
211BR Problem Set 1

Due Wednesday March 1 at 3:00 PM (hard copy or email submissions accepted).

Sourced Maxwell Equations in Lorenz Gauge

Consider a massless scalar field, which can be expanded in 1
r in retarded Bondi coordinates near

I+ as

ϕ(u, r, z, z̄) =
∞∑
n=1

ϕ(n)(u, z, z̄)

rn
. (1)

The matter current of a charged massless scalar is constructed as jµ = iQ(ϕ̄∂µϕ− ϕ∂µϕ̄).

a) Write down the leading order in 1
r of each component of jµ in retarded Bondi coordinates.

b) Consider the Maxwell equations ∇µF
µν = e2jν in Lorenz gauge ∇µAµ = 0. In order to

consistently solve the sourced Maxwell equations in this gauge, we will see that we must

allow logarithmic falloffs in the gauge fields. Using the 1
r expansion of Aµ,

Au =

∞∑
n=1

A
(n)
u

rn
+

∞∑
m=1

Ã
(m)
u

rm
log r,

Ar =
∞∑
n=2

A
(n)
r

rn
+

∞∑
m=2

Ã
(m)
r

rm
log r,

Az =
∞∑
n=0

A
(n)
z

rn
+

∞∑
m=1

Ã
(m)
z

rm
log r,

(2)

and respectively for Az̄, find the O(log r) and O(1) terms in the expansion of the Maxwell

equations in Lorenz gauge at large r in retarded Bondi coordinates. Show that the expansion

is inconsistent without the logarithmic terms in the gauge field, and that the falloffs (2) are

consistent with finite total charge and energy flux.

c) Lorenz gauge leaves unfixed residual gauge transformations of the form Aµ → Aµ+∂µε with

□ε = 0. Write down the large-r expansion (including logarithmic terms) of this equation in

retarded Bondi coordinates, and show that it has independent pieces of free data at O(1)

and O(r−1). Show that the latter can be used to fix the residual gauge condition A
(1)
u = 0.

d) Working in Lorenz gauge with residual gauge condition A
(1)
u = 0, find the relation between

A
(1)
z and the boundary data A

(0)
z . Show that A

(1)
z contains an undetermined integration func-

tion on the sphere. This is related to the Goldstone boson of the subleading soft symmetry,

which we will discuss from another perspective later in the course.
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e) Now consider the charge current in a worldline formalism:

jµ(y
ν) = Q

∫
dτuµ

δ(4) (yν − xν(τ))√
−g

, (3)

where uµ =
∂xµ

∂τ . Consider the trajectory of a massless point particle

xµ(τ) =
pµ

ω
τ + bµ, (4)

with four-momentum pµ (pµpµ = 0), energy ω, and impact parameter bµ = (0, bi). The

angular momentum of this trajectory is

Lµν = bµpν − pµbν . (5)

Find the terms through O(r−2) in the large-r expansion of jµ(u, r, z, z̄) in retarded Bondi

coordinates. What are the corresponding components of the Lienard-Weichart potential Aµ?
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