Lab 12: Meta-Analysis
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Meta-analysis

Warm-up questions: Why do a meta-analysis?

1. Instead of conducting a meta-analysis, many review papers contain statements like: "Eight of the ten
studies provided significant evidence for XXX effect."” What do you think about this?

2. Instead of doing a meta-analysis, why not just average the studies’ point estimates?

Basics

As discussed in lecture, there are two types of meta-analyis: fixed effects and random effects. Today I'll
focus only on random effects meta-analysis since it is by far the more common approach, and it subsumes
fixed effects meta-analysis (the latter is just random effects meta-analysis with zero heterogeneity). Let
0; be the true effect in study i (an unknown statistical parameter) and SE? is the within-study variance
(squared standard error), assumed fixed and known. Then random effects meta-analysis framework assumes,
at minimum:

E[0:] =0 (1)

(2)

There are multiple estimation approaches. The classical Dersimonian-Laird approach came first historically.
It is nonparametric approach that does not assume normality on the true effects. Despite being the
default in most non-R softwares, the DL method has anti-conservative inference and poor
heterogeneity estimation, so it is no longer the tool of choice (Veroniki et al. 2016).



Happily, there are now parametric alternatives to the Dersimonian-Laird approach that are unbiased for
the grand mean (0) and variance (7?) and that have correct inference. These variations add normality
assumptions on the true effects:

Yi =0+ +e; (3)
0;
Yi ™~ N(Oa T2)

Thus, marginally, we have y; ~ N(0,T% + SE?).

The usual targets of statistical inference are 6 and T2. Since this is a parametric model, the usual estimation
approach is maximum likelihood (ML) or restricted maximum likelihood (REML). (REML is the quite
sensible default method in the R package we’ll use, metafor.) Either way, the pooled point estimate of 6 is:

ZZ‘ W;Yi

= DIRTE (4)
(5)
!
YT T GR?

The ML/REML solutions for 72 are complicated, and I'm not going to cover them (see Veroniki et al. (2016)).

For inference, one option for an approximate confidence interval is to use the asymptotic normal distribution
of the MLE:

1
Y 7

=l T2 52

O~N 0,

where 7?2 estimates T2 and the variance is usual inverse Fisher information. In practice, these Cls should
be tweaked via the Knapp-Hartung adjustment to avoid anticonservative inference, but note that

this is not the default in most software, including the package we will use’.

Effect size conversions and normality

There are two reasons for which we often need to convert effect sizes to different scales when doing meta-
analysis. First, typically studies will report effect sizes on different scales (e.g., risk ratios vs. standardized
mean differences), and the effect sizes need to be put onto a common scale in order to synthesize them.
Second, not all effect scales will fulfill the normality assumptions; you should choose a scale on which the
normality assumption is plausible (but you should still check the assumption visually). For example, you’d
want to meta-analyze RRs on the log scale. For Pearson’s correlations, there is a conversion (which you will
see in the pre-written homework code) to put them on an unbounded, approximately normal scale called
Fisher’s z scale:

1 1
z==ln ( + T) = arctanh(r)
2 1—r

10Optional details: In the standard MLE confidence interval, we just plug in the estimated T2 in place of T2, which assumes
that it is known rather than estimated. Pretending that we know T2 exactly is bad because in fact it is quite hard to estimate
precisely. For this reason, you should always use Knapp-Hartung SEs to account for uncertainty in T2, which are often much
wider than naive SEs (IntHout, Ioannidis, and Borm 2014).




exp(2z) — 1
= ————<—— =tanh
" exp(2z) + 1 anh(z)

I've posted a textbook chapter (“Converting among effect sizes” from Borenstein et al. (2009)) that provides
some conversions. If you actually use these conversions in practice, please see the Optional Supplement for
some important caveats.

Example: School-based writing interventions
The metafor package contains an example dataset of 48 experiments teaching student writing skills:

“In each of the studies included in this meta-analysis, an experimental group (i.e., a group of students that
received instruction with increased emphasis on writing tasks) was compared against a control group (i.e.,
a group of students that received conventional instruction) with respect to some content-related measure
of academic achievement (e.g., final grade, an exam/quiz/test score). The effect size measure for this
meta-analysis was the standardized mean difference (with positive scores indicating a higher mean level of
academic achievement in the intervention group).”

These effect sizes are standardized mean differences, and we are going to estimate standard errors using the
Knapp-Hartung adjustment (knha=TRUE). Let’s fit a random-effects meta-analysis model using the metafor
package and use it to create a distateful-looking forest plot2.

library (metafor)
d = dat.bangertdrowns2004[ !is.na( dat.bangertdrowns2004$yi ), ]

# data dictionary
7dat.bangertdrowns2004

(m=rma( yi = d$yi,
vi = d$vi,
ni = d$ni, # sample sizes only needed for later forest plot
knha = TRUE ) )

##

## Random-Effects Model (k = 48; tau~2 estimator: REML)

##

## tau”2 (estimated amount of total heterogeneity): 0.0499 (SE = 0.0197)
## tau (square root of estimated tau”2 value): 0.2235

## I"2 (total heterogeneity / total variability):  58.37%
## H™2 (total variability / sampling variability): 2.40
##

## Test for Heterogeneity:

## Q(df = 47) = 107.1061, p-val < .0001

##

## Model Results:

##

## estimate se tval pval ci.lb ci.ub

#  0.2219 0.0495 4.4810 <.0001 0.1223 0.3216 **x*

##

##H -

## Signif. codes: O '**x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
library(forestmodel)

forest_rma(m, study_labels = d$author)

2T don’t think there is a way to get tasteful forest plots other than to custom-write them in ggplot2, but that’s beyond the
scope of this lab.



Stud: N Standardized Mean Differg
Ashworth 60 T i 0.65 (0.13, 1.17)
Ayers 34 . 1 —0.75 (-1.45, -0.05)
Baisch 95 -0.21 (-0.61, 0.19)
Baker 209 —0.04 (-0.31, 0.23)
Bauman 182 0.23 (-0.06, 0.52)
Becker 462 0.03 (-0.16, 0.22)
Bell & Bell 38 0.26 (-0.38, 0.90)
Brodney 542 0.06 (-0.10, 0.22)
Burton 99 0.06 (-0.33, 0.45)
Davis, BH 7 0.12 (-0.33, 0.57)
Davis, JJ 40 0.77 (0.13, 1.41)
Day 190 0.00 (-0.28, 0.28)
Dipillo 113 0.52 (0.14, 0.90)
Ganguli 50 0.54 (-0.02, 1.10)
Giovinazzo 47 0.20 (-0.37, 0.77)
Goss 44 0.20 (-0.39, 0.79)
Greene et al. 24 -0.16 (-0.96, 0.64)
Guckin 78 0.42 (-0.03, 0.87)
Guckin 46 0.60 (0.01, 1.19)
Horton et al. 64 0.51(0.01, 1.01)
Hyser 57 0.58 (0.05, 1.11)
Johnson, LA 68 0.54 (0.06, 1.02)
Johnson, VM 40 0.09 (-0.53, 0.71)
Kasparek 68 0.37 (-0.11, 0.85)
Konopack et al. 48 -0.01 (-0.57, 0.55)
Langer & Applebee 107 -0.13 (-0.51, 0.25)
Langer & Applebee 58 0.18 (-0.33, 0.69)
Licata 225 0.27 (0.01, 0.53)
Lodholz 446 —0.02 (-0.21, 0.17)
Madden 77 0.33(-0.12, 0.78)
Millican 243 0.59 (0.33, 0.85)
Moynihan 39 0.84 (0.18, 1.50)
Muivaney 67 -0.32 (-0.80, 0.16)
Nieswandt 91 0.12 (-0.29, 0.53)
Radmacher 36 1.12 (0.42, 1.82)
Reaves 177 -0.12 (-0.42, 0.18)
Rivard 20 -0.44 (-1.33, 0.45)
Rodgers 120 -0.07 (-0.43, 0.29)
Ross & Faucette 16 0.70 (-0.31, 1.71)
Sharp 105 0.49 (0.10, 0.88)
Shepard 195 0.20 (-0.08, 0.48)
Stewart 62 0.58 (0.07, 1.09)
Ullrich 289 0.15 (-0.08, 0.38)
Weiss & Walters 25 0.63 (-0.17, 1.43)
Wells 250 0.04 (-0.21, 0.29)
Willey 51 . 1.46 (0.84, 2.08)
Willey 46 0.04 (-0.54, 0.62)
Youngberg 56 0.25 (-0.28,0.78)
RE Model 5576 ! 0.22 (0.12, 0.32)

1” = 58.4%; p < 0.0001
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Let’s visualize the estimated true effect distribution as well as the observed point estimates.

# generate "true effects"” from estimated density
muhat = m$b

vhat = m$tau2

trues = rnorm( n=1000000, m = muhat, sd = sqrt(vhat) )

# compare observed density of point estimates to estimated density of true effects
library(ggplot2)
ggplot () +

geom_density( aes(x=trues), color = "orange" ) +

geom_density( aes(x=d$yi) ) +

theme_bw() +

xlab("Effect size") +

ylab("")
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Now let’s assess for possible publication bias. Let’s start with a traditional approach: the funnel plot and its
corresponding hypothesis test and correction.

# funnel plot

funnel (m)
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# Egger's regression
regtest(m, model="1m", predictor="sei")

#i#

## Regression Test for Funnel Plot Asymmetry

#it

## model: weighted regression with multiplicative dispersion
## predictor: standard error

##

## test for funnel plot asymmetry: t = 2.7077, df = 46, p = 0.0095

The funnel plot is informative under a model of publication bias in which studies are selectively published
when they have large effect sizes in a particular direction. If that’s the mechanism, then asymmetry in the
funnel plot would suggest publication bias. You can formally test this via Egger’s regression-based test. (If
you plan to conduct a meta-analysis in practice, note that these methods are no longer the best practice; see
the Optional Supplement for details.)



Optional Supplement to Lab 12

Optional: Caveats about effect size conversions
If you actually conduct a meta-analysis, be careful about the following, usually unstated, caveats:

e The conversion from log-OR to Cohen’s d only works well for a common binary outcome (Chinn 2000).

e The standard conversion from r to d assumes that the exposure variable, X, is binary. However, usually
correlations are computed using continuous variables, not binary variables. For a continuous X, there
is a different conversion (Mathur and VanderWeele, n.d.).

There are many more types of effect size conversions besides those in Borenstein et al. (2009). For a review
of conversions for the t-family of statistics (e.g., ANOVA, regressions), see Lakens (2013). For conversions
that are useful when meta-analyzing 2-group designs along with multiple regression results, see Aloe and
Becker (2012).

Optional: Improved methods to assess publication bias

The funnel plot and Egger’s test have important limitations, and you should interpret them
with a grain of salt. Given the above assumption, these approaches do not perform well in literatures in
which publication bias operates on the p-values rather than the effect sizes (which is probably the case more
often than not).

What happens under a more realistic selection model? There are many different models along these lines,
so I am showing you one that I believe uses reasonable assumptions (unlike the funnel plot and Egger’s
test) and has accessible software tools (Vevea and Hedges 1995). The model assumes that the true effects
are normally distributed, that selection operates on the one-tailed p-values (i.e, that the literature prefers
“significant” results in a particular direction®), and that the relative probability that a result is published is a
step function of the p-value, such as:

. 1, for P1tail < 0.025
P(publish) o< { wy, for 0.025 < pi_an }

Technical point: T chose this specification because I'm guessing the literature selects for studies with positive
effects (hence the one-sided p-values), but that the magical cutoff happens when effects become “significant”
based on 2-sided tests reported in the papers (hence the 0.025 cutoff).

First we’ll use R code:

library(weightr)
( wf = weightfunct( d$yi, d$vi, steps = c(0.025, 1) ) )

##

## Unadjusted Model (k = 48):

##

## tau”2 (estimated amount of total heterogeneity): 0.0471 (SE = 0.0220)
## tau (square root of estimated tau”2 value): 0.2169

##

## Test for Heterogeneity:

## Q(af = 47) = 107.1061, p-val = 2.117905e-06

#i#

## Model Results:

#it

## estimate std.error z-stat p-val ci.lb ci.ub

3If selection is actually two-tailed, this turns out not to matter too much especially if the true effect is fairly large. Other
selection models have explicitly considered two-tailed selection criteria.



## Intercept 0.2207 0.04628 4.769 1.8518e-06 0.13 0.3114

##

## Adjusted Model (k = 48):

##

## tau”2 (estimated amount of total heterogeneity): 0.0276 (SE = 0.0238)
## tau (square root of estimated tau~2 value): 0.1660

##

## Test for Heterogeneity:

## Q(df = 47) = 107.1061, p-val = 2.117905e-06

##

## Model Results:

##

## estimate std.error z-stat p-val ci.lb ci.ub
## Intercept 0.1477 0.07311 2.020 0.043428 0.004358 0.2909

## 0.0256 < p <1 0.4664 0.34924 1.336 0.181690 -0.218065 1.1509
#i#t

## Likelihood Ratio Test:

## X"2(df = 1) = 1.163544, p-val = 0.28073

# sanity check: reproduce fn's p-values

#p1 = 1 - pnorm( d$yi / sqrt(d$vi) ); wfép

# how many positive and 1-directionally significant p-vals do we have?
#table( pl < 0.025 & d$yi > 0 )

2

In this literature, compared to studies with “significant” one-directional results, “nonsignificant” results
P1-tail > 0.05 are about 47% as likely to be published. However, a likelihood-ratio test comparing the model
allowing for publication bias to the model not allowing publication bias does not suggest strong publication
bias (p = 0.28). (There is a lot of uncertainty, though: the SEs are huge here.)

(These analyses can also be conducted with Vevea & Hedges’ very sleek Shiny app: https://vevealab.shinyap
ps.io/WeightFunctionModel/.)

Optional: Choose your own R adventure

The effect sizes in the writing-interventions example looked a bit bimodal. Let’s examine sensitivity of
parametric meta-analysis mean estimation to two violations of the normality assumption.

Level 3: Black belt

1. Simulate true effect sizes that are bimodal (scenario 1) or right-skewed (scenario 2) with a known mean
and variance of your choosing.

2. Simulate point estimates from the true effect sizes with SEs of your choosing.

w

. Meta-analyze the simulated point estimates and save the pooled point estimate.

N

. Repeat for a number of simulation reps and report the average bias in the pooled point estimate.

Level 2: Purple belt

Now I'll give you more instruction about how to accomplish the above. I am also rearranging the instructions
to be more like “pseudo-code”, i.e., you can roughly translate the prose into code line-by-line.

1. Define variables setting a true mean and variance.
2. Set up a data structure to store your results.

3. For each of a large-ish number of simulation reps:


https://vevealab.shinyapps.io/WeightFunctionModel/
https://vevealab.shinyapps.io/WeightFunctionModel/

(a) For the bimodal scenario, generate true effect sizes from a mixture distribution (e.g., there is a
50% probability that the true ES comes from normal distribution #1 and a 50% probability that
it comes from normal distribution #2, where the overall mean of the 2 distributions is what you
set above).

(b) Simulate SEs from, for example, a uniform distribution.

(c) Simulate point estimates using the true effect sizes and the SEs. (Hint: point estimates are
generally normal around their true effect sizes.)

(d) Meta-analyze the point estimates and record the pooled point estimate.

(e) Do something similar for the skewed scenario (e.g., generating true effect sizes from an exponential
distribution).

4. For each scenario, calculate the average bias in the pooled point estimate.

Level 1: Green belt

Here I've also given you some code from the solution, but with gaps that you’ll need to fill in.

# known mean and variance
M=1

# number of simulation reps
sim.reps =

# inittalize vectors that will hold the results for each of 2 scenarios
resl =
res2 =

# number of studies in meta-analysis
# interesting to vary this
k =10

# for each simulation Tep, simulate for both scenarios
for ( i in 1:sim.reps ) {

#unnnn## Scenario 1: Bimodal #H##H#A#H###

# simulate true effect sizes bimodally

# by using a mizture of nmormals

# first draw indicator for which distribution each study comes from
ind =

# draw true effects depending on the above indicator
true = rep( NA, k )
true[ ind == 1] =
true[ ind == 0 ] =

# simulate SEs from uniform with basically arbitrary endpoints
SE =

# simulate point estimates
# these will be normal around their own true parameters
ests =



# meta-analyze
m=

# put the pooled estimate in the wvector of results
resi[i] =

#unnn### Scenario 2: Exzponential #HHAHHHH#H#H
# simulate true effect sizes skewishly
# use same SEs as before (reduces simulation error)

# try to write this part yourself
# 1t will look very similar to the above

# assess average bias
# write this part yourself

One possible solution

This isn’t the most generalizable or the most computationally efficient solution, but I want to show you how
to write the simulation as simply as possible.

# known mean and variance

M=1

V= .5"2

# note that when we simulate from bimodal mnormal, this will be variance

# WITHIN each group; doesn't matter because we're only looking at mean estimation

# number of simulation reps
sim.reps = 1000

# initialize vectors that will hold the results for each of 2 scenarios
resl = rep( NA, sim.reps )
res2 = rep( NA, sim.reps )

# number of studies in meta-analysis
# could try wvarying this
k =10

# for each simulation rep, simulate for both scemarios
for (i in 1l:sim.reps ) {

#unnnn## Scenario 1: Bimodal ###H#A#H##H

# simulate true effect sizes bimodally

# by using a mizture of mormals

# first draw indicator for which distribution each study comes from
ind = rbinom( n=k, size=1, prob=0.4 )

true = rep( NA, k )

if ( any(ind ==

) {
true[ ind == 1 =

)
] = rnorm( n = length( true[ ind == 1] ),
mean = M - 0.5,

sd = sqrt(V) )

10



}

if ( any(ind == 0) ) {
truel[ ind == 0 ] = rnorm( n = length( true[ ind == 01 ),
mean = M + 0.5,
sd = sqrt(V) )

# simulate SEs from uniform with basically arbitrary endpoints
SE = runif( n=k, sqrt(V)/2, sqrt(V)*1.1 )

# simulate point estimates
# these will be normal around their own true parameters
ests = rnorm( n = k, mean = true, sd = SE)

# meta-analyze

m = rma.uni( yi = ests,
vi = SE"2,
measure = "SMD",
knha = TRUE )

# put the pooled estimate in the wvector of results
resi[i] = m$b

#A####A#A# Scenario 1: Exponential #HAHHH#H##H

# simulate true effect sizes skewishly

# use same SEs as before (reduces simulation error)
# generate true effect sizes

true = rexp( n = k )

# simulate point estimates as before
ests = rnorm( n = k, mean = true, sd = SE)

# meta-analyze

m = rma.uni( yi = ests,
vi = SE"2,
measure = "SMD",
knha = TRUE )

# put the pooled estimate in the wvector of results
res2[i] = m$b
}

# assess average bias (absolute)
mean(resl) - M
mean(res2) - M

# and relative bias (percent)

100 * abs( mean(resl) - M) / M
100 * abs( mean(res2) - M) / M

11
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