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Companion matrix vs companion pencil

q(z)=ap+za;+---+z"'a,_1+2" (ap,...,an—1 €F)
a (scalar) monic polynomial. F an arbitrary field.

Companion matrix
A(ag,...,an-1) € Flag,...,an_1]"" such that

pa(z) =det(zl —A)=ag+zay +---+2" a,_1 + 2" = q(2)
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q(z)=ap+za;+---+z"'a,_1+2" (ap,...,an—1 €F)
a (scalar) monic polynomial. F an arbitrary field.

Companion matrix
A(ag,...,an-1) € Flag,...,an_1]"" such that

pa(2) =det(zl— A) = ag+ zay +---+ 2" 'ap_1 + 2" = q(2)

For a general (non-necessarily monic) polynomial:
p(z)=ag+zai+--+2z" 'a, 1 +2"a, (a,...,an€F)
Companion pencil
A+ zB, with A,B e Flag,...,an_1,an]"" such that
det(A+2zB) = a(ap+za; +---+ 2" 'a, 1+ 2"ap) = ap(2)
(a €F)
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Example

Frobenius companion matrix

—8p1 —@np2 - —&
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Example

Frobenius companion matrix

—8p1 —@np2 - —&
1 o --- 0

C1 - .. .. : ) C2 = 1T
0 1 0

MATLAB’s command roots: QR algorithm on C,
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Example
Frobenius companion matrix
ap-1+2Z ap2 -+ &

1
ZI—C1: ,Z 0

)

zl—-Cy=2zl-C{
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Example

Frobenius companion matrix

ap-1+2Z ap2 -+ &
—1 z ... 0

zl-Cy = A zl-Co=1zI-Cf
0 -1 z

Frobenius companion pencils

Fi(z) = zdiag(an,1,...,1) = C; i=12
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Example

Frobenius companion matrix

ap-1+2Z ap2 -+ &
—1 z ... 0

zl-Cy = A zl-Co=1zI-Cf
0 -1 z

Frobenius companion pencils

Fi(z) = zdiag(an,1,...,1) - C; i=1.2
ap_1+2ap a2 -+ a
R e
0 —1. z

3/18



Basic transformations

From now on: z~~ 4 \

A+ A B a companion pencil for p(1) N P(A+AB)Q
P,Q € F™ M invertible is a companion pencil for p(1)
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Basic transformations

From now on: z~~ 4 \

A+ A B a companion pencil for p(1) N P(A+AB)Q
P,Q € F™ M invertible is a companion pencil for p(1)

E.g.: P, Q are permutation matrices.

P(A+AB)Q: strict equivalence of A+ AB.
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(long time ago)

( Frobenius companion pencils j
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Families of companion pencils known so far

(

Frobenius companion pencils
(long time ago)

Fiedler pencils
[Antoniou-Vologiannidis’04], [DT-Dopico-Mackey’10] (after [Fiedler'02])

Generalized Fiedler pencils
\__[Antoniou-Vologiannidis’04], [Bueno-DT-Dopico’11] J

Generalized Fiedler pencils with repetition
\__[Vologiannidis-Antoniou’11], [Bueno-DT’14] Yy,

\_ Block minimal bases pencils [Dopico-Lawrence-Pérez-VanDooren’18]

IS~ Valid for matrix polynomials.

5/18



A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

as+ras 0 a| -1 0
_ 0 0 &) a4 - _ [ Mo+AM; | La(2)
A4AB=|_ Aay 0 a| 0 A |=| i
—1 A 0|0 0
0 -1 A1 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

as+ras 0 a| -1 0
_ 0 0 &) a4 - _ [ Mo+AM; | Lp(2)
A4AB=|_ Aay 0 a| 0 A |=| i
—1 A 0|0 0
0 -1 A1 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

A -1
A (k+1)xk

(A “right (Kronecker) singular block" of size (k+ 1) x k)
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(p=ao+aiA+---+as)°)

as+ras 0 a| -1 0
_ 0 0 &) a4 - _ [ Mo+AM; | La(2)
A4AB=|_ Aay 0 a| 0 A |=| e
—1 A 0|0 0
0 -1 A1 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

n—1 entries equal to —1
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

as+ras 0 a| -1 0
_ 0 0 &) a4 - _ [ Mo+AM; | La(2)
A4AB=|_ Aay 0 a| 0 2 |=| i
—1 A 0|0 0
0 -1 A1 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

n—1 entries equal to 4
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

as+ras 0 a| -1 0
_ 0 0 &) a4 - _ [ Mo+AM; | La(2)
A4AB=|_ Aay 0 a| 0 2 |=|epire
—1 A 0|0 0
0 -1 A 10 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

number of nonzero entries: 3n—2 =13:
» n—1 entries equal to —1
» n—1 entries equal to A

» nentries of the form b;+Ab; 1 = aj,Aai, 1,8+ Aaj1
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

as+ias 0 0 -1 0
0 0 0 A =1
A+AB=| ao+Aazs 0 ag+Aay 0o 2 = [ Mf—&l)rlvh | LZ(()M ]
-1 1 0 0 0 ?
0 —1 A 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

Number of nonzero entries: 2n—1 + LgJ =11
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

Aas 0 a | -1 0

184 0 a A —1 Mot M | Lo(d
A+AB=|2a 0 a| 0 A | [Miihill)

1 4 0[]0 O

0o -1 A0 O

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

Aas  z a -1 0
ray —Az aj+Ay | A —1
A+AB=| Aag x—2y a—ax | 0 A |=[MetAh } L)
—1 A 0 0 O
0o -1 A 0 0

[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]

X,y,z whatever
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A block-Kronecker pencil (example)
(p=ao+aiA+---+as)°)

Aas  z a -1 0
ray —Az aj+Ay | A —1
A+AB=| Aag x—Ay ap—Ax| 0 A | = [ ’V’i’m’% | Lo(2)
) 0 0 0 2
0 -1 A 0 0
[Dopico-Lawrence-Pérez-VanDooren, Numer. Math.'18]
X,y,z whatever
Allows for more flexibility:
Aas 0| -1 O 0
134 as A —1 0 Mo+ A M. L(h
A+AB=| Aaz a; | 0 A —1|= fa)g\ 2(2)
0 a| 0 0 A !
-1 A \ 0 0 0

6/18



Common features of all these families

(Up to permutations)

» They all have (n— 1) entries equal to £1, together with other
(n—1) entries equal to +A.
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Common features of all these families

(Up to permutations)

» They all have (n— 1) entries equal to £1, together with other
(n—1) entries equal to +A.

» If each a; appears only once, then there are another n entries of
the form (up to constants in IF)

0,

a;,

)‘ai+1a

a; + /la/+1 .
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Common features of all these families

(Up to permutations)

» They all have (n— 1) entries equal to £1, together with other
(n—1) entries equal to +A.

» If each a; appears only once, then there are another n entries of
the form (up to constants in IF)

0,

a;,

)‘ai+1a

a; + /la/+1 .

» The smallest number of nonzero entries is 2n—1+ | 7 ].

718



The work of Eastman et al.

[Eastman-Kim-Shader-Vander Meulen, LAA’14]

A(ag,---,an_1) € Flag,...,an_1]"*" is a companion matrix for
ap+aiA+...+ap_1A" "+ A" (monic) if it has

» n—1 nonzero entries in F, and
» nentries equal to ap,...,a, 1.

8/18



The work of Eastman et al.

[Eastman-Kim-Shader-Vander Meulen, LAA’14]

A(ag,---,an_1) € Flag,...,an_1]"*" is a companion matrix for
ap+aiA+...+ap_1A" "+ A" (monic) if it has

» n—1 nonzero entries in F, and
» nentries equal to ap,...,a, 1.

A(ag,...,an_1) is sparse if it has 2n— 1 nonzero entries.

8/18



The work of Eastman et al.

[Eastman-Kim-Shader-Vander Meulen, LAA’14]

A(ag,---,an_1) € Flag,...,an_1]"*" is a companion matrix for
ap+aiA+...+ap_1A" "+ A" (monic) if it has

» n—1 nonzero entries in F, and
» nentries equal to ap,...,a, 1.

A(ag,...,an_1) is sparse if it has 2n— 1 nonzero entries.

Q: Is there any “canonical form" under permutational similarity
(PAPT, P a permutation)?
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Canonical form under permutational similarity
We define the following (lower Hessenberg) classes of matrices:

€ Pn
ro 1
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Canonical form under permutational similarity
We define the following (lower Hessenberg) classes of matrices:

CPn
ro 1

m 1
m 1
ap o W
1
a) € ,...,a,,_1€. 0 |

(€Pn C 6n)

Theorem [Eastman-etal, LAA'14]
Any sparse companion matrix is permutationally similar to a matrix in
Gn-
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Canonical form under permutational similarity
We define the following (lower Hessenberg) classes of matrices:

@z
ro 1

m 1
m 1
ap o W
1
a) € ,...,a,,_1€. 0 |
(€Pn C 6n)

Theorem [Eastman-etal, LAA'14]

Any sparse companion matrix is permutationally similar to a matrix in
Gn-

Theorem [Eastman-etal, LAA'14]

A(ag,...,an_1) € €n is a sparse companion matrix
< Alag,...,an 1) € €Pp.

9/18



The family Z,

Definition (%)

A+ AB belongs to %, if:
» A BeT[ay,...,an™".
» Ahas n—1 entries equal to —1.
» Bhas n—1 entries equal to 1.

» (Quasi-sparsity) There are, at most, another n nonzero entries,
Xo,---,Xk_1, which are of the form 0,a;,Aa;,.1, or @i+ 1aj,1.
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The family Z,

Definition (%)

A+ AB belongs to %, if:
» A BeT[ay,...,an™".
» Ahas n—1 entries equal to —1.
» Bhas n—1 entries equal to 1.

» (Quasi-sparsity) There are, at most, another n nonzero entries,
Xo,---,Xk_1, which are of the form 0,a;,Aa;,.1, or @i+ 1aj,1.

I5” The entries can be placed everywhere.
5" Not every pencil in %, is companion!!!

Q1: Characterization of those which are companion?

Q2: Canonical form for those which are companion (up to
permutation, as in [Eastman-etal, LAA’14])?

10/18



The families ¥, and 2%,

Definition (%5)
A+ ABe %, if:
(i) (A+AB)ijp1=—1

11/18



The families ¢, and 2%,
Definition (%5)

A+ ABe %, if:
m 1!
(i) (A+2AB)j 1 = —1 )
(i) (A+AB)jj =24 or x,_1(#0). .
m 1
% % .
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The families ¥, and 2%,

Definition (%5)
A+ABe€ %, if:

(i) (A+AB)jjs1 = —1

(i) (A+AB);= A or x,_1(s0).

(i) The remaining x; are N
below the main diagonal.
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The families ¥, and 2%,

Definition (%5)
A+ABc %, if:

(i) (A+AB)jjy1 = —1

(i) (A+AB)j =4 or x,_1(#0).

(i) The remaining x; are
below the main diagonal.

Definition (2%5)
A+ABe 2%, if:
(i) A+ AB e &p.
(i) Xo := (A+AB)m = a or ap +1a.
(ii)) & € Sp-j—1(A) or & € S,_(B)
(= x,_1 =Aapora,_q+Aiap).
(iv) Rectangle’s condition.

(Sj(M) = jth subdiagonal of M)

—1
m 1
Xj€m (j#d)
rA
0

11/18



2% . Example

P(A) =ag+Aay +A%a; +A%as

*  ox —1 or * * =1
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*  ox —1 or * * =1
a a * a+Aa; *  *
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2% . Example

P(A) =ag+Aay +A%a; +A%as
« -1 0 « -1 0

Aar x  —1 or * x  —1
dp af * a+Aa; = *
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2% . Example
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* —1 0 * -1 0

0 * —1 or * *  —1
a aj+Aa, = a+Aa; x*  *
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2% . Example

P(A) =ag+Aay +A%a; +A%as
a -1 0 * -1 0

0 *x -1 or * x  —1
a a * a+Aa; *  *
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2% . Example

P(A) =ag+Aay +A%a; +A%as

a+ias —1 0 * -1 0
0 A =1 or * x  —1

ao a A apg+Aay *
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2% . Example

P(A) =ag+Aay +A%a; +A%as

a+ias —1 0 * -1 0
0 A =1 or * x  —1

ao a A apg+Aa; = *
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2% . Example

P(A) =ag+Aay +A%a; +A%as
a+ias —1 0

0 A —1 or
o [
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A —1 0 * -1 0
0 a+Aiaz —1 or * x  —1
ap aj A a+iay * o«
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A —1 0
0 a+Aiaz -1 or
ap aq A

v
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A —1 0 * -1 0
0 A —1 or * x  —1
a a a+Aas a+ia; * o«
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2% . Example
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A =1 0
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d & ax+ Aas

v
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0 * —1 0
0 A —1 or 0 x*  —1

a & a +Aasz apt+ia; Aar

v
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0
0o 2 —1 or
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0
0o 2 —1 or

d & ax+ Aas

v

|

a+Aag

ap+Aay

1

0
1
A
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0
0o 2 —1 or

d & ax+ Aas

v

‘ap+Aag —1
0 A
a+Aa; O

v

0
1
A

12/18



2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0 [ 2 —1 0
0 2 -1 or 0 a+Arag —1

8 a a+Aas ‘A +Aay 0 A

v v
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0 A —1 0
0 A —1 or 0 A —1

8 a a+Aas a+Aa; 0 a+Aas

v v
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2% . Example

P(A) =ag+Aay +A%a; +A%as

A =1 0 A —1 0
0 A —1 or 0 A —1

8 a a+Aas a+Aa; 0 a+Aas

=" Smallest number of nonzero entries: 2n—1+ 3] =6
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Companion pencils in %Z,: canonical form

Matrices (A) Pencils (A+AB)
det(A1—A) det(A+AB)
Similarity: Equivalence:
PAP-1 P(A+1B)Q
(P, Qe F™" invertible)

13/18



Companion pencils in %Z,: canonical form

Matrices (A) Pencils (A+AB)
det(A1—A) det(A+AB)
Similarity: Equivalence:
PAP-1 P(A+1B)Q
(P, Qe F™" invertible)

Theorem [DT-Hernando, Springer'18]
(i) Any companion pencil in %Z, is permutationally equivalent to a
pencil in 2.
(ii) The only pencils in 6, that are companion are those in 2%),.
(iii) All pencils in 2%, are companion.

13/18



Connection with block-Kronecker pencils
Any pencil in 2%, is permutationally equivalent to a block-Kronecker
pencil:

14/18



Connection with block-Kronecker pencils
Any pencil in 2%, is permutationally equivalent to a block-Kronecker

encil:
P r i - 7
,
L }
—
A+AB= Kook Xng . ,
o * Ao (g+1)
: -1
L * * * 2 ]
(p+1) S
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Connection with block-Kronecker pencils
Any pencil in 2%, is permutationally equivalent to a block-Kronecker

encil:
P r i - 7
,
L }
—
A+AB= Kook Xng . ,
e T Ao (g+1)
: -1
L * * * 2 ]
(p+1) S

R Y ok B fori=1,...,9+1 .
Set.P,.{ j - n—j+1 forj=1,....p. »Pe:

14/18



Connection with block-Kronecker pencils
Any pencil in 2%, is permutationally equivalent to a block-Kronecker

pencil:
- 1 -
} )
I
AtAB=| * — = x| 7 :
P s A (g+1)
1
L * * * 2 ]
(o+1) —
Set:P':{ p;r/ 5 In—j+1 fofrolr7:1’1“f.’?;1 oPeii=pt2=ifori=1,..p+1
[ Xpy  * * -1 b
. 2
. . - 1 (g+1)
L, -
Pr(A—i—),B)PC: * R A
-1 2
. } )
L _1 2’ -

: L (e
is a block-Kronecker pencil.

14/18



Zn. why these entries?

Q: Why entries of the form 0,a;,A a1, or @i+ 1aj;1?

Theorem [DT-Hernando, submitted)]

If each coefficient a;, for i =0,..., k, appears in just one entry of
A+ A B, then the entry containing a; is either

aqa;+ a2+ A(Braip + B2), for 0<i<k-1, (1)
with 061,062,[317[32 e, and a4 #£0, or
a18i_1 + o+ A(Bra;+ Bz), for 0<i<k-1, (2)

with aq, 0,81, B2 € F, and By # 0.
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Other properties of companion matrices and pencils

@ All companion pencils in the previous families are
non-derogatory.
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Other properties of companion matrices and pencils

@ All companion pencils in the previous families are
non-derogatory.

For general companion matrices A(ay,...,an_1) (only
PA(zo....an 1)(A) = @0+ @A+ +ap_1A"1 + A" is imposed):

@ The smallest number of nonzero entries is 2n— 1 [Ma-zhan, LAA'13].
= zl— A(ay,...,an_1) has, at least, 3n— 1 nonzero entries.

@-@: What happens for general companion pencils?
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Answer...

(Companion pencil: A+ zB, with A, B € Flay,...,an-1,an] such that
det(A+2zB)=ap+zai+---+2""'a, 1 +2"ap = p(2))

The answer to @ is not known.
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Answer...

(Companion pencil: A+ zB, with A, B € Flay,...,an-1,an] such that
det(A+2zB)=ap+zai+---+2""'a, 1 +2"ap = p(2))

The answer to @ is not known.

Conjecture

The smallest number of nonzero entries in a companion pencil for
polynomials of degree nis2n—1+(3].

As for Q:

Theorem [DT-Hernando, submitted]
If F is infinite, any companion pencil is non-derogatory.
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