Subject Code: 35 (NS)
MATHEMATICS
(English Version)
Instructions:
1. The question paper has five parts namely A, B, C, D, and E. Answer all the parts.

2. Use the Graph Sheet for the question on Linear Programming Problem on Part -E.

PART - A
Answer all the ten questions:
1) Define Binary Operation. 1x10=10
Sol.
A binary operation * on a set A is a function *:  Ax A— A We denote * (a,b)
By a *b.

1
2) Find the principal value of cos™ (—Ej

Sol.
Simplify the expression,
L4 1 T 27
T—COS | —=|=m——=—.
2 3 3
3) Define a scalar matrix.
Sol.

Scalar matrix — Scalar matrix is a diagonal matrix in which all the diagonal elements
are equal.

3
4) Find a value of X for which

Sol
Simplify the expression,

3 X
X 1

B2
14 1



3-x*=3-8=x*=8

X:iZ\/E

5) I y=sin(x’ +5)then find g_y
X

Sol.
Simplify the expression,
ﬂsin(xz +5)
dx
= cos(x* +5)(2x)

6) Find [(1-x)vx.dx

Sol.
Simplify the expression,

I(l— x)ﬁ.dx = I(l— x)(x)“2 dx

2 2
_ L3z _Eysi2 o

3
7) Find a value of x for which x(i + j+K) is a unit vector.

Sol.
Simplify the expression,

x(f+ i+l€)

8) If aline has direction ratios 2, -1,-2 then determine its direction cosines.

Sol.

Simplify the expression,

The direction cosines are 3,__1,__2 :
3 3 3



9) Define objective function in Linear Programming Problem.
Sol.

A linear function z = ax+by, where a ,b are constants which can be optimized
(maximized ) in an LPP, is called objective function.

10)If P(E)=0.6, P(F)=0.3 and P(ENF)=0.2 thenfind P(F/E).

Sol.

Simplify the expression,

P(F/E):—P(EmF) _02
P(E) 06
P(F/E)=0.34
PART-B
Answer any ten questions: (10x2=20)

11) Show that the function f :N — N given by f(Xx)=2xone-one not onto.

Sol.

Simplify the expression,

Let X, X,eN,

(x)=f(x)=2x =2x,
, = 2% = 2X,
, ..Tisone-one

Let yeN and f(X)=y Then

f(x)=y=2x=y=x= % ¢ N (Domain) since f is not onto.

12) Prove that sin™* x+cos™ x = % x e[-11].

Sol.

Prove the expression,

Let sin"x=y



Then x=siny

cos (Z - yj
2

1 T
costx==-vy;
2
. _ T
sin X +cos 1:5

1 T
Ccos X+y:E

1
x? -1

13. Write cos‘l[ J x >1 in the simplest form.

Sol.
Simplify the expression,

Put x=sex@d

cot™ 1 =cot™ , | I
X2 -1 sec’ -1

cot™

tan® @

=cot™ (ﬁj =cot ' (cotf) =0 =sec™ x.
an

14. Find the area of the triangle with vertices (2,7), (1,1) and (10,8) using determinant
method.

Sol.
Simplify the expression,
Area of triangle =

2 7 1
-1 1
10 8



:%[2(1—8)—7(1—10)+(8—10)]

- E[_14 +63-2]= 47 sg.units
2 2

. dy - COS X
15. Find =, if y=(I
ind =, if y (log x)

Sol.

Simplify the expression,

y= (lOg X)cosx

log y = cos x.log (log x)

= %% =C0S x%(log (log x))%(cos X)
COS X

= —log(log x)sin x
xlog x

@ _ y| =X _og(log x)sin x ;d—y(log X) X _log (log x)sin x
dx xlog x

dx xlog x

16. if ax’ +by* =cosy
Sol.
Simplify the expression,
ax’ +by® =cosy
Differentiating w.r. to x

dy

a+2by.— dy
dx

=—(siny) »

. dy dy —a
— 2b 2 —_ag- -2 —
( Y +SIn y)dx a

"dx  2by+siny



17. Find the approximate change in the value V of a cube of side x meters caused by
increasing side by 2%.

Sol.
Simplify the expression,
V=x
oV =3x?x0.02x =0.06x°m?

) 1
18. Find | Sax
cos® x(1—tan x)
Sol.

Simplify the expression,

_I Sec’x
1 tan? x

1-tanx=t = sec’dx=—dt
Put 1 1 1

= [ (dt) == re

1-tanx

19. Find J.sin 2X.COX3xdX.

Sol.

Simplify the expression,

Isin 2X.cox3xdx.

:%j(sinSX—sin x)dx:%[cosx—cossx}m



20. Find the order and degree (if defined) of the differential equation

2 2
d—g +CO0S (ﬂj =0
dx dx

Sol.
2 2
d—g +COS (%j =0
dx dx

Order =2, Degree is not defined.

21. If (a+b).(a—b)=8 and |a| = 8|o|
Sol.
Simplify the expression,

(a+b).(a-b)-8=dJ5| -8

_2 8 8 22
Bl =55= Vo3 = 7o

22. Find the projection of the vector.
Sol.

Simplify the expression,
a=2i+3j+k,b=i+2]+k

@_ (2f+3j+2|2) ~ 2+6+2
‘5‘ V12 +22 417 J6

_10 106 _5V6
J6 6 3

Projection of a on p is



23. Find the distance of the point (3,-2,1) from the plane 2x—y+2z+3=0

Sol.

Simplify the expression,

The distance of point (3,-2,1) from the plane 2x—y+2z+3=0
ax, +by, +cz,
Ja?+b® +c?
_‘2.3—(—2)+2(1)+3|
IR

13

3

24. Probability of solving specific problem independently by A and B are %2 and 1/3
respectively. If both try to solve the problem independently. Find the probability that the
problem is solved.

Sol.
Let E: A solves the problem
F: B Solves the problem

E and F are independent events, then

P(EorF)zP(EuF)zP(E)+P(F)—P(EmF)=%+ ______ %



PART -C

Answer any ten questions: (10x3=30)

25. Check whether the relation R in IR of real numbers defined by R={(a,b):a<b’}is
reflexive or transitive.

Sol.

R={(ab):a<b’}

R is not reflexive, f El%R'E;«tls
Is not reflexive, for | 5.~ 5% 3

R is not symmetric, for (a,b)e R, but (a,c) ¢ R
(ab)=(L2)eR(~1<2°)
But (b,a)=(21)¢R(-.1£7°)
R is not transitive, for (a,b)eRand (b,c)eR, but (a,c)eR

(a,b)=(9,3)eR(.9<3°)
(b.c)=(3,2)e(..3<2°)

But (a,c)=(9,2)#R(-.9 £ 2°)

26. Prove that cos™ (ﬂj +cos™t (Ej =cos™t (ﬁ}
' 5 13 65

Sol.
Prove the expression,

We know that,

tan~™ (x+y)= [uj

1-xy



—tanl( 3/4+5/12 j
1-3/4x5/12

=tan! (5—6] =cos™ (ﬁ]
33 65

27 By using elementary transformations, find the inverse of the matrix A:{

Sol.

Simplify the matrix expression,

A=IA
F 2}=[1 OJA "R, —>R,-2R
05| (-2 1 o
1 2 1 0
:[0 J:g 1 A R,>=R,
5

1 2
.'.A’lg E

2 1

5 5

. d 0
28. If x=a(@+sind), y=a(l-cosd) then Show that %ztan (—j

Sol.
X =a(f+sinf)= g—)‘;a(hcosa) =2acos’ 0 /2

Y :a(l—cose):%:a(siné?):2asin¢9/2cosé?/2

_. dy dx_2asing/2cos6/2
" de deo 2c0s’6/2

=tan@/?2

> )

1 2
2 -1

10



29. Verify Rolle’s for the function f (X) =x*+2x-8, X e [—4, 2].

Sol.
f (x)=x*+2x-8 is continous in [4,2]
f'(x)=2x+2= f(x) is differential in [—4,2]
f(a)=f(-4)=0;f(b)="f(2)=0
Conditions of Rolle’s Theorem are satisfied.
f'(c)=0=2c+2
c=—le(-4,2)

Now

30. Find the intervals in which the function f given by f (x)=2x°-3x*-36x+7 is strictly
increasing.

Sol.
f(x)=2x*—3x* -36x+7
f'(x) =6x" —6x—36=6(x" —x-6)
=6(x+2)(x—3)=6(x—(-2))(x-3)=>x=-23
f(x) is strictly increasing = f(x) >0
X €(-0,-2)U(3,+»)

31. Find Ix.log xdx.

Sol.

Simplify the expression,

2 2

x> 1 x? x> X
| = j(loge x) xdx. = (log, x)?—j;.?dx = (log X)7_T+C

1., x> x* 1
IZJ.(IOge X)d(EX ].=(|OgeX)?— ?;dx
X?  X?
:(IogeX)T—T‘l‘C

11



7l2

32. Evaluate: | >n>
o 1+C0s” X

dx.

Sol.
Simplify the expression,

[ ”J’.2 sin x ”J’-2 —d (cos x) ”J’-Zd(cosx)
1+ cos? x 1+ cos? x 1+ cos® X

— [—tan‘1 (cos x)}z ? - _tan™ [COSEJ +tan™ (cos(O)) =0 +% = %

33. Find the area of the region bounded by the curve y2 =4Xand the line X=3.
Sol.

Figure

Required area,

A= 2j;ydx = 2E2x1’2dx = 4><§(X3’2)Z

- %(33’2) = 8/3sq.units

34. Form the differential equation of the family of curves Y = ae®™ +he ™ by eliminating
arbitrary constants a and b.

Sol.
y=ae¥ +be™ -(1)
Multiplying both sides by e*
ye”* =ae™ +b
Diff. w.r.t x we get,
ye™ (2)+e™ (y')=ae™(5)

Multiplying both sides by e

12



2ye? g™ +y'e?e™™ =5ae”e™

2ye > +y'e™ =5a

2ye(=3)+2e (y')+ y'(e‘3X )(y) =0
e ¥ (-6y+2y'-3y'+y")=0
Sy'—-y'-6y=0

35. Find a unit vector perpendicular to each of the vector (é+ 6) and (é— 6) where
a=i+j+k b=i+2]+3k,
Sol

a+b=(234)a-b=(0,-1-2)

Required unit vectors perpendicular to both (5 + 6) and (5 - 5) are

GG
‘(a+b)x(a—b)
j k
(é+6)x(5—6)=2 3 4|==2i+4j-2k
1-2
‘(5+5)x(5—5) = \/(—2)2 + 47 +(—2)2 =J24 =26

36 Show that the four points with position vectors;

4 +8]+12k, 21 +4] +6k,31 +5] +4k and 51 +8]+5k are coplanar.
Sol.

13



AB =0B-0A=(2,4,6)—(4,812)=(-2,-4,-6)
AC =0C - OB =(3,5,4)—(4,8,12) = (-1,-3,-8)
AD =0D-0A=(5,8,5)~(4,8,12)=(1,0,-7)
~2-4 -6
E(A—Cxﬁ) :[E,A—Cxﬁ] =|-1, -3 -8
1 0 -7
= (-2)(21)+ 4(15)-6(0+3) =0
=-42+60-18=0 The points are coplanar

37. Find the vector equation of the plane passing through the points R(2,5,-3), S(-2,-3,5)
and T(5,3,-3).

Sol.

Required equation of the plane is
[~ b-a c-a]=0
(r-a).(6-a)x(c-a)=0
i j k
(b-a)x(c—a)=|4 -8 8|=16i+24]+32k = (16,24,32)
320

(r-(2,5.-3)).(16,24,32) =0
r.(16i + 24 j + 32k ) = 56
r(2i+3j+4k)=7

38. An insurance company insured 2000 scooter drivers, 4000 car drivers and 6000 truck
drivers. The probability of an accident is 0.01,0.03 and 0.15 respectively. One of the insured
persons meets with an accident. What is the probability that he is a scooter driver?

Sol.

Let A be the event that one of the insured persons meets with an accident.

Total =2000+ 4000 + 6000 =12000

Let E,,E,, E; be the events that the insured scooter, car and truck drivers meet with an
accident respectively.

14



2000 1. 4000 1. 6000 1

(B)=1000 = 5" P (E2) = 12000 = 3° P (E:) = o000 = 2
P(El)P(A|E2)
P(El)P(A|El)+P(E2)P(A|E2)+P(E3)P(A|E3)

P(E /A)=

1 x0.01
6

1><O.Ol+}><0.03+1><0.15
6 3 2

PART-D

Answer any six questions: (6 x 5=30)

39. Let f;N — Y be a function defined as f (x)=4x+3, where
y={y e N:y=4x+3 for some x € N}.Show that f is invertible. Find the inverse of f.

Sol.

Let X1’X21X1 Now, f(Xl): f(XZ)
= 4X, +3=4X,+3=4X, =4X, = X, =X, fisone-one

yeNandf(x)=y
4x+3=y=>4x=y-3

Let X=Y_3

e N (domain) - fisonto
Letf(y)=X=Y =f(X)

Y -3 Y -3
Y=4X+3=> X =—; f'(y)=——
+3=> 2 (y) 2

15



1 2 3
40 If A=3, -2 1 then show that A® —23A - 40l

4 2 1
Sol:
Prove the expression,
1 2 3
A=|3, -2
4 2
1 2 3 1 2 3 19 4 8
A’ =AxA[B, -2 1A=]3, -2 1=A=[1, 12 8
4 2 1 4 2 1 14 6 15

1 2 3|19 4 8 63 46 69
A'=AxA=[3, -2 11, 12 8|=69 -6 23
4 2 114 o6 15 1[92 46 63

63 46 69 1 2 3 1 0 0 |0

A -23A-401 =69 -6 23|-23]3, -2 1-40/0, 1 0|=|0,

92 46 63 4 2 1 0 O 0

41. Solve the following system of linear equation by matrix method.

3x—2y+3z2=8
2Xx+y—-z=1
4x-3y+2z=4

Sol:
Let A

16



3 -2 3 X 8
2 1 -1,X=|Y |andB=|1

4 -3 2 Z 4
|A|=3(2-3)+2(4+4)+3(-6-4)=-17
-1 -8 10 -1 5 -1
Co - factor matrixof A=|-5 -6 1 ~Adj(A)=|8 -6 9
-1 9 7 -10 1 7
X = A'B, where, A™ = Adi(A)
A
1 5 -8 -8 (-5) (-4)|
A‘1=I—71:- 6 91 =I—71-64 (-6) 36|=|2|=X=1Y=22=3
-10 1 7| 4 80 + 1 + 28 3

2
42.1f Y =sin"" X, show that (1— xz)d—y— X(QJ =13,

dx? dx
Sol.
y—sin’lx:>ﬂ= 1
dx  J1-x?
1(-2 2
-1 S h-$ dg’ ay (- X) d y VLN

17



43. The length x of a rectangle is decreasing at the rate of 3 cm/min and the width y is
increasing at the of 2 cm/min. when X=10 cm and y=6cm, find the rates of change of

1) The perimeter and
ii) The area of the rectangle.

Sol.

d_y =-3cm/min and d_y =2cm/ min
dx dx

(i) The perimeter P=2(x + y)
dp _ 2(dx dyj
dt dt dt
=2(-3+2)=-2cm/min

(i) The area A of the rectangle A=x.y

z—?:x gy yg—y_lo(Z) (6)(-3) = 2cm* / min

44. Find the integral of

With respect to x and hence evaluate J - £
X* —a x* —

Sol.
1 1

x*—a® (x+a)(x-a)

%ﬁxxlal{((xxfaﬂ:iﬁxiaﬂxia)}

1 d d .
—'[X —a? _|:J‘Xzi4_J-X_Xa]:—[|Og|X 8.| |Og|X+a|]+c—£|og

—a
X+a

+C

:I dx :j dx =1Iog X—4
x? 16 x2—4> 8 “°|x

+4

+C

18



45. Using the method of integration, find the smaller area enclosed by the circle X + y2 =4

and theline x+y=2.

Sol.
x> +y? =4= yJ4-x°
X+y=2=y=2-X

Required area =

jﬂ—(Z—x)dx

0

2
= {5\/4— X +gsin‘1— 2x+%}
=[0+2sin™-4+2]-[0]

= 2(%] —2=(z—2)sq.units

2

N

0

46. Find the general solution of the differential equation

dy T
— +(secx)y =tanx 0<x<—
dx+( )y ( <2j

Sol.

- d
Given, d_y +ysecx=tanx = P =secxQ=tanx
X

pdx sec xdx log, (sec x+tan x
J. = eJ. = e ge( )

IL.LF=e =Sec X+ tan X

The general solution is
y(1.F)=[Q(I.F)ix+c
y(secx+tanx) = Itan X(secx +tan x)dx +c

= J'tan xsec xdx +Itan2xdx +C=>Secx+ J'(sec2 x—1)dx +C

= y(secx+tanx)=secx+tanx—x+¢

19



47. Derive the equation of a line in space passing through a given point and parallel to a
given vector in both vector and Cartesian form.

Sol.
Let ‘I’ be the line which passes through the point A and is parallel to given vector b
Let rbe the position vector of any arbitrary point P on the line ‘I’
Then AP is parallel to b
That AP = Ab where A is some real number
AP =0A= b
r =a-+ Ab is the vector form.
Let A(X,,Y,,2 )be the given point and (X, Y, Z) be the arbitrary point on the line.
Let a,b,c be the direction ratios of b
OA=a=xi+Yy,j+zk
OP=r=xi +Yyj+1zk
and b =ai +bj+ck
Substitute these values in vector equation
We get Xi +Yj+2K =xi +Y,]+2k
Equating the coefficients of |1 jk
We get X=X =43, xi+y,j+zk , Y-y, =Abz-z=1c

By eliminating A we get Cartesian form equation of the line.

X=X _y-y, _z-2

a b c

20



48. Five cards are drawn successively with replacement from a well shuffled deck of 52
cards. What is the probability that

i) All the five cards are spades?
ii) Only three cards are spades?
iii) None is a spade?
Sol.
Let ‘X’ denote the number of spade cards among the 5 cards drawn.
In a well shuffled deck of 52 cards, there are 13 spade cards.
P=p (success) = P ( a spade card drawn)
;—i =% and qzl-% = % and n=5

P(X=r)="C,P'q"", wherer=0, 1, 2345

LRt )

0] P (all the five cards are spades)

s psgo (L) L
P(X :5): C5P = Z :ﬁ

(ii) P (only 3 cards are spades ) = P (X=3)

s pd 2_5x4x3(1j3(3j2_ 60 3 90 _ 45
P°" = ~l5] = Xo= =
3t \4)\4) 1x2x3" 4 1024 512

(iii) P (noneisaspade) =P (X=0)

:5Co PO 5 :(§j2 __ 243

4 1024

21



PART - E

Answer any one question: 10x1=10
T F cos®

49. a) Prove that jf (x)dx =_[ f (a—x)dx and hence evaluate J'—dx
0 0 sin® x + cos® x

Sol.

Prove the expression,

Consider
=I f (x)dx

put a—X=t

dx =—dt. when x=0, t=a and when x=a, t=0

Let o SIN°X+coS® X

| T cos® x

0 sin® (” - xj +cos° (ﬂ - xj
2 2

”f sin® x

cos® X +sin® X

dx

Equation (i) and (ii)

ol _”fsin5x+cos5x w2

T T
— —dx = jdx=— Sl==
5 SIN® X +¢0s”> X 5 2 4



l+a 1 1 L 11
b) Show that [1 1+b 1 =abc(1+—+6+—j
a c

1 1 1+c

Sol.

1] |a R =R —R
A=l 1+b 1|=0 b - o
R2:R2_R3

50. a) Minimize and Maximise z = 5x +10y

Subject to constraints:

X+2y <120

X+Yy =60

X—2y=>0

x>0 andy>0

By graphical method.
Sol.

Solution lies in region CEDA

SI.LNo | Corner point | Value of Z =5x +10y
1 C(60,0) 300 <— minimum

2 E(40,20) 400

3 D(60,30) 600 «— maximum

4 A (120,0) 600 «— maximum

Minimum value of Z is 300 which occurs at (60,0) and maximum value of Z is 600 which

Occurs at all point on the line segment joining the point A ( 120,0) and D (60,30).



b) Find the value of K , if f(X)

kx +1, if x<5
is continous at x=5
3x-5. ifx>5

Sol. Given function is continuous atx=5 and f (5) =5k +1,

lim f (x) = f(5)=1lim f (%)

X—5 X—5
:5k+1=(3x5)—5
=5k+1=10
=5k=9
:k:g

5

24





