
 

Introduction
God

study topological objectsup
to some equivalence relation

homeomorphism too strong
Anton

but a can deform into0

want toff things up to deformation homotopy

01 Topological obis my Algebraic
maps

homotopy invariants

f want
a computable reflect

Affaires
invariant wrt homotopy

Ed p ofcomponents

genus CD CD
connected orientable surfaces

Some definitions

convention X Y Z topological spaces

all maps are continuousmope



Def chomotopic write fig
fig X Y are homotopic if

I H XXI Y St HI xxsog f
1 20,1 H xx a G

EY i

think of H as a family of maps from Xtoy
parametrized over 1

for each t ETO I MD Ht X Y

prop I defines an equivalence relation
on the set of maps from X toy

Def of X Y is a homotopy equivalence

if I g Y X sit fog tidy
got idx

when If X SY homotopy equivalence
we say X homotopy equivalent to Y



compare definition with geometric
intuition

Fact X F Y homotopy equivalence

S X Y are homeomorphic to a

Sharett of another space

Def strong deformation retract

F Xx I X is a strong def
retract from X to Im Fat if

Fo id x Flax s ida

Jtg points in A in same position

points outside A deformed to A

Z Y

xfy mapping cylinder
XXI H Y in ol Y

if fix y



2 MYdetometrat
Smash xx I to Xxsg

2 Fremont use homotopy
equivalence

exercises

Based world

Based spaces X with a preassigned basept
No T X write X No

maps of based spaces preserves base pt

ix xd Y got fifty
with

Def fundamental gaps
The fundamental group of a based

space IX Not denoted by Tix Xo is

Underlying set

homotopy equivalence classes of
based maps is X Xo

Ecircle



think of a map ist i kind as a loop
S I Lo 2d

1st 1 In 3o3 X not
any p I X with

P 10 PCI Xo

a a a

graduator a addition bi identity c inverse

Pi Epa If n y
Pitt ttto.la

Part il te il

need to prove isassociativity

epist a tips I Epist Ep

the É he's
bl identity Cx t t x

constant path on to

cg inverse Dp ans e D
need to show t to petty



exercise ep Ep Exo
exo Epl Ie
Ep Tex Ep

independence of representatives

Base point independence

suppose I path I x

no 2 gives an assignment

9 x
ms Cox

PERRYNo H L P J E T CX Y

claim this defines a grp homomorphism

812 TL CX Xo T lx X

812 T CX X TL X Xo

Claim 2121 inverse to text and
the ex 90
I To IX Xi



Q x is th tip

A If Te ex xo abelian yes
exercise

homotopy invariance

poop fag X y
tool yo
g it y

then

Tatts Ét.ci.gs
is commutative

Here a HI 4 4
fyfit Ep E T lx Xo

fix Y
Ap S X e Taxi Ifop GTi Y Yotop S X Y ethyl

similar for g
exercise check well definedness of fit ig



If want to show raft ga

p I 7 X with plot p 11 to

gal gag I x by a

y
tha pl rid top off

f
p I x

Ho PXIILig
I XI É XXI Y

fifty XI 117
4

txt KY
1 113

t p top Hop gop
Y

ftp.j Y I a homotopy

Efm
gop
afops



Cor I Y homotopy equivalence

Then fit T IX Telly is isomorphism

sea 7g sit got a idx
fog tidy

tidal ideal
tidy idtc.nl

Computation

Def If X we say X
is contractible

Ex IR

Using Cor D To 412 trivial gop

IT IS z

1 identify s with unit sphere EE

t ly eaint
To 1 S EE



n 1 G
n 2

n 1

a
Z 2 Ties

n t t ng eatin
t

claim i is a homomorphism

j Tails 2 2

É ÉLp
Claim given p I s with

plot p117 0

I lift 5 I 112 with

plot 0 Fit n for
some integer n



j p is play deg

claim n j is well defined

y joi id z D j smh

3 j is in i is bij

Application

D Brouwer fixed pt th'm

Any continuous map D D
has a fixed pt

Pf suppose f D D with no

fixed pt

F x É
get f D t s with

fist ids

ids s EM'D É S

Apply To



I

id lids Ties Its
a o z

contradiction

fundamental th'm of alg
fix n't can't can't in Cn

then fix has n roots in G

commiteplicity

Pf only need to show

fox has a root

Suppose find doesn't have any roots

S's a III s ee

ET 154 Z

YD
a

flify



D
si a É s

E
incl at ol

D I ET 15

deg O

s att s

a is large 911,7

deg i n

contradicts D



tenth
q exxy Tc X XT LY

sketch p I xxy
Px I xxY X

Py I x Y Y

TP H Ipx Cpy

Exes how is gip isomorphism

Ex I 17 T is XS 2 2

Q X VVV

know IT 141
T Iu

hefted

Thi LUAU
How to compute F x

A van Kampen them



Some category theory

Def Category
a category E is the following

data

D obj obe
a setof flaba be obe morph

with ida El la a

composition that is associative

eiaiblx ib.c I eia c

associative

Kogi oh folgohl
Big'anes

Ex Set Top Top Grp

D A group

G the cat associated to G
z

Q obj org

Did morph Glo o a



fundamental groupoid for X
TI x obj points in X

morph TIX IN Y
x Hanigana Djgroupoid X Y x

each morphism has an inverse

Functors

Def a functor F E D is

D a map F obesobD

E Eia.by Defeat Fab

Frida idea
respect composition

Fifi o fig F fog



natural
Def transformation F G ED

a natural transformation y F a
is the following

for t a e e there is a morph

ya Fiat A ra ED Sit

Fiat A Gray
Fifi f la if
Fabi

Yt_D

a claim a natural tone

4 H ex I D
St H lo F

ti la G

natural isomorphism
natural transformation t each ya is

an

amjsgit.tn t if
it is invertible



conti map functorwife I Etratiensamism
x FY homotopy eg if

ED equivalence if

I a p est
gy sxst.tg.FI

EEE
natural isomorph

X is path connectedP
then TI X F ex viewed as a rat

are equivalent

1112,31 Text
pfinite set saibi taking

skeleton I
TT txt me

colimit
D Ismaili category

E D D 3 t

49ps



F D e RanaCi Cy
is a diagram int

E
Def colimit

Colin F is
D Cee

F D conste

satisfying fort F D constia Pd
7 a

stingy const afaniversal property

g colin É
O a obj cel

for it a with

y

satisfying

Cite

wore on this e is Top
example

X C X2

I glue x

alongX



Thin Ivan Kampen

X path connected choose basept x

O a cover of X such that I is

closed under taking intersection of
finitely many elements in Oz meaning
i e O ta B I Ui E O ai cos

X all Ui are path connected
view O as a category a in this way

ob 0 ha 403
d anamorph Oca a

Usa

4 UKU
u

O A de dinar it this is an example

I
consider thefunctor

F O groupoids
Ui T t Cli

Then Tl X colin F

or written as coli'm TI call
O



this version of van Kampen
translate Tl to Tc using a

D
4 to write out formulas for

in the textbook colin in grp
chap 2 718 p Hatcher
Think about what Wikipedia
co limits are in cat of gas version

Pf to verify the universal property

TIM

Fy g a gpoidIt x ti A
4
want

on obj x ex also in U

i Fix
F'int determined

by Tin A



on morph D If a path in X
is entirely in
some a

Otherwise subdivide

U U By D we know

FYI how
Xo Sox

X D 72

are wrapped to A

Define F not x2

i Fix 4 o Fino Xi
Uz U

Chalk
D
everything well defined

uniqueness is clear

off


