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Framework

P(1) = X! ,A'A; a regular matrix polynomial (A; € C™")

PEP (P(A)x =0 = y*P(1)) solved by linearization.
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((-)B means block-transposition).
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A At Az - Ao
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((-)B means block-transposition).

New family of (companion) linearizations: Fiedler companion pencils
([Antoniou&Vologiannidis’04], [D., Dopico&Mackey'10]&['12], based on [Fiedler03] for scalar
polynomials) ~~ many interesting features.
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Framework
Goal

P(1) = X! ,A'A; a regular matrix polynomial (A; € C™")
PEP (P(A)x =0 = y*P(1)) solved by linearization.

Classical linearizations: First and second Frobenius companion forms:

A At Az - Ao
cay=a| b 4| O 0| Gay=c@)P
n o 5o

((-)B means block-transposition).

New family of (companion) linearizations: Fiedler companion pencils
([Antoniou&Vologiannidis’04], [D., Dopico&Mackey'10]&['12], based on [Fiedler03] for scalar
polynomials) ~~ many interesting features.

Analyze the numerical behavior of Fiedler linearizations (b’err and
conditioning).
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Backward error of eigenpairs

l
Backward error of an approximated eigenpair (aP=Y AA)
i=0

Right:  np(4,x) :=min{e: (P(Ag)+AP(A9))x =0, ||AAjll2 < €||Ajll2, i=0: ¢},
Left:  n1p(2,y) := min{e : y*(P(Ao) + AP(A0)) =0, | DAz < e Az, i=0: ().
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Backward error of eigenpairs

l
Backward error of an approximated eigenpair (aP=Y AA)
i=0

Right:  1p(4,x) :=min{e : (P(do) +AP(A))x =0, |AA 2 < e|[Ailla, i=0: 4},
Left:  np(A,y) :=min{e: y*(P(Ao)+AP(A)) =0, |AAll2 < & Allz, i=0:(}.
Practical formulas [Tisseur00]:

1Pz
0ol [All2) ]2

' PMlle
/ol Al2) ¥ ll2

nP(A»X): ( ) nP(laY): (
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(A, x),(A,y) right/left eigenpairs of P
(A, v),(A,w) corresponding right/left eigenpairs of a Fiedler linearization Fs
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Backward error of eigenpairs

l
Backward error of an approximated eigenpair (aP=Y AA)
i=0

Right:  1p(4,x) :=min{e : (P(do) +AP(A))x =0, |AA 2 < e|[Ailla, i=0: 4},
Left:  np(A,y) :=min{e: y*(P(Ao)+AP(A)) =0, |AAll2 < & Allz, i=0:(}.
Practical formulas [Tisseur00]:

1Pz
0ol [All2) ]2

' PMlle
/ol Al2) ¥ ll2

nP(A»X): ( ) nP(LY): (

(A, x),(A,y) right/left eigenpairs of P
(A, v),(A,w) corresponding right/left eigenpairs of a Fiedler linearization Fs

We want to compare np(4,x),np(A,y) with ng, (4, v),nF, (1, w) (resp.)
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Framework

Condition number of eigenvalues

4
Condition number of a (simple) eigenvalue: (aP=Y AA)
i=0
|AA] .
kp(4) = lim sup{ R S(PA+AL)+APA+AR))(v+Av) =0, |AAl2 <e||Aill, i=0:¢}.
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Condition number of eigenvalues

4
Condition number of a (simple) eigenvalue: (aP=Y AA)
i=0

AL .
(;L)_nmsup{| I/’lll (P(A+ A1)+ AP(A+AL))(v+Av) =0, |AAl2 <el|Aill2, i=0:}.

Practical formulas [Tisseur00]:

K A)IA;
kp(1) = ZELEIAL2 1 |y .
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Condition number of eigenvalues

4
Condition number of a (simple) eigenvalue: (aP=Y AA)
i=0
|aA] .
kp(4) = lim sup{ R S(PA+D2)+ AP+ AL))(v+Av) =0, [|AA2 <e|lAjll2, i=0:0}.

Practical formulas [Tisseur00]:

K A)IA;
kp(1) = ZELEIAL2 1 |y .

We want to compare xp(4) and g, (4).
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Framework

Fiedler pencils: Definition

MO :diag(l,,(g,”,—Ao), Mg :diag(Af,l([,U,,)
Inge—j—1)
A
—Ih 0 ’
Ing-1)

M; = forj=1,...,0—1.
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Framework

Fiedler pencils: Definition

Mo = diag(lne—1),—Ao), My =diag(As, [y—1)n)
In(e—j-1)

A - .
o y n - _
M; = 0 , forj=1,....0—1.

In—1)
Leto:{0,1,....,—1} = {1,...,£} be a bijection. Then:
FO-(A.)Z:AM[*MG 1(1)M 1((;).

(o2
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Fiedler pencils: Definition

Mo = diag(lne—1),—Ao), My =diag(As, [y—1)n)
In(e—j-1)
—I

A .
o Y — _
M; A 0 , forj=1,....0—1.

Ing-1)
Leto:{0,1,....,—1} = {1,...,£} be a bijection. Then:
FG(A)ZAM[*MG 1(1)"M 1(1/):A/M€7M0-.

o

Example: C1 (l) = )uM[— Mg,1 M1 M07 Cg(ﬁ,) = ),Mg— MOM1 ~~-Mg,1,

Ag A[_-I A[—Z o _In

_ B / 5, 0 - 0
Fi(A)=AM;—M;_1--- MaMoMy = A n + 0t
In 0 A, O
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Fiedler pencils: Basic properties

@ M; consists of £ x ¢ block partitioned matrices with n x n blocks which
are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).
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are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).
@ F; is always a strong linearization (even for singular matrix polynomials).
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Fiedler pencils: Basic properties

@ M, consists of ¢ x ¢ block partitioned matrices with n x n blocks which
are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).

@ F; is always a strong linearization (even for singular matrix polynomials).

@ There are 2/~ (generically) different Fiedler pencils.

Definition:

c has a consecution ati € {0,1,...,/—2}if 6~ '(/) < o~ '(i+1),and o has an
inversion otherwise.
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Fiedler pencils: Basic properties

@ M, consists of ¢ x ¢ block partitioned matrices with n x n blocks which
are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).

@ F; is always a strong linearization (even for singular matrix polynomials).

@ There are 2/~ (generically) different Fiedler pencils.

Definition:

c has a consecution ati € {0,1,...,/—2}if 6~ '(/) < o~ '(i+1),and o has an
inversion otherwise.

0, if o has aninversion at /.

PClS(G):=“PC|S(FG)"=(k0, N -,ke—z), with k; = { 1, if o has a consecution at /,
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Fiedler pencils: Basic properties

@ M; consists of £ x ¢ block partitioned matrices with n x n blocks which
are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).

@ F; is always a strong linearization (even for singular matrix polynomials).
@ There are 2/~ (generically) different Fiedler pencils.

Definition:

c has a consecution ati € {0,1,...,/—2}if 6~ '(/) < o~ '(i+1),and o has an
inversion otherwise.

PClS(G):=“PC|S(FG)"=(k0, N -,ke—z), with k; = { 1, if o has a consecution at /,

0, if o has aninversion at /.

Example: PCIS(C;)=(0,...,0), PCIS(C2)=(1,...,1), PCIS(F;)=(1,0,...,0).
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Fiedler pencils: Basic properties

@ M, consists of ¢ x ¢ block partitioned matrices with n x n blocks which
are: (Ag,--.,Ai_1) + ((—1 identities — 1) + (0’s).

@ F; is always a strong linearization (even for singular matrix polynomials).

@ There are 2/~ (generically) different Fiedler pencils.

Definition:

c has a consecution ati € {0,1,...,/—2}if 6~ '(/) < o~ '(i+1),and o has an
inversion otherwise.

PClS(G):=“PC|S(FG)"=(k0, N -,ke—z), with k; = { 1, if o has a consecution at /,

0, if o has aninversion at /.

Example: PCIS(C;)=(0,...,0), PCIS(C2)=(1,...,1), PCIS(F;)=(1,0,...,0).

Then: ‘ Fs, = Fg, < PCIS(01)=PCIS(02). ‘
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Eigenvectors of Fiedler pencils

Outline

@ Eigenvectors of Fiedler pencils
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Left and right eigencolumns

Right eigencolumn: %;(1) € C"*" such that
0
Fs(M)Zs(A)=€ei@P(A)= P(:),) (for some i).
0
Left eigencolumn: .%;(1) € C"*" such that

Fo(A)*%s(A)=e@P(1)  (for some j).
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Left and right eigencolumns

Right eigencolumn: %;(1) € C"*" such that
0
Fs(M)Zs(A)=€ei@P(A)= P(:),) (for some i).
0
Left eigencolumn: .%;(1) € C"*" such that

Fo(A)*%s(A)=e@P(1)  (for some j).

There are explicit formulas for %5, %5 (depending on PCIS(c)). )

Fernando de Teran (UC3M) B’err and conditioning of Fiedler linz's Householder XIX 10/27



Left and right eigenvectors

Then:

Fo(AM)%s(A) = €1y @ P(X),
Fo(1)'Z5(A) = e—j, ® P(A)",

io =min{i: o has a consecution at i}, jo = min{j: o has an inversion at j}.
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Left and right eigenvectors

Then:

Fo(AM)%s(A) = €1y @ P(X),
Fo(1)'Z5(A) = e—j, ® P(A)",

io =min{i: o has a consecution at i}, jo = min{j: o has an inversion at j}.
This gives the correspondences:

(@) (A,x) right eigenpair of P — (A,%4(1)x) right eigenpair of Fs
(A,y) left eigenpair of P — (4, %5(1)y) left eigenpair of Fs
(b) (4, v) right eigenpair of Fo — (l,(e[fjo ® l)v) right eigenpair of P

(A, w) left eigenpair of F — (l,(e[f,o ® lyw) left eigenpair of P
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Comparison between backward errors and condition numbers

Outline

e Comparison between backward errors and condition numbers
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Bounds for ratio between b’errs and condition numbers

(A,v) a (computed) right eigenpair of Fs. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® Ip)v. Then (1, x) is an approximated right eigenpair of P and

np(A,X) _ 572 max(1,max; || Aill2)? ||vll2
nr,(A,v) — min (||Aoll2; [ Acll2) [x]l2
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Bounds for ratio between b’errs and condition numbers
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and x := (e[_j0 ® Ip)v. Then (1, x) is an approximated right eigenpair of P and

np(A,X) _ 572 max(1,max; || Aill2)? ||vll2
nr,(A,v) — min (||Aoll2; [ Acll2) [x]l2

There are similar bounds for left eigenpairs (A, w) and y := (e,’ﬁ,0 @ Ip)w, with
io = min{J : o has a consecution at i}.
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Bounds for ratio between b’errs and condition numbers

(A,v) a (computed) right eigenpair of Fs. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® Ip)v. Then (1, x) is an approximated right eigenpair of P and

np(A,X) _ 572 max(1,max; || Aill2)? ||vll2
ne,(A,v) — min({|Aoll2, [|Acll2) [IX]]2

There are similar bounds for left eigenpairs (A, w) and y := (ez[f,0 @ Ip)w, with
io = min{J : o has a consecution at i}.

Let A be a simple e-val of P. Then:

1 Kr, (4) 4 max(1,max; || Ajll2)®
o < Vot —=
kp(1) — min(|| Ao |l2; [| Acll2)
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Bounds for ratio between b’errs and condition numbers

(A,v) a (computed) right eigenpair of Fs. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® Ip)v. Then (1, x) is an approximated right eigenpair of P and

np(A,X) _ 572 max(1,max; || Aill2)? ||vll2
ne,(A,v) — min({|Aoll2, [|Acll2) [IX]]2

There are similar bounds for left eigenpairs (A, w) and y := (ez[f,0 @ Ip)w, with
io = min{J : o has a consecution at i}.

Let A be a simple e-val of P. Then:

—_< :
var~ xp() min({|Ao|l2, [1Ac]2)

Small ratio if || A;||2 ~ [|Aj]|2 for all 0 < i,j < ¢ (well scaled).

1 _ KR (A) _ pps max(1.max; [ Afl2)?
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Scaling
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e Scaling
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Scaling Coefficient scaling

Motivation

__max||All
Set P = (Aol JAT)* and
€ .
F = (max|Al) " -Fo= Y AAT (A3 = (max|All2) ' A).
i=0

Then
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Scaling Coefficient scaling

Motivation

__max A2
Set P = (Aol JAT)* and

€ .
Fsi=(max||Afl2) - Fo= Y AAT (A = (max|Al2) " A).
i=0

1=

Then

max(1,max;||Af|2)° _ max(1,max|Af|2)> _
min([A T2 ASl2) — min(1ATAsl) P

Fernando de Teran (UC3M) B’err and conditioning of Fiedler linz's Householder XIX 15/27



Scaling Coefficient scaling

Ratio between b’err and conditioning (scaled)

max; || Ajll2

(A,v) a (computed) right eigenpair of FZ. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® In)v. Then (1, x) is an approximated right eigenpair of P and

np(A,x) _ 52 Vi
P T) 52 T2
Nes(4,v) [[X1l2
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Scaling Coefficient scaling

Ratio between b’err and conditioning (scaled)

max; || Ajll2

(A,v) a (computed) right eigenpair of FZ. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® In)v. Then (1, x) is an approximated right eigenpair of P and

np(A,x) _ 52 Vi
Nes(4,v) [[X1l2

There are similar bounds for left eigenpairs (A, w) and y := (eﬁ,0 ® In)w, with
io =min{J : o has a consecution at i}.
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Scaling Coefficient scaling

Ratio between b’err and conditioning (scaled)

max; || Ajll2

(A,v) a (computed) right eigenpair of FZ. Set jo = min{j : o has an inversion at j}
and x := (e[_j0 ® In)v. Then (1, x) is an approximated right eigenpair of P and

np(A,x) _ 52 Vi
Nes(4,v) [[X1l2

There are similar bounds for left eigenpairs (A, w) and y := (e[f,0 ® In)w, with
io =min{J : o has a consecution at i}.

Let A be a simple e-val of P. Then:

1 k()
VS ey SV

Fernando de Teran (UC3M) B'err and conditioning of Fiedler linz's Householder XIX 16/27




Scaling Coefficient scaling

Condition number using two different Fiedlers (scaled)

Set  FS =(max;|Ail2)""Fo, (i=1,2).

oj
Then:

If 2 is a simple eigenvalue of P(1):
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Scaling Parameter scaling

Parameter scaling

Idea: Change of variables A — a1, so that P(al) = Y/_,A/(a’A)), and a
minimizes:

_ max; o'[| Aj|2
min(||Aoll2, ‘|| Ac][2)

(1) pla):

Fernando de Teran (UC3M) B'err and conditioning of Fiedler linz's Householder XIX

18/27



Scaling Parameter scaling

Parameter scaling

Idea: Change of variables A — a1, so that P(al) = Y/_,A/(a’A)), and a
minimizes:

max; o'[| Ajl2
1 o). = " :
(1) PlO) = Ao . o1 Ara)

Theorem [Betcke, 2008]

The only minimizer of (1) is aopr = ([|Aoll2/[| Acll2) """
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Numerical experiments
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e Numerical experiments
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Numerical experiments

NLEVP collection: mirror (quartc, 9x9)

« polyeig 0 O PCIS=(0,0,0)
o O PCIS=(0,0,0) A PCIS=(0,0,1)
APCIS=(0,0,1) 7 PCIS=(0,1,0)
10 @@ % 7 PCIS=(0,1,0)|- & 107 0 PCIS=(0,1,1)
v O PCIS=(0,1,1) O PCIS=(1,0,0)
{ PCIS=(1,0,0) + PCIS=(1,0,1)
10 + PCIS=(1,0,1) 1073 * PCIS=(1,1,0)
5 * PCIS=(1,1,0) 5 # PCIS=(1,1,1)
= QQ +# PCIS=(1,1,1) = i
= ) 5 .
=10 @ * 10 -
Yo
v %
15 15 ]
10 % a 10 i
# % %
_14| 16|
10 4 6 ] 10 12 14 0 2 4 6 8 10 12 14
|e-vals| |e-vals|
(a) Right eigenpairs (b) Left eigenpairs

Figure: Berr for right and left eigenpairs for e-vals A with |1| > 1, computed with polyeig and
all Fiedler linearizations (unscaled).

rank A4 = rank Ap = 1 = At least 7 infinite and 7 zero e-vals (it has 9 of each)
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Numerical experiments

NLEVP collection: mirror (quartc, 9x9)

107 10
O PCIS=(0,0,0) O PCIS=(0,0,0)
\ A PCIS=(0,0,1)
§ 107 .
1078 - + PCIS=(1,0,1)
. 21, * PCIS=(1,1,0)
5 # PCIS=(1,1,1) 5 A % PCIS=(1.1,1) X
: CH 1 —
B 4 = ‘ ¥
16| * x m]
10 ; @
1079 B ]
-17,
2 4 6 8 12 14 0 2 4 6 8 12 14
|e-vals| |e-vals|
(a) Right eigenpairs (b) Left eigenpairs

Figure: Berr for right and left eigenpairs for e-vals A with |1| > 1, computed with polyeig and

all Fiedler linearizations (scaled).

rank A4 = rank Ap = 1 = At least 7 infinite and 7 zero e-vals (it has 9 of each)

Fernando de Teran (UC3M) B’err and conditioning of Fiedler linz's

Householder XIX
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Numerical experiments

NLEVP collection: mirror (quartc, 9x9) (ctd. II)
PCIS polyeig | (000)] (001)[ (010) (011) (100) (101)[ (110) 111)
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
8.1e-30 0 0 0 0 0 0 0 0
0 -2.4e-23 0 0 0 0 0 0 0 0
e-val -7.2e-17 0 0 0 0 0 0 0 0
-1.0e-16 0 0 0 0 0 0 0 -3.3e-21
-1.6e-16 0 0 0 0 0 0 0 3.2e-18
3.4e-15 0 0 0 0 0 0 -2.7ie-8 -1.9e-8
-3.0e-14 0 0 0 -5.2e-21 0 0 2.7ie-8 1.9e-8
Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf Inf Inf Inf
e—o\jal Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf Inf Inf Inf
Inf Inf Inf Inf Inf Inf -Inf -Inf Inf
Inf -Inf -Inf -Inf -Inf -Inf -Inf -Inf Inf

Table: Zero and infinite eigenvalues computed using polyeig and all Fiedler linearizations.
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Numerical experiments

NLEVP collection: relative_pose_5pt (cubic 10x10)

% polyeig
g@ O PCIS=(0,0)

O PCIS=(0.1)
A\ PCIS=(1,0)
{ Pcis=(1,1)

o

right brerr

107 %

0 5 10 15 20 25 30
|e-vals|

Figure: Comparison of b'errs for right eigenpairs of all 10 finite eigenvalues, computed with
polyeig and all four Fiedler linearizations (with scaled coefficients).

rank A; = 1 = At least 9 infinite e-vals (it has 20)
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Numerical experiments

NLEVP collection: plasma_drift (cubic, 128x128)
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Figure: Berr for right eigenpairs computed with polyeig and all Fiedler linearizations.
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Numerical experiments

NLEVP collection: orr_sommerfeld (quartc, 64 x64)
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Figure: Berr for right eigenpairs (Fs with PCIS(c)=(10,1))
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Numerical experiments

Ay = 108rand(20),A; = 107 rand(20), Ay = 8rand(20),As = 10rand(20),A; = 10ran
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Numerical experiments

Conclusions

@ Fiedler linearizations are as reliable as classical Frobenius companion
linearizations.
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Conclusions

@ Fiedler linearizations are as reliable as classical Frobenius companion
linearizations.

@ If the polynomial is badly scaled, there may be relevant differences (in
b’err and conditioning) when solving the PEP using different Fiedler
linearizations.

@ Coefficient scaling seems to improve conditioning and b’err....though not
always!

@ Parameter scaling gives very promising results.
@ Tropical scaling????

@ Still much work to be done: analyze what happens with 0 and o e-vals; is
there any optimal Fiedler linearization?, ...
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Numerical experiments
Conclusions

@ Fiedler linearizations are as reliable as classical Frobenius companion
linearizations.

@ If the polynomial is badly scaled, there may be relevant differences (in
b’err and conditioning) when solving the PEP using different Fiedler
linearizations.

@ Coefficient scaling seems to improve conditioning and b’err....though not
always!

@ Parameter scaling gives very promising results.
@ Tropical scaling????

@ Still much work to be done: analyze what happens with 0 and o e-vals; is
there any optimal Fiedler linearization?, ...

THANK YOU!
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