Proofs of Propensity Score Results

Theorem: If E = P(A=1]|X) then P(X|A=1,F)=P(X|A=0,E) ie. XHA|E
Proof: P(X|A=1,E(X)=c¢)

_ P(X,A=1|E(X)=e)

= TP(A=1E(X)=¢)

_ P(A=1|X,E(X)=e)P(X|E(X)=ec)

- P(A=1|E(X)=e)
_ eP(X|E(X)=e)

— P(X|E(X) =e)

Theorem: If Y, HA|X then Y, H AlE

Proof: Suppose Y, HA|X then P(Y,|A, X) = P(Y,|X)
Thus, P(Y,|A, E) =
= P(Y|A, B(X),2)P(z|A, BE(X))

= " P(Y.|A ) P(z|A, E(X))
=Y P(Ya|z)P(z|E(X))
= P(YJ|E(X),z)P(z|E(X))

xT

= (Ya|E)



E[Y;]A = 0] — B[Yp|A = 0] =

1) =

Proof for Propensity Score Weighting

Theorem: If Y, HA|X then E[Y1] = E[Yf]and E[Yo] = E[Ygl:EA)]'
Proof: E[YA] [ [YA|X]]

Similarly, B[4 = BEYEA X))
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Y|A= O,X] - ]

Y]A=0,X]

YO‘A - OvX]]

YO‘X]]
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Theorem: If YaHA|X then E[Y1|A = 1] — E[Yp|4A = 1] =

WLQ®V“%EH—HYG—Am.

Proof:

First, we have E[YA] = E[YA|A=1]P(A=1)+ E[YA|A =0]P(A=0)=E[Y]|A=1]P(A=
E[Y1|A =1]P(A = 1) and thus E[Y1]A =1] = E[Y A]

Next, E[Yo]A = 1]

=E[EYy|A=1,X]|A=1]

= B[B[Yo|4 = 1, X] 2]

P BIE[Y0|A = 1, X]E]

= pra=n BE[Yo|A = 0, X]E]

Furthermore, E[M] E[E[M|X]]

= BB RE14 = 0, X]P(A = 0|X) + B[X{=1E|A = 1, X]P(A = 1|X)]]
— BE[XE|A = 0,X](1 - E)]

=E[E[Y|4 =0, X]E1=£]

=E[E[Y|A =0, X]E]

P(A 1)

Thus E[Yp|A =1] = P(Alzl) (E[Y(tg)E]). This completes the proof.
The proof of E[Y1|4A = 0] — E[Yp|A =0] = P(Al:o) (E[YA(}IE_E)] —E[Y (1 — A)]) is similar.





