211BR PROBLEM SET 2

Due Wednesday March 22 at 3:00 PM (hard copy or email submissions accepted).

Soft Graviton Theorems

Denote the tree-level scattering amplitude involving n massless scalar states by
A, = (out|S|in), (1)

We use a convention in which incoming states are described as CPT conjugate outgoing states
with negative p° so that momentum conservation implies > orq p’,: =0.

Let .Af _H(q) be an amplitude involving a graviton of momentum ¢*, energy w = ¢°, and

+

(@) as well as n other massless asymptotic scalar states

polarization e

Ar1(a) = (out|a (¢)S|in). (2)

The soft w — 0 limit of this amplitude is governed by the leading [1] and sub-leading [2, 3, 4, 5]

soft-graviton theorems
Ar(q) = [S5 + 57 + O(w)] An (3)

where Sét ~wh Sg[ ~ wY, A, is the original amplitude without the soft graviton and
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Here, where we are restricting to the scattering of hard scalars, Ly, is the angular momentum

operator acting on the kth outgoing state,
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Ekuu =1 |:pkuap,é - pkuapg] (5)

1. Leading Soft Graviton Theorem
In this problem, you will show that the leading soft graviton theorem for a single outgoing
graviton is equivalent to the Ward identity for a supertranslation current.
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a) Near ZT, consider the free field mode expansion for hyy
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where 4 (q) = €', (¢)€%.(q), and consider the definitions in retarded Bondi coordinates

1
C..(u,2,2) =k lim —h%"(r,u, 2, %),
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N (z,2) = wli>r101+ 3 (N, + N_Y),

and graviton polarization definitions

e (q) = \}5(2, 1, —i,—2), '(q)= \}5(2, 1,i,—2). (8)

Using the above, show that the zero-energy mode of the Bondi news tensor at large r (i.e.
onZ)is
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where é,, = r~20,2/0,2"e;,,(2) and # is the unit three-vector:

Hint: use the saddle point approximation in the calculation of C,, at large r.

Using the parametrization of massless momenta ¢*(z, 2), p, (zk, 21) as
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and the graviton polarizations (8), rewrite the leading soft graviton theorem with soft factor
Sq in terms of (z,2), (2%, z0%), and obtain an expression for (out|N2,S|in) as a factor

multiplying (out|S|in).

Show that upon defining

1
Pl = %7”85]\732. (12)

the expression of the leading soft theorem from the previous part resembles the Ward identity

for a current in a 2D conformal field theory.

Subleading Soft Graviton Theorem

Next, you will study the action of subleading soft gravitons on massless external scalar particles.



a)

Using the definitions (7), show that
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and similarly for N;z'. Note that Nz(i) involves one less factor of w than Nz(g), but has
the leading soft pole projected out by the factor of 1 4+ wd,,. Hence it has nonzero finite

scattering amplitudes.

Using the definitions (4) and (5), rewrite the subleading soft factor S; in terms of (z, z)

and (zg, zx) and obtain an expression for <0ut|N Ws lin) as an action on (out|S|in).

Show that upon defining
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the expression from the previous part takes the form of a stress tensor Ward identity for

a 2D conformal field theory on a curved background, explicitly

a hy, Iz o)
t|T.,.S|in) = kZh Zk t| S 15
foutlTe=sin) ;[(Z—Zk)QJFZ—Zk k+2—2k (out|&fin), (15)
where I'Z, is the connection for the sphere metric 7,z = (HZZ)Q and hy = %.
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