Physics 253¢  Problem set 4

Due Tuesday November 14, 2023

Problem 1. Calculate the four-point function of a 4-dimensional free massless scalar field
¢(z), and express the result explicitly as a sum over conformal blocks labeled by internal
primary weight A and spin s in the form

(D(21)9(w2)P(w3) D (1)) = |12| 722225 |2A¢’Z)\ Gas(u,v), (1)

and read off all of the coefficients )\2A78 for A up to 4. (Hopefully, you will confirm that /\2A,5
are non-negative.)

Problem 2. Consider the 2-dimensional free massless scalar field theory described by the
Euclidean action

S = % / &z "0, = / d*20¢0¢, (2)

where we have adopted the convention z = ! + iz?, z = 2! —iz?, 0 = 0., 0 = 0, and
d*z = 2datdz?.
(a) The stress-energy tensor operators T'(z) and T'(Z) are of the for

T=n~:0006:, T=75:000¢:. (4)
Determine the coefficients v and v, and verify explicitly that the 7T OPE takes the form
c 2 n
T()T(0) = 57+ 5T(0) + - aT )+ ; W ( (5)

and that c is equal to 1.

(b) Consider local operators built out of derivatives of ¢ of the form

On1 My nl anl¢ ank an1¢ 8n£¢ ) (6)

INote that the normal ordered product, usually defined via the expansion of free fields in terms of creation
and annihilation operators and changing the order so that the creation operators are to the left of annihilation
operators, is equivalent in this case to

:0606(2) = lim [06(w)6(2) — (96(w)09(2))]. 3)



where ny > ng > --->ni > 1and ny > 19 > -+ > ny > 1. Find all linear combinations
of such operators of scaling dimension A < 4 that are primaries with respect to the so(3,1)
conformal algebra.

(c) Find all linear combinations of operators of the form () of scaling dimension A < 4
that are primaries with respect to the Virasoro algebra.

(d) Repeat (c) but now including also operators with ¢ itself in the normal order product,
namely

LM OHRIG-OD (7)

with arbitrary m > 0.



