Proofs for Identification of Direct and Indirect
ffects

Identification of Controlled Direct Effects: The average controlled direct effect E[Yy,,, — Yo+ ] is identifiable if for some
set of variables C
Yom [T A|C (no unmeasured confounding for the A-Y relationship) (1)

and
Yom [ M|A,C (no unmeausured confouning for the M-Y relationship) (2)

If (1) and (2) hold then the average controlled direct effect is given by:

E[Yam, - Ya*m] = Z {E[Y|A =a,M =m,C = C} - E[Y|A = a*7 M=m,C= C]}P(C = C)'

Proof: E[Yam| — E[Yarm] = ZC{E[Y‘””|C = ¢] = E[Yarm|C = ]} P(C = ¢) by iterated expectations
= ZC{E[YamM =0a,C = —E[Yaem|A=0a*C=c}P(C =c) by (1)

= Z {EYam|A=a,M =m,C = c] = E[Yym|A=0a*, M =m,C =c|]}P(C =c) by (2)

= Z:{E[Y|A =a,M=m,C=c—-E[Y|[A=a"M =m,C = c|}P(C = ¢) by consistency.

Identification of Controlled Direct Effects Under Time Dependent Confounding: The average controlled direct effect
E[Yam — Y] is identifiable if for some set of variables C' and L

Yom [T A|C (no unmeasured confounding for the A-Y relationship) (1)

and
Yom [I M|A, C, L (no unmeausured confouning for the M-Y relationship) (2)

If (1) and (2) hold then the average controlled direct effect is given by:
E[Yam — Yarm] = ZCZI]E[YM =a,M=m,C=c,L=10P(L=1A=a,C=c)P(C=c)
-3 ZlE[Y|A =a*,M=m,C=c¢,L=I1P(L=I1A=a*C=c)P(C=c)
(6]

Proof: E[Yam| — E[Yarm] = Z {E[Yam|C = ¢] = E[Yy+m|C = ]} P(C = ¢) by iterated expectations
= {B[Yam|A=0,C =]~ B[Yoem|A = 0a*,C = ]} P(C = ¢) by (1 )

=> Y Elamld=aC=cL=0P(L=1A=aC=cP -3 S EYamlA =a',C = ¢ L = |P(L =
[|A=a*,C = c)P(C = c) by iterated expectations

:ZZE[YWA:a,M:m,c:C,L:z]P( =1l|A=a,C =c)P ZZE Yoem|A = a*, M =m,C =
¢ L=1|P(L=1lA=a".C= )P (C—C)by()

:ZZ YA=a,M =m,C=¢c,L=IP(L=1|A=a,C=c)P ZZ YA=a"M=m,C=cL=
|P( —l|A—a C = ¢)P(C = ¢) by consistency.



Identification of Natural Direct and Indirect Effects: Average natural direct and indirect effects are identified if

Yom [T A|C (no unmeasured confounding for the A-Y relationship) (1)
Yom [I M|A, C (no unmeausured confouning for the M-Y relationship) (2)
M, [T A|C (no unmeasured confounding for the A-M relationship) (3)
and
Yom |1 Ma|C (no M-Y confounders which are effects of A). (4)

If (1)-(4) hold then the average natural direct effect is given by
ElYom,. — Yoenr,.] = Z - {E[Y|a,m, c] = E[Y|a",m, c|} P(ml|a”, c)P(c)
and the average natural indirect effect is given by

EYans, — Yar,.] =Y E[Y|a,m,d{P(mla,c) — P(m|a*,c)} P(c)

c,m

Proof: E[Y,n,.] = ZCE[Y“MG* C = ¢|P(C = ¢) by iterated expectations

= ZC m]E[Yam\C = ¢, Mg« = m]P(My~ = m|C = ¢)P(C = ¢) by iterated expectations

_ ZCZME[YW‘C — dP(My- = m|A = a*,C = ¢)P(C = ¢) by (4) & (3)

= ZC mE[Yam\A =a,C =c]P(M =m|A=a*C=c)P(C =c) by (1) and consistency

= ZC’mE[Yam\A =a,M =m,C =cP(M =m|A=a*C=c)P(C=c) by (2)

= Z;mE[Y|A =a,M =m,C =c]P(M =m|A=a*,C =c)P(C = c) by consistency.

If we z;ppl)ly this result and replace a with a* we get E[Yy-r,.] = Zc mIFf:[Y\a*7 m, c]P(m|a*, ¢)P(c) and from this it follows

that the average natural direct effect is given by:

ElYarm,. — Yorn,.] = ZC m{E[Y|a,m, c] — E[Y|a*, m, c]} P(m|a™, c)P(c).

If we apply this result and replace a* with a we get E[Yaar,| = Z E[Y|a,m,c]P(m|a,c)P(c) and from this it follows

that the average natural indirect effect is given by:E[Yaa, — Yanr,.] = Z E[Y|a, m, c]{P(m]|a,c) — P(m|a*,c)}P(c).

a



