
Physics 253b Problem set 6

Due Wednesday April 26, 2023

In this problem you will finish the computation of the one-loop β-function of QCD with

SU(N) gauge fields and Nf flavors of massless Dirac fermions in a representation R, as was

analyzed in class through the 1PI effective action computed in the background field gauge

via dimensional regularization (in D = 4 − ε spacetime dimensions), with the renormalized

Yang-Mills coupling g(µ) defined in the minimal subtraction scheme.

In the background field gauge, the total (bare) action including Faddeev-Popov ghosts is

S[A′, ψ, b, c; Ā] =

∫
dDx

[
− 1

4g2

(
F aµν + DµA

′
aν − DνA

′
aµ + f bcaA

′
bµA

′
cν

)2 − ψiγµ
(
Dµ − iA′aµtaR

)
ψi

− 1

2ξg2

(
DµA

′µ
a

)2 − (Dµb
a)
(
D
µ
ca + f bcaA

′µ
b cc
) ]
,

(1)

where the original gauge field is written as Aaµ(x) = Aaµ(x) + A′aµ(x) with Aaµ(x) being

a background gauge field, while A′aµ(x), ψi(x), ba(x) and ca(x) are fluctuation fields to be

integrated out in obtaining the 1PI effective action.1 Dµ is the gauge covariant derivative

with respect to the background gauge field A, in the adjoint representation when acting on

A′, b, c, and in the representation R when acting on ψ.

The one-loop contribution to the Euclidean 1PI effective action Γ1−loop[A] is computed

through the functional determinant

e−Γ1-loop[Ā] =
(detDψ)Nf (detDgh)

(detDA)
1
2

(2)

for a Euclidean background gauge field Aaµ(x), where

Dψ = −γµDµ, (in the representation R)

Dgh = DµD
µ
, (in the adjoint representation)

[DA]aµ,bν = (−DρD
ρ
ηµν + DνDµ −

1

ξ
DµDν)δab + fabcF cµν .

(3)

For a constant background field configuration A, the functional determinant (2) is formally

1As usual, in deriving the 1PI effective action, linear terms in the fluctuation fields are added to the bare

action so that the tadpoles i.e. 1-point functions of fluctuation fields vanish.
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evaluated as

Γ1-loop[A] = −
∫
dDx

∫
dDk

(2π)D

[
Nf tr logMψ(k) + tr logMgh(k)− 1

2
tr logMA(k)

]
, (4)

where M(k) is the momentum space version of the kinetic operator D, e.g.

Mψ(k) = iγµ ⊗ (kµ − Aaµt
a
R), (5)

where taR is the generator of SU(N) in the representation R. As explained in class, the

IR divergence in the k-integral on the RHS of (4) is cut off at the renormalization scale µ,

corresponding to a background field A that is constant in a domain of size L ∼ 1/µ but falls

off outside of the domain.

In class, we have computed the contribution from the functional determinant of ψ to the

singular part of A
4

term in the Euclidean one-loop effective Lagrangian,

−
∫
|k|>µ

dDk

(2π)D
Tr logMψ(k)

∣∣∣∣
A
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)

1

8π2

µ−ε

ε
, (6)

where on the RHS we have omitted terms that are finite in the ε → 0 limit as they do not

affect the one-loop beta function (and do not appear in the one-loop renormalized coupling

in the minimal subtraction scheme either).

Your task is to compute the analogous contribution from the functional determinant

of A′ and the Faddeev-Popov ghosts b, c, in the ξ = 1 gauge. Show that their respective

contributions to the singular part of the Euclidean effective Lagrangian is

−
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(7)

which result in the one-loop β-function claimed in the lecture. Here tradj stands for trace in

the adjoint representation.
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