Computing Taylor Series

Lecture Notes

As we have seen, many different functions canXpeessed as power series. However, we
do not yet have an explanation for some of ouesd.g. the series fef sinx ,andsz ), and
we do not have a general formula for finding Tayeries. In this section we will learn how to
find a Taylor series for virtually any function.

The Taylor Series Formula

A general power series can be expressed as
f(iﬂ) =c¢ + ar + 02x2 + 03563 + c4gg4 + -

wherecy, ¢, co,... are constants. As with a polynomial, wermftlon't bother to write terms
that have a coefficient ¢f , but we can imagind thaery power series has every one of these
terms.

The first term of a power series is called toastant term. The constant term is what you
get when you substitute in= 0 For example, if

f(z) = 3 4 5z + T2* + 92° + 112* + -+,
then the constant term ¢fz) 3s , so
f0O)=3+04+04+0+0+ - = 3.

The second term of a power series is calleditigar term or x term, and has the form z
for some coefficient; . You can obtain the coeéfidic; by taking thelerivative of the series
and then substituting = 0 For instance, if

f(x) = 3 + 5z + 72 + 92° + 11z* + -
then
flx) =5+ o + 272% + 44a® + -+,

so f'(0) =5. As you can see, the coefficientzof fifx) B ame as the constant term of
f'(z), and is therefore equal §8(0)

In general, taking the derivative of a power sefigemotes” each of the coefficients by one
step:



flz)y = 3 + 5z + T2* + 92° 4.
1 1 1
fl(x) = 5 4+ ldx + 272* 4.

The coefficient ofr becomes the constant term,dbefficient of 2> becomes the coefficient
of z (and is multiplied by2 ), the coefficient aff dmmes the coefficient of? (and is
multiplied by3), and so forth.

The following formula relates the coefficients af power series to the values of the
derivatives ad :

FORMULA FOR THE COEFFICIENTS

Let f(z) = ) _c,z” be a power series. Then:
n=0

wheref(" denotes the th derivativefof

The following calculation illustrates this pattern:

If f(z) = co + ax + cox? 4+ esxd + et 4+ e + o,

then f'(z) = c1 + 2 + 3csx? + degx® + Beszt + -,

f'(x) = %y + 6esz + 12¢022 + 20652 + -+,

fO(x) = 6c3 + 24cqw + 60czz® + -,

fO(x) = ¢y + 120cs2 + -+,

[Pz) = 120¢5 + -,

As you can see, the constant termf6f (z) is alwaysalegqu! multiplied byc, :
F(0) = nle,

This explains the formula for the coefficients givabove.

The formula above can be used to find a Tayldesdor virtually any function. In general,
a function is callednalytic if it can somehow be represented by a power seMgsst functions
defined by a formula are analytic, and we now krfmaw to find the Taylor series for any
analytic function:



TAYLOR SERIES FORMULA
Let f(z) be any function, and suppose tfiat) is analyfioen

o) = 31

n=0

(n)

" (3) (n)
= 1)+ po)r+ TV L0y SO0y

EXAMPLE 1 Assuming that” is analytic, find the Taylor seffiese”.
SOLUTION Let f(z) = ¢e". Thenf'(z) =¢" f"(x) = ¢” , and so on, so
fO)=1, f(0)=1, f"(0)=1,

We conclude that

1 1 1 1
—i—x—i—;m —i-gw +4 T

EXAMPLE 2 Assuming thasinz is analytic, find the Taylor seffies sinz.

SOLUTION Let f(x) = sinz. Here are the first seven derivatives:

f(x) = sinx o) f(0) = sin0 = 0
f'(z) = cosz ) f(0) = co® = 1
f'(z) = —sinz SO f'(0) = —sin0 = 0
fO(z) = —cosz  so  fO0) = —co® = —1
fW(z) = sinz so fWO)= sn0= 0
fO(z) = cosz so  f90) = cod = 1
fOz) = —sinz so  fO@0) = —sin0 = 0
fO) = —cosz  so  fD(0) = —co® = —1

This pattern will continue to repeat. Therefohe Taylor series fainz is:

e — 0 4 1 0 ~1 0 1 0 -1 .
Sinxy = —|—x+§x+3x+4x +Eﬂs+§x+ﬁx+
L 3 L 5 L 7

= — 72 + =2 — Zx + -




Don't forget that there are other ways to find Tlag/lor series for a function. You only need to
use the formula if no other method is available:

EXAMPLE 3 Find the Taylor series faan!(z?)

SOLUTION There is no need to use the Taylor series formatae.h We can obtain a power
series fotan!(z?) by plugging? into the Taylor seriestor ! (z):

—12_2_16 110_114
tan (x) == 33: +53: 73: + [ |
EXAMPLE 4 Find the Taylor series fof(z) = ! 5
(1+2)
1
SOLUTION: = SO 0) = 1
f(z) RESE f(0)
fll@) = —2(1+2)7° SO flo)y = -2
f'(x) = 6(1+2)" so  f'(0) = 6
@) = =240 +2)°  so  fO0) = —24

fP) = 120014+2)°  so  fP0) = 120

Therefore,
T L TR TR TR
=1 - 2z + 32 — 42° + 5% — .. |

In the following example, it is somewhat complichte find a pattern in the coefficients, making
it difficult to find more than the first few terms:

EXAMPLE 5 Find the first three terms of the Taylor seriesfor) = /1 + x.
SOLUTION fla) = 1+2)? so  f(0) = 1
) = 0+ so o f(0) =

fr@) = =30+ so () = -



Therefore, the first three terms of the Tayloreefory/1 + = are:

"0 1 —1/4
f(0) + f'(0)x + f—()x2 =1+ -z + —/:c2
2! 2 2
— 1 Lo
=1+ 236 896 |

Be aware that many functions still cannot be exg@dsas power series using this formula. For
example, the functiof(z) = 1/x has no Taylor series, sif(€g is undefined. In general, any
function for whichf™ (0) is undefined for some  will f& be analytic.

General Taylor Series

So far, we have only been dealing with power sergggered at = 0 :

o0
E " = ¢y + x4+ ez + -

n=0

Such a series tends to converge when is clo8eatod diverge whem is far away fram
A more general form for a power series is:

o0
flz) = ch(az—a)” = ¢+ ez —a) + ez —a) + -
n=0
This is called a power seriesntered at x =a . The advantagéisfderies is that it tends to
converge wher is close @0
For a power series centeredrat a , the formulahfer.th coefficient is

_ ")

n!

GENERAL TAYLOR SERIES
Let f(z) be a function, and suppose tliat is analytica a. Then:

o £(n) (g
f@) = Y80 ay

= fla) + f(a) (@ —a) + m—(z —a)’ +

The formula above uses the phrase “analyticata  hiclwmeans thaf can be expressed as a
power series centeredat a



EXAMPLE 6 Find the Taylor series fof(z) = 1/2®> centeredrat 1
SOLUTION We have:

flx) = 1/2° so f(1) = 1

fl(z) = —227° SO () = -2

f"(xz) = 6274 SO f'(1y = 6

f(g)(ac) = —24z7° SO f(S)(1> =—24

fW(x) = 120276 so  fW(1) = 120

Therefore,
1 6 —24 120
S =1+ 2-1) + a(x—n? + ?(x—m T(;c—1)4 +
=1-22z-1) + 3(x-1)° — 4z—-1)" + 5(z-1)" — |

It is also possible to obtain a Taylor series cet@ts = ¢ using substitution. For example, we
know the formula

Plugging inx — 1 forr gives the Taylor seriesforr @mtdatz =1 :

Iz = (@—1) ~ 31" + 31" — ;@D + -1 - -

Note thatnz does not have a Taylor series centdred=a0, sinceln(0) is undefined.



EXERCISES

1. Letf(z) =¥

(@) Findf(0).f'(0) .f"(0) , ang®(0) .
(b) What is the general formula fgf” (0) 2 9. f(x) =e™

(c) Use your answer from part (b) to find the Taderies 11. f(z) = In(z + ¢)

9-14 = Find the Taylor series fof(x) without using the Taylo
series formula. Express your answer using summatibation.

10. f(z) = 2°

12. f(x) = siré(z)

for 32,
13. f(z) = 2’sin(2 14. f(x) = / e
Letf(z) = ——. f(z) = a’sin(2z) f@)= [ e
14z
i / 1" 3 4 5
(2) Find/(0).f'(0) ,f"(0) J(0) /OO . and®(0) - 15-18 = Find the first three terms of the Taylor series for)
(b) Whatis the general formula fgf”) (0) 2 centered at the given valueof .

(c) Use ylour answer from part (b) to find the Tayderies 15. f(z) = \/} 0= 25

for

1+z
17. f(z) =tan'z, a=1

16. f(z) = /z, a=8

18. f(z) = tanz, a= %

. . 2
. Find the Taylor series fof(x) = s )3 Express your
T
answer using summation notation. 19-26 = Find the Taylor series fof(z) centered at the given
value ofa .
6

. Find the Taylor series fof(x) = Express your

(1—a2)" 19. f(z)=€", a=3
answer using summation notation.

21. f(z) =sinz, a=—=
. Find the first four terms of the Taylor series {#1 + =.
23. f(z) =2, a=2
. Find the first four terms of the Taylor series {gz + 4.

| | 5 f@) =, a=1
. Use the Taylor series formula to find the Taykmries x

for cosz.

. Use the Taylor series formula to find the Taykmries
forin(1 + z).

20. f(z) =¢€*, a=5
22. f(x) = cosr, a:g
24. f(x) = (x—5)*, a=5

26. f(a:):é, a=—7



