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Today’s lecture is from



Ions set the equilibrium potentials



Zeroth order picture of a spike



Ion channel conductances depend on voltage

@steady state and I = 0:

�
𝑖𝑖=𝑖𝑖𝑖𝑖𝑖𝑖

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑔𝑔𝑖𝑖(𝑉𝑉 − 𝐸𝐸𝑖𝑖) = 0 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 =
∑𝑖𝑖 𝑔𝑔𝑖𝑖𝐸𝐸𝑖𝑖
∑𝑖𝑖 𝑔𝑔𝑖𝑖



Patch clamp protocols
Current clamp

I V

δI = 0

Voltage clamp

I
I < 0

δV = 0

A note on units:

[g] = Siemens (nS, pS) or S/cm2 or S/uF

Cm ~ 1 uF/cm2, always



Leak conductance

Assume EL ~ -70 mV



Cartoon of a sodium channel



𝑚𝑚
1 −𝑚𝑚

= 𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒
𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

𝑚𝑚 1 + 𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒
𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇 = 𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒

𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

𝑚𝑚 =
𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒

𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

1 + 𝐾𝐾𝑒𝑒𝑒𝑒𝑒𝑒
𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

×
𝐾𝐾𝑒𝑒𝑒𝑒−1𝑒𝑒

− 𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

𝐾𝐾𝑒𝑒𝑒𝑒−1𝑒𝑒
− 𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇

𝑚𝑚 =
1

1 + 𝐾𝐾𝑒𝑒𝑒𝑒−1𝑒𝑒
− 𝑞𝑞𝑞𝑞
𝑘𝑘𝐵𝐵𝑇𝑇 𝐾𝐾𝑒𝑒𝑒𝑒−1 = 𝑒𝑒

𝑞𝑞𝑉𝑉1/2
𝑘𝑘𝐵𝐵𝑇𝑇 𝑘𝑘 =

𝑘𝑘𝐵𝐵𝑇𝑇
𝑞𝑞

𝑚𝑚 =
1

1 + 𝑒𝑒(𝑉𝑉1/2−𝑉𝑉)/𝑘𝑘

What is the steady-state activation function of a voltage-gated ion channel?

closed open
+V

Define m = P(open)

Assuming +V favors open state

Define:



Simple single-channel model 



Phase diagram of simple model



Persistent sodium current model shows bistability



Saddle node bifurcation



Basins of attraction



Hysteresis



How does a tissue polarize?

Kir2.1 expression
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Bistability in HEK cells expressing Kir2.1
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K+
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Quadratic integrate and fire neuron



Classes of voltage-dependent behavior

This cartoon only models ion channel ‘steady-state’ behavior.  Over very short 
time channel activation kinetics are important.  Over very long times channel 
inactivation and recovery kinetics are important.



(More) realistic neuron model

Activates at 
positive 
voltages



Stable limit cycle



Analyzing stability around 2-D fixed points
Arbitrary 2-D vector-field



Linearized dynamics around a fixed point
Let:

The dynamics then become:

Let:

𝑼̇𝑼 = 𝑳𝑳𝑳𝑳

𝑼𝑼 𝒕𝒕 = 𝒆𝒆𝑳𝑳𝑳𝑳𝑼𝑼(𝟎𝟎)

So:

The solution is:

Define:

The qualitative dynamics 
depend on the eigenvalues of 
L:



Classification of equilibria



Types of fixed points



Include NaV channel inactivation

NaV Activation NaV Inactivation



Optical electrophysiology in 
engineered cells
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eLife, 10.7554/eLife.15202, (2016)

NaV 1.3, 1.5, 1.7, 1.9

Hongkang Zhang Kit Werley



Recall for a two-state system:

A B
kf

kb

𝑃𝑃𝐵𝐵 =
𝑘𝑘𝑓𝑓

𝑘𝑘𝑓𝑓 + 𝑘𝑘𝑏𝑏
𝜏𝜏 =

1
𝑘𝑘𝑓𝑓 + 𝑘𝑘𝑏𝑏

Equilibrium probability 
of being in state B

Relaxation time 
constant

𝑘𝑘𝑓𝑓 = 𝑘𝑘𝑓𝑓0𝑒𝑒
𝛼𝛼𝑞𝑞 𝑉𝑉−𝑉𝑉1/2

𝑘𝑘𝐵𝐵𝑇𝑇

kf and kb depend on voltage:

𝑘𝑘𝑏𝑏 = 𝑘𝑘𝑏𝑏0𝑒𝑒
−

(1−𝛼𝛼)𝑞𝑞 𝑉𝑉−𝑉𝑉1/2
𝑘𝑘𝐵𝐵𝑇𝑇

A B

α 1−α

qV

qαV

Ion channel dynamics described by two-state gates



HH Equations



Spatial structure of membrane voltage

Rall, Wilfrid. "Branching 
dendritic trees and motoneuron 
membrane 
resistivity." Experimental 
neurology 1.5 (1959): 491-527.

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC1302937/



Cable equation for a membrane tube
Material properties:

Constitutive relations:

Conservation of charge

Cable equation

Dimensionless

𝜆𝜆 =
𝑅𝑅𝑚𝑚
𝜌𝜌𝑙𝑙

𝑎𝑎
2



Propagation of APs



https://www.nature.com/articles/nn.4157#ref-CR7



https://www.quantamagazine.org/how-computationally-complex-is-a-single-neuron-20210902/






Spiking HEK cells as an excitable medium

Phys. Rev., X 6, 031001 (2016)

NaV1.5

Na+

Kir2.1

K+

NaV1.5

Na+

Kir2.1

K+

Cxn

CheRiff

1 mm

BeRST 1
CheRiff



Electrical waves can be patterned…
By cell growth Or by light

Phys. Rev., X 6, 031001 (2016)

Harry 
McNamara
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