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Sample Size and Power
Sample size calculations are an essential part of planning

Sample size requirements should be considered early in the 
planning phase of a study

A well-designed trial will be large enough to detect clinically 
important differences between groups with high probability

To perform sample size calculations, we need well defined study 
endpoints, hypotheses, and statistical tests

We also need estimates of the variability of the outcomes

Both analytically and empirically coming up with estimates of the 
variance is often the most challenging step 3



Sample Size and Power
Suppose we have a continuous outcome Y and wish to test the null 
hypothesis:

H0: E[Y|A=1]  = E[Y|A=0]   i.e. no treatment effect

Versus the alternative hypothesis:

HA: E[Y|A=1]  ≠ E[Y|A=0]   i.e. non-zero treatment effect

In a randomized trial with equally sized groups we can do so by 
specifying:

(i) The significance level a (e.g. 5%) and power P=1-β (e.g. P=80%)
(ii) The magnitude of the effect h = E[Y|A=1] - E[Y|A=0] that we wish 
to be able to detect 4



Sample Size and Power
To calculate the sample size for each group required to detect a 

treatment effect size h using a t-test with significance level a
and power P (=1-Type II error (β), i.e. P=1-β) we can use:

N=(Z1- a/2 + ZP)2 x V  / h2

where Z1- a/2 and ZP denote respectively the (1-a/2)th and Pth 
quantiles of a standard normal variable (e.g. Z1- a/2=1.96 for 
a=5% and ZP=0.84 for P=80%)

And where if the variance of Y is assumed to be the same in the 
treatment and the control groups then V=2σ2 and σ2 is the 
variance of Y

Other formulas are available if the variance is different across 
groups or if treated and control groups are different sizes 
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Sample Size and Power

Example: Suppose we were testing a drug to lower LDL 
cholesterol and wanted to know the sample size required to 
detect an effect size of 13 point decline with power=80% and 
we thought the standard deviation of the outcome for the study 
population was 35 then we could use for each group:  

N = (Z1- a/2 + ZP)2 x V  / h2

N = (1.96 + 0.84)2 x (2*352)  / (13)2

N = 114 
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Sample Size and Power

The difficult part of obtaining the information necessary to 
undertake sample size calculations is generally getting an 
estimate of the variance

This can be done in a few different ways:

1. Search the literature
2. Use approximate methods to estimate the variance

e.g. for approximately normal variables, the standard 
deviation is roughly ¼ of the range of the 95% most 
common values

3. Conduct a pilot study
4. Dichotomize the variable (see below)
5. Make an educated guess
6. Consider multiple plausible scenarios 7



Sample Size and Power
If instead of calculating sample size, we had a fixed sample size N in 

each group and wanted to calculate power to detect a treatment effect 
size of magnitude h the following formula can be used:

Power = Φ{ - Z1- a/2 + h sqrt(N / V) }

where:

Z1- a/2 is the (1-a/2)th quantile of a standard normal variable 
(e.g. Z1- a/2=1.96 for a=5%)

Φ is the cumulative distribution function for a standard normal random 
variable

V=2σ2 and σ2 is the variance of Y
8



Sample Size and Power
For a binary outcome Y, to detect a treatment effect size of 

h=P(Y=1|A=1) - P(Y=1|A=0), we can use the same formulae for 
sample size and power calculations but simply use a different 
value of V

For sample size in group, we thus have:
N=(Z1- a/2 + ZP)2 x V  / h2

For power, if we have N in each group then the power is:
Power = Φ{ - Z1- a/2 + h sqrt(N / V) }

where: V = p0(1-p0) + p1(1-p1) and p0=P(Y=1|A=0), 
p1=P(Y=1|A=1) under the alternative 

or where: V = 2p(1-p) and where p is the overall pooled probability 
of an event i.e. p=P(Y=1) under the null
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Sample Size and Power
In some studies, it may be that due to limited resources or limited 

number of available patients, the sample size is infeasible
In such settings there are several things to consider

1. Is the effect size unreasonably small or the assumed variance 
too large?

2. Is it reasonable to increase Type 1 error or decrease power? 
3. Choose continuous primary outcomes
4. Choose outcomes that have smaller variance
5. Consider surrogate variables
6. Choose binary outcomes that are more common

However, all of these approaches are potentially problematic and it 
is important to be realistic 

An underpowered study is a bad investment for everyone
Sometimes it is best not to undertake the study or to wait until 

more resources or patients are available 10



Sample Size and Covariates
In a randomized trial control for covariates predictive of the outcome 

will increase power

One’s sample size and power calculations will thus be conservative
Perhaps still best to use power calculations without the covariate 

control because of
- drop-out
- tendency to be over-optimistic about effect size / variance
- data may be used for other purposes (subgroup analysis)

Tests using linear and logistic regression in RCTs are robust to 
model mis-specification (Rosenblum and van der Laan, 2009)

Improving efficiency of estimates using baseline covariates while 
maintaining robustness to misspecfication is an active area of 
research (Tsiatis et al., 2008; Zhang et al., 2008; Lu et al., 2008)11



Observational Studies and 
Covariates

In observational studies, covariate control is needed for confounding
Effects on power / sample size can go in either direction

If the covariates are predictive of the outcome, power can improve
If more predictive of the exposure, power can decline
Confounding can alter the effect size in either direction

It is often difficult to establish this in advance
Simulations can sometimes help assess how power is affected

With control for numerous correlated covariates, often power goes 
down

In planning one may want to be even more conservative in 
observational studies

But often observational studies use secondary data and sample size 
is fixed
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Power for Given Sample Size
Standardized Effect Size

(σ2=1 and V=2σ2=2)
h=0.1 h=0.15 h=0.2 h=0.3

Total N=500 (250/group) 0.2 0.30 0.61 0.91
Total N=1000 (500/group) 0.35 0.66 0.89 0.997
Total N=2000 (1000/group) 0.61 0.91 0.994 0.999

Moreover, these calculations optimistically assume:
- Equal sample sizes for each group
- No power loss due to covariate control in observational studies
- No missing data (attenuating sample size) 
- No measurement error (attenuating effect estimates)

Power even with Total N=1000 is only moderate for small effect sizes
Should we be restricting attention to studies with N>1000…? 13



Sample Size and Power
Some relevant further literature (see next slide for references) for 

power and sample size calculations include:

Outcome Test Reference Resource Type
Binary c2 1 Tables

Normal 2 Formulae
Fisher’s 3 Tables/F

Continuous Nonparametric 4 Tables
F-test 5 Formulae

6 Tables
7 Program
8 Graphs

Survival Time Logrank 9 Formulae
10 Tables
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Sample Size and Power
Some relevant web resources include:

UCLA http://calculators.stat.ucla.edu/powercalc/
– Normal, Exponential, Binomial, Poisson
– Sample Size and Power Calculations

MGH:  http://hedwig.mgh.harvard.edu/sample_size/size.html
– Binomial (Parallel or Cross-over Trial)
– Normal (Parallel or Cross-over Trial)
– Time to Event

Statpages:  http://statpages.org/
– An excellent compendium of online statistical tools
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Cluster Randomized Trial
Cluster Randomized Trials
• Individuals are clustered in group
• The entire group is randomized to treatment or control
• Preserves the advantages of randomization
• But requires special care in design and analysis

Reasons for a Cluster Randomized Trial:
• Administrative convenience
• To avoid treatment group contamination
• Intervention is naturally applied at the cluster level

17



Cluster Randomized Trial
Example:
• Vaccine Trial
• There could be interference/contamination in an individually 

randomized trial

Example:
• Conflict Resolution RCT in Schools (e.g. Jones et al, 2010)
• There would be interference in an individually randomized trial
• Also it would be less practical to implement

18



Implications of Clustering
• A key property of cluster randomization trials is that 

inferences are frequently intended to apply at the 
individual level while randomization is at the cluster or 
group level. Thus the unit of randomization may be 
different from the unit of analysis.

• In this case, the lack of independence among individuals 
in the same cluster, i.e. between-cluster variation, 
creates special methological challenges in both design 
and analysis.

19



Implications of Clustering
(i)  Reduction in effective sample size.
• Extent depends on degree of within-cluster correlation 

and on average cluster size

(ii)  Standard approaches for sample size estimation and 
statistical analysis do not apply.
• Application of standard sample size approaches leads to 

an underpowered study.
• Random effects or generalized estimating equations are 

often used to deal with clustering in analysis
• Application of standard statistical methods generally 

tends to underestimate standard errors 20



Effective Sample Size
Consider a trial in which k clusters of size m are randomly 

assigned to each of an experimental and control group. Also 
assume the response variable Y is normally distributed with 
common variance s2

Aim is to test H0:µ1 = µ2 where µ1 and µ2 are the means with and 
without treatment. 

Because of clustering the variance will be inflated

The term IF = 1 + (m- 1) r is the “variance inflation factor” or 
“design effect” associated with cluster randomization

where r is the coefficient of intracluster correlation.
21



Effective Sample Size
The overall response variance s2 may be expressed as the 

sum of two components, i.e., 

s2 = s2
A  +s2

W ,
where

s2
A = between-cluster component of variance

s2
W = within-cluster component of variance

then   
r =s2

A / (s2
A + s2

W) 

22



Effective Sample Size
Comparison of Means:

Suppose k clusters of size m are to be assigned to each of 
two intervention groups.

Then the number of subjects required per intervention group 
at significance a and power P to test H0:µ1 = µ2 is given by

N=(Z1- a/2 + ZP)2 x V  / h2

Where V = (2s2) [1 + (m – 1) r] 
And s2 = s2

A  +s2
W h = (µ1 - µ2 )

The number of required clusters per intervention group is 
given by k = N/m. 

23



Example
Hsieh (1988) reported on the results of a pilot study for a 

planned trial of work-site intervention to improve 
cardiovascular risk factors; one outcome of interest was 
cholesterol levels; pilot data was obtained from 754 
individuals in 4 worksites.

Estimated variance components were
S2

W = 2209, S2
A = 93, s2=2302 (s=47.98)

\ value of r assessed as r = 93 / (93 + 2209) = 0.04

Assuming = 70 subjects/worksite,
IF = 1 + (70 - 1) 0.04 = 3.76

24



Example
To obtain 80% power at a = .05 (2 sided) for detecting a 

mean difference of 20 mg/dl between intervention 
groups, the number of required worksites per treatment 
group is given by

n = {(Z1-a/2 + ZP)2 (2s2) [1 + (m – 1) r]} / (µ1 - µ2)2

n ={(1.96 + 0.84)2 2(2302) (3.76)} / (20) 2 = 339

k = n/m = 339/70 = 4.8 @ 5

Might want to increase this number for possible loss to 
follow-up

25



Effective Sample Size

26



Practical Considerations
Trial randomizing between 30 and 50 individuals per cluster 
will tend to have almost the same statistical power as trials 
randomizing the same number of much larger units
• But clusters of larger size are often recruited for practical 

reasons

Another approach to cluster randomized trials is to pair 
match based on available covariate and then randomize
• This has the advantage of generally making treated and 

control groups more comparable
• When sample sizes of clusters dramatically differs this 

can be especially helpful and sample size of the cluster 
can be taken as a matching variable (Imai et al., 2009) 27



Sample Size for Interactions in 
Logistic Models

Consider the logistic regression model:
logit(pr(D=1|G=g,E=e))=β0+β1g+β2e+β3ge
Suppose we were interested in the sample size required to detect a log 

interaction ratio of β3=h

We can do so by specifying:
(1) The significance level a (e.g. 5%) and power P (e.g. 80%)
(2) The main effect log odds ratios β1 and β2
(3) The proportions in each GxE exposure strata pij=P(G=i,E=j)

Instead of the proportions pij we can alternative specify (i) the overall 
prevalence of G and E i.e pg=P(G=1), pe=P(E=1), (ii) the odds ratio 
relating G and E, Δ={P(G=1|E=1)/P(G=0|E=1)}/{P(G=1|E=0)/P(G=0|E=0} 
and (iii) P(Y=1|G=0,E=0) [see Appendix slides]

This latter specification will be easier to use in a case control study
Note that β0 =logit{P(Y=1|G=0,E=0)} where P(Y=1|G=0,E=0) is the 

prevalence of cases in the doubly unexposed group in the study (e.g. in 
the actual case-control sample)

28



Sample Size for Interactions in 
Logistic Models

To calculate the overall sample size (cases and controls) required to 
detect a log interaction ratio of β3=h with significance level a and 
power P we can use:

N=(Z1- a/2 + ZP)2 x V  / h2

where Z1- a/2 and ZP denote respectively the (1-a/2)th and Pth quantiles of 
a standard normal variable (e.g. Z1- a/2=1.96 for a=5% and ZP=0.84 for 
P=80%)

And where V is the variance of the estimator of β3 evaluated under the 
alternative

This variance V takes the form (Demidenko, 2008):
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Sample Size for Interactions in 
Logistic Models

This variance V takes the form:

Where:

L =  exp(β0)    p00
[1+exp(β0)]2

F =  exp(β0+β1)    p10
[1+exp(β0+β1)]2

J =  exp(β0+β2)    p01
[1+exp(β0+β2)]2

R =  exp(β0+β1+β2+h)    p11
[1+exp(β0+β1+β2+h)]2 30



Sample Size for Interactions in 
Logistic Models

If instead we want to calculate power to detect a log interaction ratio of 
magnitude h from a given dataset with sample size N the following 
formula can be used:

Power = Φ{ - Z1- a/2 + h sqrt(N / V) }

Where:

Z1- a/2 is the (1-a/2)th quantile of a standard normal variable 
(e.g. Z1- a/2=1.96 for a=5%)

Φ is the cumulative distribution function for a standard normal random 
variable

V is obtained by the expressions given above
31



Sample Size for Interactions in 
Logistic Models

These can all be done by hand
Alternatively there is software available for this at: 

www.dartmouth.edu/~eugened

Demidenko’s spreadsheet is relatively straightforward for cohort studies
However, for case-control data it requires specifying P(Y=1|G=0,E=0) i.e.

the prevalence of cases in the doubly unexposed group in the case-
control sample

This is not a particularly straightforward quantity to specify
We could obtain it by specifying the proportion of cases to control, along 

with pg=P(G=1), pe=P(E=1), and the odds ratio relating G and E, but 
this then requires solving a ‘quartic’ equation (Demidenko, 2008)

Alternatively, under a rare outcome assumption, we can obtain simple 
analytic expression (VanderWeele, 2012)

Excel spreadsheet to implement this automatically 32



Sample Size for Interactions in 
Logistic Models

Prior to Demidenko (2008), there had been a number of previous sample 
size calculations for interactions in logistic regression (Hwang et al., 
1994; Foppa and Spiegelman, 1997) 

However, these calculated the variance under the null rather than the 
alternative (Garcia-Closas and Lubin, 1999; Demidenko, 2008) which 
led to underestimates of the sample size when the interaction ratio 
was relatively large if variance is calculated under the alternative (as it 
is in nearly all software!)

The sample size calculation above are for Wald-tests (standard 
SAS/Stata/R output) with variance under the alternative

Lubin and Gail (1990) describe a method for the score test with variance 
under the alternative

Gauderman et al. (2002ab) developed sample size calculations for various 
matched designs and family-based designs us likelihood ratio tests 33



Sample Size for Additive 
Interaction

Consider again the logistic regression model:

logit(pr(D=1|G=g,E=e))=γ0+γ1g+γ2e+γ3ge

Suppose we were interested in the sample size required to detect 
additive interaction of magnitude RERI=h

We can again do so by specifying:
(1) The significance level a (e.g. 5%) and power P (e.g. 80%)
(2) The main effect log odds ratios γ1 and γ2
(3) The proportions in each GxE exposure strata pij=P(G=i,E=j)

Or, instead of (3) by specifying:
(i) the overall prevalence of G and E i.e pg=P(G=1), pe=P(E=1),
(ii) the odds ratio relating G and E
(iii) The proportion of cases to controls in the study
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Sample Size for Additive 
Interaction

To calculate the overall sample size required to detect additive interaction 
of RERI=h with significance level a and power P we can use:

N=(Z1- a/2 + ZP)2 x V  / h2

where Z1- a/2 and ZP denote respectively the (1-a/2)th and Pth quantiles of 
a standard normal variable (e.g. Z1- a/2=1.96 for a=5% and ZP=0.84 for 
P=80%)

And where V is the variance of the estimator RERI given by 
(VanderWeele, 2012):

with L, R, F, J as given above and in Demidenko (2008) 

As before power for a given sample size N is obtained by:
Power = Φ{ - Z1- a/2 + h sqrt(N / V) } 35



Sample Size for Additive 
Interaction

Similar expressions (VanderWeele, 2012) are available for sample size or 
power if…

(1) RERI is calculated from a log-linear model rather than a logistic model
(2) RERI is calculated using logistic regression with case-control data 

assuming a rare outcome
(3) Additive interaction using risks are used

Slightly different expressions are needed to estimate pij which are needed 
to calculate L, R, F, J which are needed to obtain the variance V for 
RERI (VanderWeele, 2012) 
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Sample Size for Interaction
Excel spreadsheets are available (VanderWeele, 2012) to calculate power 

and sample size for additive interaction for either cohort studies (using 
risks or RERI) or for case control studies (using RERI) or for 
multiplicative interaction and for case-only estimators of interaction and 
these comparisons can be informative [see Appendix slides]

Power is often very low for interaction analyses
There will likely be many false positives (as has played out in GxE literature)
Rule of Thumb: 4 Times the Sample Size is required to detect interaction

This has implications for when one ought to undertake an interaction 
analysis

Often it will be inappropriate if a study is only powered to detect a main 
effect

One needs caution with regard to RCT subgroup analyses, especially if 
these are not specified a priori
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Sample Size for Interaction

In general whenever main effects and the interaction is positive, there will be 
more power to detect additive interaction than multiplicative interaction…

especially when the interaction is modest but the main effects are large
When outcome probabilities are additive or sub-additive power for 

multiplicative interaction is sometimes greater (Greenland, 1983)
38



Sample Size for Mediation
Very little formal work on sample size calculations for direct and indirect 

effects

Many papers use and cite simulation results from:
Fritz MS, MacKinnon DP. (2007) Required Sample Size to Detect the 

Mediated Effect. Psychological Science 18:193-198.

Helpful Rule of Thumb (Kenny and Judd, 2014):
In many (but not all!) contexts, power to detect indirect effect is greater 

than the total effect; but power to detect the direct effect is less than the 
total effect

Can be helpful in planning mediation analyses
Also, because of power, one must be careful of claims of “no direct effect” 

and therefore “complete mediation”

There has been some recent work and tools on simulation-based 
approaches for mediation power and sample size calculations (Rudolph 
et al., AJE 2020)
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Hypothesis Testing vs. CI’s
Power and sample size calculations often presume a hypothesis testing 

(p=0.05) framework; this can be problematic as we will see in the 
replication lecture

Should we do sample size for the confidence interval length instead...? 
(Rothman and Greenland, 2018)

For a Continuous Outcome (with N in each of two groups):
95% Confidence Interval is:   Estimate +/- 1.96 x sqrt(2σ2/N)
Total Length of Interval is: 2 x 1.96 x sqrt(2σ2/N)
Solving for N gives: N = 30.73 σ / Length2

For σ2=1 to get CI to be (Estimate +/- 0.1) we would need:
N = 30.73 σ / (0.2)2 = 768 in each group (i.e. 1536 total)

If σ2=1, and we have N=500 in each group (1000 total) then we have:
95% CI = (Estimate - 0.12, Estimate + 0.12)

See Rothman and Greenland (2018) for formulas for binary outcomes40



Conclusions
(1) Sample size and power calculations are essential in study 

planning

(2) Calculations somewhat less relevant with secondary data 
analyses when sample size is already fixed but still useful to 
see whether one should even bother and the extent we 
should worry about false positives

(3) Correlation needs to be taken into account in cluster RCTs

(4) Power for interaction analyses is often very low

(5) Power for direct effects is typtically lower than for indirect 
effects

(6) Power and sample size calculations often presume a 
hypothesis testing (p=0.05) framework; this can be 
problematic as we will see in the replication lecture; should 
we do sample size for the C.I. instead…? 

41



Additional Slides

Tyler J. VanderWeele
Departments of Epidemiology and Biostatistics

Harvard T.H. Chan School of Public Health

42



Sample Size for Interactions in 
Logistic Models

If instead of the proportions pij=P(G=i,E=j) we specify (i) the overall 
prevalence of G and E i.e pg=P(G=1), pe=P(E=1), (ii) the odds ratio 
relating G and E, 
Δ={P(G=1|E=1)/P(G=0|E=1)}/{P(G=1|E=0)/P(G=0|E=0} and (iii) 
P(Y=1|G=0,E=0)

We can calculate pij as follows:
p00 = (1 - pe)/(1+C)
p01 = pe/(1+CΔ)
p10 = C(1 - pe)/(1+C)
p11 = peCΔ/(1+CΔ)

where C= [q + sqrt{q2+4pg(1- pg) Δ}] / [2(1- pg) Δ]
q = pg (1+Δ) + pe (1-Δ) - 1

43



Sample Size for Case-Only 
Interactions

Now consider a log-linear model
log(pr(D=1|G=g,E=e))=β0+β1g+β2e+β3ge

And the case-only estimator of β3 under GxE independence:
β3= P(G=1|E=1,D=1)/P(G=0|E=1,D=1)}/{P(G=1|E=0,D=1)/P(G=0|E=0,D=1} 

Suppose we were interested in the sample size required to detect a log 
interaction ratio of β3=h

We can do so by specifying:
(1) The significance level a (e.g. 5%) and power P (e.g. 80%)
(2) The main effect risk ratios for the genetic factor alone Rg=exp(β1) and 

for the environmental factor alone Re=exp(β2) 
(3) The overall proportions of G and E in the population; let g=P(G=1), 

e=P(E=1)
44



Sample Size for Case-Only 
Interactions

To calculate the sample size required to detect a log interaction ratio of 
β3=h with significance level a and power P we can once again use:

N=(Z1- a/2 + ZP)2 x V  / h2

where Z1- a/2 and ZP denote respectively the (1-a/2)th and Pth quantiles of 
a standard normal variable (e.g. Z1- a/2=1.96 for a=5% and ZP=0.84 for 
P=80%)

where V is the variance of the case-only estimator of β3 evaluated under 
the alternative

Yang et al. (1999) give a sample size formula for the case-only estimator
but the variance is given under the null rather than the alternative; we 
will instead give the variance under the alternative 45



Sample Size for Case-Only 
Interactions

N=(Z1- a/2 + Zβ)2 x V  / h2

For the case-only estimator, V under the alternative is given by 
(VanderWeele, 2011; cf. Yang et al., 1999):
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Sample Size for Case-Only 
Interactions

Yang et al. (1999) give a sample size formula for the case-only estimator
but the variance is given under the null rather than the alternative and 
it will again underestimate the same size for large interaction ratios

Nonetheless their comparison with sample sizes for logistic regression 
and case-control studies is informative

This is for a=5% Power=80%

Rg=Re=1,  exp(h)=2
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