
Proofs for Identi�cation of Direct and Indirect
E¤ects

Identi�cation of Controlled Direct E¤ects: The average controlled direct e¤ect E[Yam � Ya�m] is identi�able if for some
set of variables C

Yam
`
AjC (no unmeasured confounding for the A-Y relationship) (1)

and
Yam

`
M jA;C (no unmeausured confouning for the M-Y relationship) (2)

If (1) and (2) hold then the average controlled direct e¤ect is given by:

E[Yam � Ya�m] =
X

c
fE[Y jA = a;M = m;C = c]� E[Y jA = a�;M = m;C = c]gP (C = c):

Proof: E[Yam]� E[Ya�m] =
X

c
fE[YamjC = c]� E[Ya�mjC = c]gP (C = c) by iterated expectations

=
X

c
fE[YamjA = a;C = c]� E[Ya�mjA = a�; C = c]gP (C = c) by (1)

=
X

c
fE[YamjA = a;M = m;C = c]� E[Ya�mjA = a�;M = m;C = c]gP (C = c) by (2)

=
X

c
fE[Y jA = a;M = m;C = c]� E[Y jA = a�;M = m;C = c]gP (C = c) by consistency.

Identi�cation of Controlled Direct E¤ects Under Time Dependent Confounding: The average controlled direct e¤ect
E[Yam � Ya�m] is identi�able if for some set of variables C and L

Yam
`
AjC (no unmeasured confounding for the A-Y relationship) (1)

and
Yam

`
M jA;C;L (no unmeausured confouning for the M-Y relationship) (2)

If (1) and (2) hold then the average controlled direct e¤ect is given by:

E[Yam � Ya�m] =
X

c

X
l
E[Y jA = a;M = m;C = c; L = l]P (L = ljA = a;C = c)P (C = c)

�
X

c

X
l
E[Y jA = a�;M = m;C = c; L = l]P (L = ljA = a�; C = c)P (C = c)

Proof: E[Yam]� E[Ya�m] =
X

c
fE[YamjC = c]� E[Ya�mjC = c]gP (C = c) by iterated expectations

=
X

c
fE[YamjA = a;C = c]� E[Ya�mjA = a�; C = c]gP (C = c) by (1)

=
X

c

X
l
E[YamjA = a;C = c; L = l]P (L = ljA = a;C = c)P (C = c) �

X
c

X
l
E[Ya�mjA = a�; C = c; L = l]P (L =

ljA = a�; C = c)P (C = c) by iterated expectations
=
X

c

X
l
E[YamjA = a;M = m;C = c; L = l]P (L = ljA = a;C = c)P (C = c) �

X
c

X
l
E[Ya�mjA = a�;M = m;C =

c; L = l]P (L = ljA = a�; C = c)P (C = c) by (2)
=
X

c

X
l
E[Y jA = a;M = m;C = c; L = l]P (L = ljA = a;C = c)P (C = c) �

X
c

X
l
E[Y jA = a�;M = m;C = c; L =

l]P (L = ljA = a�; C = c)P (C = c) by consistency.
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Identi�cation of Natural Direct and Indirect E¤ects: Average natural direct and indirect e¤ects are identi�ed if

Yam
`
AjC (no unmeasured confounding for the A-Y relationship) (1)

Yam
`
M jA;C (no unmeausured confouning for the M-Y relationship) (2)

Ma

`
AjC (no unmeasured confounding for the A-M relationship) (3)

and
Yam

`
Ma� jC (no M-Y confounders which are e¤ects of A). (4)

If (1)-(4) hold then the average natural direct e¤ect is given by

E[YaMa� � Ya�Ma� ] =
X

c;m
fE[Y ja;m; c]� E[Y ja�;m; c]gP (mja�; c)P (c)

and the average natural indirect e¤ect is given by

E[YaMa � YaMa� ] =
X

c;m
E[Y ja;m; c]fP (mja; c)� P (mja�; c)gP (c)

Proof: E[YaMa� ] =
X

c
E[YaMa� jC = c]P (C = c) by iterated expectations

=
X

c;m
E[YamjC = c;Ma� = m]P (Ma� = mjC = c)P (C = c) by iterated expectations

=
X

c;m
E[YamjC = c]P (Ma� = mjA = a�; C = c)P (C = c) by (4) & (3)

=
X

c;m
E[YamjA = a;C = c]P (M = mjA = a�; C = c)P (C = c) by (1) and consistency

=
X

c;m
E[YamjA = a;M = m;C = c]P (M = mjA = a�; C = c)P (C = c) by (2)

=
X

c;m
E[Y jA = a;M = m;C = c]P (M = mjA = a�; C = c)P (C = c) by consistency.

If we apply this result and replace a with a� we get E[Ya�Ma� ] =
X

c;m
E[Y ja�;m; c]P (mja�; c)P (c) and from this it follows

that the average natural direct e¤ect is given by:

E[YaMa� � Ya�Ma� ] =
X

c;m
fE[Y ja;m; c]� E[Y ja�;m; c]gP (mja�; c)P (c):

If we apply this result and replace a� with a we get E[YaMa
] =

X
c;m
E[Y ja;m; c]P (mja; c)P (c) and from this it follows

that the average natural indirect e¤ect is given by:E[YaMa
� YaMa� ] =

X
c;m
E[Y ja;m; c]fP (mja; c)� P (mja�; c)gP (c):
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