
' ndx "' fi , . . in

: C)→ R

( dxi ' n . -
- rdxik are basis of sections on ÑR

"

and§:U→ÉuH - back sections )

Define all ✓ ) = -2 -2
ii. - ixm¢{iii. ii.

P§n din dxin . .

- ndxiic

= -2 - °;"" '

+ . . . )d✗in .
.

- ndxik"
ix. - cikcikti

↑
Ex w=yd✗ on 1122

sign cones from anti - sym .

dw = dyrdx .

This generalizes df = _z°µdxm ( Need to check it
-

is

independent of charts )

dldf ) =D # ¥ndM = .EE#oxidihdx
Since = }×m and dxmrdx' = - dxtndxm

dldt 1=0 In general . we can check d±◦ : 52k¥
"

Prop 1) dlwitwr ) = dwitdwu

2) Wi , W 2 are K
,
L - forms

dlwirwrt =-D win wat C- 1)kwindwz

Def .

W is closed if dw=o ( couple )

w is exact if w=dd for some & . ( aobomday)



The de Rham cohomology 11¥14 ) = lard /Imd

It is a vector space of IR .

( If you know singular aohonlyy HIM ) for a topological

space M ,
then we have H*dR(M ) 2- H*(Milk)

↑
in IR codfiuut

In general HEMI can be defined over 2 .

e.g. HERP? 2) = {
2 2 :-O

2/2 c : z

i : ::
0 i -- lHikari ) = {

.

°

,

0 i= 2

¥ÉiawyÉ '

¥ : SIEN ) → RKCM ) by

X*w ( Vi , -
-

>
Vn ) = w( 4*4 .

-
-

.# n ) ✓ i c- TPM 4* tangent map

which is well defined on HKDRCN ) → HKDRCM ) because
I

1) For ve Tpm dfcv > = vcf ) : = Lvf
because df=¥÷dxi v=vi÷×i Ivf -_vi¥÷

2) 4*dfcn=dfC4*V ) = (4*0) (f) = v1#f) = dcytf )w)
⇒ 4*df=d4*f

3)
'

d# ( dx ' n .

. ndx " )) = d(4*Cdx '

)n - -
- ny*cd✗ⁿ ))

@ = #dldxi ) =D#dxi ) )
°

.

dcwi-wzl-dwi-dwzdlwidwz-dwnwzt-if.mn dwu



4) w = I
iiaiza . .ci

,

fi
,
. .

- ik DX
"
n . _

. ndxik

dw = I -2
ii. - ii.m¢{i§¥^d✗"

^ . .

- ndxi .

4*w=I(4*f)4*(dx"n .

-
- rdxik )

4*dw= -24*1 dfndx
"
^ - -

- rdxik )

= -24*64-114*1 DX " n - nd ✗
"K
)

= Id#f) 1,4*1 -
-
- )

@ 4*Cd✗"n . . _ ndx " " ) = 0)
= d ( I #f) 14*1 -

- -
- ) )

= d4*w
⇒ 4*d=dy*
5)

. If dw=o ,
then d#w ) = 4☒dw=o

If Wi
-w2= dwo then 4*1wit - 4¥was

.

= X*dw . = dlyitwo )

pq.ES?iii:i.:ii.Yiii:::i:::+:.=
and H*dRlM ) ⇒ If H*drCN)≠H*drlM )

,
then MY-d.HN

If 4 and ∅ are hon.to/icmep 1- N
,
i.e

.

I F- :[0,1 ] ✗ Ill →N smooth
,
s .t . Elo , . ) = ∅

and F- ( 1 :) = 4
,

then 4*=∅* : HIEN )→H¥NM )



Class 13 Exterior derivative and Lie derivative

Recall It is the space of K- form on M .

i. e. sections M→ ÑT*M
.

520=09Milk )

Locally w = I
ikiza.ci ,

fi
,
. .

- ik DX
"
n . _

. ndxik

dw = I -2
ii. - ixm¢{iii. ii.

P§n dxnndxin . .

. ndxiic

= I dfndxiia . .
.ndxikiic.de

d : 52k→SE" is independent of charts

d 2=0
.
HidRCM ) = Card :&-ri

"

)

Éi)

prop f)Ifo morphism . 4* induces an iso between H*dplN )

and H*dRlM ) ⇒ If H*drCN)≠H*drlM )
,
then M-Yd.HN

2) If 4 and ∅ are hon.topic map
1- N

,
i.e

.

I F- : [0,1 ] ✗ Ill →N smooth
,
s .t . Elo , a) = ∅

and F- ( 1 :) = 4
,

then 4*=∅* : HIEN )→H¥NM )

Pf :D . Since X*d=dy* .
[ This is called a Ceo ) chair map )

4¥ induces a well-defined map



4¥ H*dRlN ) → H*dRCM )

If 4 is a differ , 7- ∅ :N→M

sit . 2/00=21 ∅ ◦4=4 .
Then ✗

*
, ∅
't

induce isomorphism between H*dRCN ) H*dRCM )

2) Note that Titty, ,@0.11×147=71*10,1 ] ✗ Tp*M
.

= IR ✗ Tp*M
a 1- form on -1*(10.13×14) can be written as

ttdt -1B£ AERYN ) = GCM HR )

PER
'

IM )

W ERKIN ) ☒
*WERK ( [0,1 ] ✗M ) can be written as

E*w =dtnd.it/3tLtc-Rk'CM)13E-sECM)Ifdw--o,thenO=dCG-*w)

=

☒dtndtt-dtig-tpt-dtpcwhenedtdiii-iieii-deir.ir?tei'iii.É%n%t } ✗ MCG.am
This implies ¥ BE Itt, dᵗpt=o
dᵗpt=o means ☒ It , . )*w is closed fray t

4*w - ∅*w=tPt=fddᵗ✗t=df¥
↑d on M

So 4*w - ∅*w c- 2nd 14%7 = [ ∅*w] ☐



Cor . ( Poincaré Len ) Let UCM be a contractible

open
set . i.e. 7- smooth map ☒ :[0,11×0 →M

S - t - ☒ ( 1 , . ) is the inclusion

☒ coil maps U to a pt p EM

Then HDKRCU ) ⇒ for K ≥ I

i. e. any closed K - form W ( dw=o ) with K≥ /

7- a K- n - form ✗ sit .
DX =W

Pt : ☒ a ,
-Fw] = [Elo , . )*w]

11

who
"

Wtp

i÷÷:÷::;÷"w"
Suppose M is compact and V is a vector field

From vector field thin , we have a smooth map

6 : C-E. E) ✗ M>M s - t .

1) G lo , p] =p

2) 6*37 = V

( we use the compactness to find E >o for any pt PEM



For WE 5214141 . Consider w c- RKCEE , E) ✗M )

6*w = dtnt.it/3t2f-SE'CM)PtEstCM )

Define Lvw = It Pt / t=o
Fact ( Cartan formula) Lvw=(Lvd+dHw
where for a K form 2,42 is a ki form defined by

Lrt ( V1 , -

-

, Vk - 1) = ✗ ( V , V1 , -
-

, Uki )

so Lrw ( V1 , -
- -

. Ve ) = dw ( V , V1 , - -NK )

T T
K -form lktlform

+ dlvw / V1 , - -

,
Vk )

Note that do = lvw

because 6*w (It , V1 , - - ik ) /too
= w/ 6*17,6*4 ,

_
.

. 6*44 / to

= W ( V / 6*4 , _ - , 6*44

=dᵗ^✗t(¥
,
viii. Vic)¥Pts%Ñt⇒

= do ( Vu - -

i VK )



Recall that we define Lu as a derivation

C9MilR ) → C- (Mdk)
"

so %

The definition here Lv : Ñ→Ñ can be regarded

as an extenton of dentation on =t
It satisfies the Leibniz rule

IN AP) = Lumps +2^143

It is called the exte-ebm.by wedge product 1

It is an example of swperatgebra , which is a vector

space with 742 = { 0,1 ) grading and ✗p=⇔É%£
where deg & , degp C- {0,13 for homogeneous 413 .

Note that from dxlhdxi = - dxindxi .

we can show for d
'

K -form , p 1- form .

✗ np= ⇐ ipad
of = ④ It ④ ☒St

Keven Kadal

~ ~

grady 0 grading 1



Covariant derivative ( chap 11 )

Let IT :-[→M be a vector bundle s : M→E a section

we want to find some derivative of s

Ex
.

If E- =MHR
"

,
the section s :M→E is just

Scp ) = ( p , Sip .
-
-

, snips) Si : M→ R

we can define §i)*:-pM→Tsicp1R=R
Csi)* Can be regarded as a section of T*M .

Hence we can construct dscp) : = (p , Csi )*4D, -
- Isn)*C

As a section of E- ☒ T*µ = T*M☒n

Then we extend the construction
'

to
'

general rhetor bundle

Def t.net CMIEI be the space of sections M→E .

A corariantderivative is a map

8 : CTM;E) → CKMIE ☒ THU ) obeying the

Leibniz rule Nfs) = s☒df + f- TS

for any f- c- CTMilk) , se CTM;Z )

Rem .

The extra factor 7*14 means
, if we specify a

vector field V
,
we can define Tv

.

: CTM; E)→CEM ,E)
Construction of T
Take a bully finite open cover

U of M and a partition

of unity :U✗→1R≥.} Ya :Elua→U£R
"



set Ts=¥uXa 4×-4 dust )

where Cfcs ) : U2→UaHR
"

4×15 ) ( p ) = ( p , sa , Cpl . - -

, Sxnlp ) )

and dcfxls ) : Va- Va ✗☒
"
☒ IRF m=dinM

deals > cpi-cp.sn#cp).....san)*EpfjElP
4×-1 extends to U✗x4R"☒1R↑ → E☒T*M / u

To check Tfs = sadf. + fos

it suffices to check over Ux

dcfxcfslcp ) = Cp , Cfsx ,)*cp ) . _

-
- )

Sa : Usn→ IR (Sa)* Ip : Tp V2-' Tsay,>R

f : Va- IR

(fsu)* = df ☒ sa + f- ☒ dsa

as section Ua→T*U✗
.



Class 14 Covariant derivative ( chap 11 )

Def t.net CMIEI be the space of sections M→E .

A corariantderivative is a map

7- CTM;E) → C9MiE ☒ Flu ) obeying the

Leibniz rule Nfs) = sidftfts

for any f- c- C-CMIIR) , se CTM;Z )

¥%é%%% finite open cover
U of M and a partition

of unity :U✗→lR≥.} Ya :Elua→U*R
"

set Ts=¥uXa%_
' Ideals ) )

where Cfcs ) : ↳→ UaHR
"

4×15 ) ( p ) = ( p , sa , Cpl . - -

, Sxnlp ) )

and dcfxls ) : Va- Va ✗☒
"
☒ IRF m=dinM

n= dirElp
defines > cpl = Cp , (5×1)*471 .

-

-

- Han)*Cp ))

4×-1 extends to U✗x4R"☒1R↑ → E☒T*M / u
Another construction of ☐

Consider E as a sub bundle of MHRN

and write S : µ→ E as a section of s : M→M✗Ñ

( Elp is a linear subspace of px RN)
Let Ts

= teds ,
where ds -is a sector of



MHRN THU and TIE is the orthogonal projection
to E ☒THU by the standard inner product in IRN

since TIES =s , Tfs = TIE dlfs )
= TIE(fords + If •s)
= s☒df + f- Os

Rem
.

The covariant derivative is not unique .

Suppose 7 and are two covariant derivatives

@ - F) Cfs ) = f- CO - F)s

claim 7- Ñ is a section of End (E) ☒FM
:= HomCEE)☒T*M .

Lem
.

Let E , E
'
be two vector bundles over M

If ✗ is a map from cTMiE ) to CMiE
'

)

that is linear over CTM HR)
,
i.e . f- ✗ = of ,

then ✗ is a section of Hon (E) E' )

Pf . Locally . fix a basis fe , ,
-
-

, en} for E and

a basis fei , - - , eh } fr E'

Then we can write ✗ ej = %Avjei
If s is a section of E S = § Sjej , Sj :U→R



2s = ✗ jsjej ) =¥j ✗ lej ) =E. g- Avjei
Then ✗ is defined by {Aij } as a section of

Hon (E)E) , change basis of E or E
' will change

{ Aij ) by matrix multiplication .
☐

we use ✗ rather than a ( lmethfmkla for writing simplicity.

Conversely . given deck M ; End (E) ☒THU ) ,
we can construct ⑦ = Ttd .

This is still a

covariant derivative

Remi The space of covariant derivatives is affine
over CMMi End (E) ☒7*14 ) .

This means

these two spaces are isomorphic , but the isomorphism

is canonical only when we pick an element T

Then we consider the transition of J in different charts .

Locally . % :U→R Cfu : Ef→ 0×112
"

,s : µ→ E

define the covariant derivative 7° by
0° pus Ip ) = ( p , dsulpi )

so = cfj:S : IR"→lR
For a general covariant derivative ,

we know



Yul PS) ( p ) = ( p , dsu +
✗osu )

where ✗u is a section of (End (E) ☒ T*M) / u

For another chart V with UAV to

we have cfv IOS ) ( p ) = Cp , dsvttvsv )

Su = gvusu for bundle transition function

guv :VnU→ GLCn.IR)

dsvttvsv = dcgwsu) -1 dvlgwsv )

= gwdsutdgvusuttvgvusv .

= gwildsu-lgv-irvgvu-giudg.ru ) Sa ) )

since 7s is a section of E ⊕ -1*14 .

this should equal to gvuldsut ✗usu)
Thus

, dsutlgiiutvgvutgvudgvu ) su
= dsuttusu

⇒ du = gviidvgvutgivudgvu
⇒ ✗v= giivtuguvtgiivdgav

= gvutugiiutgvudgiu



Note that the classes on

10/20 ( Thu) , 10/25 (Tue ) , and 10/27 ( Thu )
.

will be online due to the travel .

The zoom link is
_

It will also be sent by email

The notes will be posted befog the classes

Topics
10120 Class 15 Curvature of a covariant derivative

( chap 12.4 - 7)

10/25 Class 16 Metric compatible covariant derivative

[ Chap 15.1-2 )

10/27 Class 17 Levi-Civita connection

( chap 15 . -3-4 )

There are many computations .

It is good to do it

by yourself



Class 15 Curvature of a covariant derivative (chap 12)

Def t.net CMIEI be the space of sections M→E .

A corariantderivative is a map

8 : CTM;E) → CKMIE ☒ THU ) obeying the

Leibniz rule Nfs) = s☒df + f- 0s

for any f- c- CTMilk) , se CTM;Z )

Prop .

( last class )

1) Covariant derivative exists

2) T . f
'

are two covariant derivatives

if 0-01=2 is a section of End (E) ☒THU

prop [ last week ) It :-C Milk-1*14 )
There exists mop d : DK→ It" s .

t.cl?-OdlwitW4--dwi-dwzd(winWzS--dwi1Wr-C-l)d9Wlw,ndwz
Today we cont bine T and d together 1- define

exterior covariant derivative

do i C9MiEOÑT*M)→C9M;E☒A¥*M)
1<=0 107*14--14×112 dos = Os

K >0 If the section of E- ☒ 11<-1*14 can be



written as S ☒ W
,

then define

do s☒w = TSAY + s ☒ dw
.

Then define dp ( Isi ☒wi ) = E. dplsiowi)
i

In general , DJ ≠ 0

For s c- CHIU 'sE)
,

we write dips = Fps ,
Where Fo is called the curvature

Focfs) = dÉcfs ) = do / fdostsodf )

= dfrdosi-fdos-dosnd.tt s☒d¥
÷
= f- dis = f- Fos

Thus
, Fp is a section of End (E) ☒12-1*14

by Lem in the last class
.

For s ☒ w c- JCM ; E-☒AKTXTU )
↓ section tensor 2-form

djs ☒ w ) = dyldosrw + s☒dw )

= dfsliiii-E-djYY-dwudtri-t.mg
+ dos ndw + s☒d2w°
= Fos ^ w



Local description of Fp

∅o : U→ 112m Yu : Flu → UHR
"

din M=m dnEIp=n .

S : M → E. so :=∅j'°s : IR
"

→R

tous Ip ) = ( p , dsulpi )

Yul PS) ( p ) = ( p.dsu-tu.su )
where Xu is a section of (End (E) ☒ FM)/ u

DJs = do ( OS) Yul dfs) Ip ) also have apart because

←we use of rather thanT
?

=(p.cl#-(dduDu-durdsj-xunlds-xisu ))
↑
minus sign because Xu is 1-form.

d@irm7-dwinwit-bd9windwz-Cp.CddutduntuJ.su )

Thus
, locally. (Fp)u = dtutturtu

This is a matrix - value 2-form .

i. e. a section of (End ☒ 127M¥
We look more cereflly on the notation Londo

because Lu is a matrix - value 1-form .

Write DX '
,

_ .

.
dx" for basis of sections .

on THU / u

✗ u = ELUK dxk Luk are matrices (depend on p)
K

✗unto = 2- tuitujdxindxi

iymI-rifmnltiptiaatnndxindx.ir)z⇐ dxindxi = E.HU#Uj-dui2u.gtdx2idxi



write [2oz , Luis] for 20 ✗uj - ✗ujtui ,

called the commutator

Also
,

dtu-I.gg/2iidvj-2j2uAd*idx0(FHu----..z.j(8iiduj-2jdu-it [ ✗ vii. duj]) dxindxi

Lite as
u

cheek the result is vhdepadit of charts

⇐g)✓ = ddv + ✗✓ ndv From the last class

✗v= giivtuguvtgiidguv
= gvutugiiutgvudgiu

⇒ (Fo )u=gui'Eo)v9uv
.

↑

you
= -

giivdgumguidguv-g-uiilgumguiiaug.my+ giivdduguv - guitar gum guidguv
✗Mtv = giirdguvngiirdgw-gu-iduguvnguidg.nu

+ guiidguiigiivtu Guv + guitar augur
Meaning of Fp ( for simplicity .

on a chart )

write dx'
,

- . _

,
dxn for basis of sections of THU / u .

Tsu can be written as ksudxk
Tksyis the covariant derivative of sualoy c.



For the usual partial derivative , we have §¥×; = }¥☒i
but for covariant derivative .

Tig su-Tjoisu-f-oijus.ir
where ⇔)u= = g)udxindxiicj

= Fong )udxi^dxi

Explicitly .

Tiff Disa ✗ isu

Ti Oj Su = didjsu-oikjsu-diidjsu-tig.su
= Zi 2jsu-kidjbu-djoisu-didjsutdidg.su

( Pig - Ojai) Su = @ idj - Jjditdidj - djdisu


