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Motivation and related work

Applications

@ Matrix pencils A+ AB: Associated to the system Bx'(t) = Ax(t).

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 6/37



Motivation and related work

Applications

@ Matrix pencils A+ A B: Associated to the system Bx'(t) = Ax(t).

@ In practice, A, B present some symmetry structure (they are
“structured").

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 6/37



Motivation and related work
Applications

@ Matrix pencils A+ A B: Associated to the system Bx'(t) = Ax(t).

@ In practice, A, B present some symmetry structure (they are
“structured").

@ Low-rank perturbations: Arise in problems related to modification
of structures depending on many parameters, but only a few of
them are to be modified.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 6/37



Motivation and related work
Applications

@ Matrix pencils A+ A B: Associated to the system Bx'(t) = Ax(t).

@ In practice, A, B present some symmetry structure (they are
“structured").

@ Low-rank perturbations: Arise in problems related to modification
of structures depending on many parameters, but only a few of
them are to be modified.

@ The size (in norm) doesn’t matter.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan’2021 6/37



Motivation and related work
Applications

@ Matrix pencils A+ A B: Associated to the system Bx'(t) = Ax(t).

@ In practice, A, B present some symmetry structure (they are
“structured").

@ Low-rank perturbations: Arise in problems related to modification
of structures depending on many parameters, but only a few of
them are to be modified.

@ The size (in norm) doesn’t matter.

@ We are interested in the (generic) change of the spectral structure.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 6/37



Motivation and related work
Applications

@ Matrix pencils A+ A B: Associated to the system Bx'(t) = Ax(t).

@ In practice, A, B present some symmetry structure (they are
“structured").

@ Low-rank perturbations: Arise in problems related to modification
of structures depending on many parameters, but only a few of
them are to be modified.

@ The size (in norm) doesn’t matter.
@ We are interested in the (generic) change of the spectral structure.

@ The spectral structure is key in the behavior of the solutions of
the associated system.
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Motivation and related work
The problem

Given a matrix pencil: A+ AB (A, B € C™") with known spectral info:
Q: Which is the generic spectral info of (A+ A) + A(B+ B)?

(where A+ AB has low rank).
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@ Low rank: Depends on the geometric multiplicity of each
eigenvalue. ~~“Local" result.
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Motivation and related work
The problem

Given a matrix pencil: A+ AB (A, B € C™") with known spectral info:
Q: Which is the generic spectral info of (A+ A) + A(B+ B)?

(where A+ AB has low rank).

@ Low rank: Depends on the geometric multiplicity of each
eigenvalue. ~~“Local" result.

@ Generic change vs all possi anges.

@ Conditions of genericity in terms of algebraic geometry (the
complement is contained in a proper algebraic set).

@ Revision of the unstructured case, and focus on structured pencils.
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Motivation and related work

Previous contributions (structured)

@ Structured matrices:

@ J. H. Fourie, G. J. Groenewald, D. B. Janse van Rensburg, A. C. M. Ran.
Linear Algebra Appl. 439 (2013) 653-674.

@ C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Linear Algebra Appl.,
435 (2011) 687-716.

C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Linear Algebra Appl.,
436 (2012) 4027-4042.

C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. BIT, 54 (2014) 219-255.

) =) =)

C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Lin. Multilin. Algebra,
64 (2016) 527-556.

@ C. Mehl, A. C. M. Ran. Electron. J. Linear Algebra, 32 (2017) 514-530.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 8/37



Motivation and related work

Previous contributions (structured)

@ Structured matrices:

@ J. H. Fourie, G. J. Groenewald, D. B. Janse van Rensburg, A. C. M. Ran.
Linear Algebra Appl. 439 (2013) 653-674.

@ C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Linear Algebra Appl.,
435 (2011) 687-716.

@ C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Linear Algebra Appl.,
436 (2012) 4027-4042.

@ C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. BIT, 54 (2014) 219-255.

@ C. Mehl, V. Mehrmann, A. C. M. Ran, L. Rodman. Lin. Multilin. Algebra,
64 (2016) 527-556.

@ C. Mehl, A. C. M. Ran. Electron. J. Linear Algebra, 32 (2017) 514-530.
@ Rank-1 & rank-2 perturbations of structured pencils:

@ L. Batzke. Linear Algebra Appl., 458 (2014) 638—670.

@ L. Batzke. Oper. Matrices, 10 (2016) 83—112.
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Motivation and related work

The matrix case: Jordan Canonical Form (JCF)

Given A e C™" and Ay e-val of A with g associated Jordan blocks in
the JCF of A. Let E € C"™" such that rank (E) < g.

Then, generically, the blocks associated to A in the JCF of A+ E are
the g —rank (E) smallest blocks of A with e-val Ay.

@ L. Hormander, A. Mellin. Math. Scand., 75 (1994), pp. 255-262.
@ J. Moro, F. M. Dopico. SIAM J. Matrix Anal. Appl., 25 (2003) 495-506.

@ S. V. Savchenko. Funkts. Anal. Prilozh., 38 (2004), pp. 85-88 (in Russian).
Transl. in Funct. Anal. Appl., 38 (2004), pp. 69-71.
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The unstructured case for pencils
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e The unstructured case for pencils

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 10/37



The unstructured case for pencils

Regular vs singular

P(1) = A+ AB, with A, B € C™" is:

@ Regular: If m=nand det(A+AB) #Z 0.

@ Singular otherwise.
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The unstructured case for pencils
Regular vs singular

P(A) = A+ AB, with A,Bc C™" is:
. A1
@ Regular: If m=nand det(A+AB) #0. (Example: 12 )

@ Singular otherwise. (Example: B‘ ”)

@ Rank of A+ AB: Rank as a matrix in C(1).

@ Ao is an eigenvalue of A+ AB if rank(A+AB) > rank(A+ A0 B).
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The unstructured case for pencils
Regular vs singular

P(1) = A+ AB, with A, B € C™" is:

@ Regular: If m=nand det(A+AB) #0. (Example: [7: H)

@ Singular otherwise. (Example: B‘ ”)

@ Rank of A+ AB: Rank as a matrix in C(1).
@ Ao is an eigenvalue of A+ AB if rank(A+AB) > rank(A+ A0 B).

@ o is an eigenvalue of A+ AB < 0 is an eigenvalue of
rev(A+AB):= B+ 1A.
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The unstructured case for pencils
Regular vs singular

P(1) = A+ AB, with A, B € C™" is:

@ Regular: If m=nand det(A+AB) #0. (Example: [7; H)

@ Singular otherwise. (Example: B ”)

@ Rank of A+ AB: Rank as a matrix in C(1).
@ Ao is an eigenvalue of A+ AB if rank(A+AB) > rank(A+ A0 B).

@ o is an eigenvalue of A+ AB < 0 is an eigenvalue of
rev(A+AB):= B+ 1A.

¥ ow-rank pencils are singular.
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The unstructured case for pencils

The Weierstrass Canonical Form (WCF)

Theorem (WCF)

If A+ AB is regular, there are S, T € C"*" invertible such that

SA+AB)T = diag (dny, (M —A), sy, (1 — A,
Inei (A= 2),. - Ine g (A — 4),
revdn 11 (A),...,revdn g (1)),

cey

(rev(A+AB):=B+A1A).
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The unstructured case for pencils

The Weierstrass Canonical Form (cont.)

S(A+AB)T = diag(dn, (M —A)s-o sy (M =AY, s (A= A)s s (A — A),

revdn, g (l),...,rev;/n,m)gk+1 (1)).
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The unstructured case for pencils

The Weierstrass Canonical Form (cont.)

S(A+AB)T = diag(dn; (M —A)s-osdny g (A =AY, s (A= A)s- g (A — A),

revdn, g (l),...,rev;/n,m)gk+1 (1)).

M, ..., A¢: Eigenvalues (finite) of A+ AB.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 13/37



The unstructured case for pencils

The Weierstrass Canonical Form (cont.)

SA+AB)T = diag (Jny, (11 —A)oe. sy (g = A)see gy (= A).o g (= A),

revdn, g (l),...,rev;/n,m)gk+1 (1)).

M, ..., A¢: Eigenvalues (finite) of A+ AB.

Niy,...,Nn;g: Partial multiplicities of 4;, (i=1,..., x).
gi: Geometric multiplicity of A;.
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The unstructured case for pencils

The Weierstrass Canonical Form (cont.)

S(A+AB)T = diag(dn, (M —A)s-o sy (M =AY, s (A= A)s s (A — A),

revdn, (l),...,revJ,,K%gK+1 (1)).

M, ..., A¢: Eigenvalues (finite) of A+ AB.

Niy,...,Nn;g: Partial multiplicities of 4;, (i=1,..., x).
gi: Geometric multiplicity of A;.

M1+ Moy g, - Partial multiplicities of .
Ox+1: Geometric multiplicity of .

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021



The unstructured case for pencils

The Weierstrass Canonical Form (cont.)

S(A+AB)T = diag(dn, (M —A)s-o sy (M =AY, s (A= A)s s (A — A),

revdn, g (l),...,rev;/n,m)gk+1 (1)).

M, ..., A¢: Eigenvalues (finite) of A+ AB.

Niy,...,Nn;g: Partial multiplicities of 4;, (i=1,..., x).
gi: Geometric multiplicity of A;.

M1+ Moy g, - Partial multiplicities of .
Ox+1: Geometric multiplicity of .

Wilog: njy >--- > njg,.
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The unstructured case for pencils

The Kronecker Canonical Form (KCF)

A1 }
A 1 ox(a+1)
Theorem (KCF)
Given A+ AB, there are S C™ ™ and T € C™" invertible such that

Ly =

S(A+AB)T = diag(Jnm(M—7L),...,J,,1’g1 (M4 —=2),...,
Jnk,1(z”(_A’)v"'aJnx,gK(A‘K_A‘%
reanmJ(2.),...,reVJnKHgK+1 (1),

Lay--rLags Lo LG,)-
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The unstructured case for pencils

The Kronecker Canonical Form (KCF)

Ly =

A 1
. 2’ ox(a+1)

Given A+ A B, there are S € C™ ™ and T € C™" invertible such that

S(A+AB)T = diag(Jnm(M—A),...,an‘ (A —2),.
Inei(Ak —=A), - dneg (A — 1),
revJ,,KJm(/l),...,reVJnKHgK+1 (1),

Lay--rLags Lo LG,)-

“ey

aq,..., 0. Right minimal indices,
Bi,. .., Be: Left minimal indices.

Fernando De Teran (UC3M)
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The unstructured case for pencils

Low-rank perturbation of the WCF

Theorem

Let A(1) be a regular pencil with gy partial multiplicities of Ay. Let B(1)
another pencil such that rank B(1g) < go.

Then, generically, A(A) + B(A) has exactly gy — rank B(4g) Ap-partial
multiplicities:

@ go —rankB(Ag) —rank By are the smaller Ay-partial multiplicities of
A(2),

@ rank By equal to 1.

@ FDT, F. M. Dopico, J. Moro. SIAM J. Matrix Anal. Appl., 30-2 (2008) 538-547.
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The unstructured case for pencils

Low-rank perturbation of the WCF

Teorema

Let A(1) be a regular pencil with gy partial multiplicities of Ay. Let B(1)
another pencil such that rank B(1g) < go.

Then, generically, A(A) + B(A) has exactly gy — rank B(4g) Ap-partial
multiplicities:

@ go —rank B(Ag)—rank By are the smaller Aq-partial multiplicities of
A(2),

@ rank By equal to 1.

@ FDT, F. M. Dopico, J. Moro. SIAM J. Matrix Anal. Appl., 30-2 (2008) 538-547.
For matrix polynomials:

@ FDT, F. M. Dopico. Linear Algebra Appl., 430 (2009) 579-586.
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The unstructured case for pencils

Generic perturbations?

Q: How to generate “generic" perturbations?
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The unstructured case for pencils

Generic perturbations?

Q: How to generate “generic" perturbations?
KZ” First idea (previous slide):
po :=rank(Bo+29B1), pq:=rank(Bi), p:=po+ps.

Po < go: guarantees that Ay is an e-val of Ay+ By + A (A + By).
(po < go is the low-rank condition).

By + A9 B1: an arbitrary matrix with rank pg < go.
B;: an arbitrary matrix with rank py.
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The unstructured case for pencils
Generic perturbations?

Q: How to generate “generic" perturbations?
KZ” First idea (previous slide):
po :=rank(Bo+29B1), pq:=rank(Bi), p:=po+ps.

Po < go: guarantees that Ay is an e-val of Ay+ By + A (A + By).
(po < go is the low-rank condition).

By + A9 B1: an arbitrary matrix with rank pg < go.
B;: an arbitrary matrix with rank py.

Perturbation: By + AB; = By + A0B; + (A — A49) By ~~ has, generically,
rank p (if p < n). J
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The unstructured case for pencils

Generic perturbations? (ll)

K&” Second idea (rank-1):

By+AB; = —auv'+ABuv’ (u,veC" a,fcC)

@ L. Batzke. Linear Algebra Appl., 458 (2014) 638—670.

@ L. Batzke. Oper. Matrices, 10 (2016) 83—112.
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The unstructured case for pencils

Generic perturbations? (ll)

K&” Second idea (rank-1):

By+AB; = —auv'+ABuv’ (u,veC" a,fcC)
= (—a+AB)uv’

@ L. Batzke. Linear Algebra Appl., 458 (2014) 638—670.

@ L. Batzke. Oper. Matrices, 10 (2016) 83—112.
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The unstructured case for pencils

Generic perturbations? (ll)

K&” Second idea (rank-1):

By+AB; = —auv'+ABuv’ (u,veC" a,fcC)
= (—a+AB)uv’

u,v € C" arbitrary.

@ L. Batzke. Linear Algebra Appl., 458 (2014) 638—670.

@ L. Batzke. Oper. Matrices, 10 (2016) 83—112.

Fernando De Teran (UC3M)
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The unstructured case for pencils

Generic pertutbations? (1)

IL2 These perturbations are not generic:
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The unstructured case for pencils

Generic pertutbations? (1)

IL2 These perturbations are not generic:

@ By+ABy =By+ 4B+ (A —2A)B; has Ay as e-val (if p1 > 0):
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The unstructured case for pencils

Generic pertutbations? (1)

IL2 These perturbations are not generic:

@ By+ABy =By+ 4B+ (A —2A)B; has Ay as e-val (if p1 > 0):

p = rank(Bo+lB1):rank(Bo+7LOB1+(7L—7LO)B1)
= po+p1 > po=rank(A+2B)
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The unstructured case for pencils

Generic pertutbations? (1)

IL2 These perturbations are not generic:

@ By+ABy =By+ 4B+ (A —2A)B; has Ay as e-val (if p1 > 0):

p = rank(Bo+lB1):rank(Bo+7LOB1+(7L—7LO)B1)
= po+p1 > po=rank(A+2B)

@ (—a+AB)uv' has a/f as e-val.
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The unstructured case for pencils

Generic pertutbations? (1)

IL2 These perturbations are not generic:

@ By+ABy =By+ 4B+ (A —2A)B; has Ay as e-val (if p1 > 0):
p = rank(Bo—|—lB1):rank(Bo + Ao B4 —i—()b—ko)B-])
= po+p1 > po=rank(A+2B)

@ (—a+AB)uv' has a/f as e-val.

IE” Singular pencils do not have e-vals (generically).
See, for instance,
@ J. W. Demmel, A. Edelman. Linear Algebra Appl. 230 (1995) 61-87.

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021



The unstructured case for pencils

Generic perturbations!

I5” Third idea: Use a decomposition of low-rank pencils as a sum of
rank-1 pencils.
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The unstructured case for pencils

Generic perturbations!

I5” Third idea: Use a decomposition of low-rank pencils as a sum of
rank-1 pencils.

@ This decomposition is new.
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The unstructured case for pencils

Generic perturbations!

I5” Third idea: Use a decomposition of low-rank pencils as a sum of
rank-1 pencils.

@ This decomposition is new.

@ It is obtained from the KCF.
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The unstructured case for pencils

Generic perturbations!

I5” Third idea: Use a decomposition of low-rank pencils as a sum of
rank-1 pencils.

@ This decomposition is new.
@ It is obtained from the KCF.

@ It allows to obtain a parametrization of the m x n pencils with rank
<r, for r <min{m,n}.
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The unstructured case for pencils

Rank-1 decomposition

We express an m x n pencil with rank < r as

ViA)wi ()" -+ Vvs(A)Ws(A) '+ Ver1 (A)Wei1 (A) "+ +vr(A)wr(2)

for some 0 < s <r. Where
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The unstructured case for pencils

Rank-1 decomposition

We express an m x n pencil with rank < r as

Vi(A)wi(A) "+ Vs(A)Ws(A) T+ Vi1 (M)Wsi1 (A) "+ v (A)wr(2)
for some 0 < s <r. Where
Vi(A), w;(A) are vector polynomials,

degv; <1,(i=1,...,r),
degw; <1,(j=1,...,r),
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The unstructured case for pencils

Rank-1 decomposition
We express an m x n pencil with rank < r as

viAws(A) "+ + vs(A)Ws(A) T+ ver 1w 1 (A) T+ -+ ve(A)wir(A) T
for some 0 < s <r. Where

Vi(A), w;(A) are vector polynomials,
degv; <1,(i=1,...,r),

degw; <1,(j=1,...,r),

degvy =--- =degvs =0,

Jan'2021
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The unstructured case for pencils

Rank-1 decomposition
We express an m x n pencil with rank < r as

viA)ws(A) "+ vs(A)Ws(A) T+ ver 1w 1 (A) T -+ ve(A)wr(A) T
for some 0 < s <r. Where

Vi(A), w;(A) are vector polynomials,
degvi<1,(i=1,...,r),

degw; <1,(j=1,...,r),

degvy =--- =degvs =0,

degWgy 1 =---=degw, =0.
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The unstructured case for pencils

Rank-1 decomposition
We express an m x n pencil with rank < r as

Vi(A)wi(A) "+ + Vs(A)Ws(A) T+ Va1 (A Wsiq () T+ + v (A)wi(2)
for some 0 < s <r. Where

Vi(A), w;(A) are vector polynomials,
degvi<1,(i=1,...,r),

degw; <1,(j=1,...,r),

degvy =--- =degvs =0,

degWgy 1 =---=degw, =0.

¢s: the set of pencils above.
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The unstructured case for pencils
Rank-1 decomposition

We express an m x n pencil with rank < r as
ViAW (A) T+ Vvs(A)Ws(A) T + Vet (M Wert(A) T4+ V(M) wr(A) T
for some 0 < s <r. Where

Vi(A), w;(A) are vector polynomials,
degvi<1,(i=1,...,r),

degw; <1,(j=1,...,r),

degvy =--- =degvs =0,

degWgy 1 =---=degw, =0.

¢s: the set of pencils above.

Theorem (DT-Dopico’16)

P, =¢UCU---UC, (m x n pencils with rank < r)
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The unstructured case for pencils

Parametrization of the set of pencils with rank < r

Cor={vwg(A) T+ +vsWs(A) T + Ve 1 (M) Weyq |+ +vr(A)w, T}
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The unstructured case for pencils

Parametrization of the set of pencils with rank < r

Co = {viwy(A) "+ + vsws(A) T + Ve (M) We g T+ + vr(A)wr T}

Parametrization of €:

ds: C¥M 5 ¢,

a

B N viwg(A)T 4 vsws(A) T+
4 Vor1(A)Wyq +- -+ vi(A)w,,
0

con
oaeC™: degree-0 coefficients of v;’s.
B e Cl—9):  degree-1 coefficients of v;'s (i=s+1:7r).
yeC™: degree-0 coefficients of w;’s.
0 €C®":  degree-1 coefficients of w;'s (i=1:8).
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The unstructured case for pencils

Parametrization of the set of pencils with rank < r

Co = {viwy(A) "+ + vsws(A) T + Ve (M) We g T+ + vr(A)wr T}

Parametrization of €:

ds: C¥M 5 ¢,

a

B N viwg(A)T 4 vews(A) T+
4 Vor1(A)Wyq +- -+ vi(A)w,,
0

con
oaeC™: degree-0 coefficients of v;’s.
B e ClU—9):  degree-1 coefficients of v;'s (i=s+1:7r).
yeC™: degree-0 coefficients of w;’s.
0 €C®":  degree-1 coefficients of w;'s (i=1:8).

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 21/37



The unstructured case for pencils

Parametrization of the set of pencils with rank < r

Co = {viwy(A) "+ + vsws(A) T + Ve (M) We g T+ + vr(A)wr T}

Parametrization of €:

ds: C3 o &,

o

Bl viwg(A)T 44 vsws(A) T+
Y Vst1 (A)Ws+1T+“'+Vr(A)WrT,
o)

con
oaeC™: degree-0 coefficients of v;’s.
B e Cl—s):  degree-1 coefficients of v;'s (i=s+1:7r).
yeC™: degree-0 coefficients of w;’s.
0 €C®":  degree-1 coefficients of w;'s (i=1:8).
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The unstructured case for pencils

Parametrization of the set of pencils with rank < r

Co = {viwy(A) "+ + vsws(A) T + Ve (M) We g T+ + vr(A)wr T}

Parametrization of €:

ds: C¥M 5 ¢,

a

B N viwyg(A)T 4 4 vews(A) T+
4 Vor1(A)Wyq -+ vi(A)w,,
0

con
oaeC™: degree-0 coefficients of v;’s.
B e Cl—9):  degree-1 coefficients of v;'s (i=s+1:7r).
yeC™: degree-0 coefficients of w;’s.
0 €C®":  degree-1 coefficients of w's (i=1:8).
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The unstructured case for pencils

Low-rank perturbation of the WCF (revisited)

Theorem (DT, Dopico’16)
L(A) a regular nx n pencil, with

@ Ay,..., A e-vals.

@ njq >--- > njg > 0: partial multiplicities (i =1,..., k).
Let 0 < s<rand &g : C3" — ¢, as before.

There is a generic set %5 C C3" s 1., for all E(1) € ®4(%), the pencil
L+ E is regular and

Nir+1 > -+ > Nj g are the partial multiplicities of L+ E at ;.

[3 FDT, F. M. Dopico. SIAM J. Matrix Anal. Appl. 37(3) (2016) 823-835.
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The unstructured case for pencils

Low-rank perturbation of the WCF (revisited)

Theorem (DT, Dopico’16)
L(A) a regular nx n pencil, with
@ Ay,..., A e-vals.
@ njq >--- > njg > 0: partial multiplicities (i =1,..., k).
Let 0 < s<rand &g : C3" — ¢, as before.
There is a generic set %5 C C3" s 1., for all E(1) € ®4(%), the pencil
L+ E is regular and
Nir+1 > -+ > Nj g are the partial multiplicities of L+ E at ;.

[3 FDT, F. M. Dopico. SIAM J. Matrix Anal. Appl. 37(3) (2016) 823-835.

(If r > g;, then A; is not an e-val of L+ E.)
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The unstructured case for pencils

Low-rank perturbation of the WCF (revisited)

Theorem (DT, Dopico’16)
L(A) a regular nx n pencil, with

@ Ay,..., A e-vals.

@ njq >--- > njg > 0: partial multiplicities (i =1,..., k).
Let 0 < s<rand &g : C3" — ¢, as before.

There is a generic set %5 C C3" s 1., for all E(1) € ®4(%), the pencil
L+ E is regular and

Nir+1 > -+ > Nj g are the partial multiplicities of L+ E at ;.

@ FDT, F. M. Dopico. SIAM J. Matrix Anal. Appl. 37(3) (2016) 823-835.
(If r > g;, then A; is not an e-val of L+ E.)

BE" All e-vals of L+ E different to those in L are simple (DT-Mehl-Mehrmann).
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The unstructured case for pencils

Some remarks

]P)r: €0U€1 UUQ:,',
(n x n pencils with rank < r)
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The unstructured case for pencils

Some remarks

]P)r: €0U€1 UUQ:,',
(n x n pencils with rank < r)

q)s:gsgcsrn—)Q:S (S:1,,I’)

@ generic in C3m (its complement is contained
s in a proper algebraic set)
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The unstructured case for pencils

Some remarks

Pr:€0U€1U"'UQ:r,
(n x n pencils with rank < r)
q)s:gsgcsrn—)Q:S (S:1,,I’)

@ generic in C3m (its complement is contained
s in a proper algebraic set)

» Comparison with the result in [DT, Dopico, 2008]:

The perturbations in that work add p1 = rank By e-vals Ay (generically
simple). J
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The case of structured pencils

Outline

e The case of structured pencils
@ The T-palindromic case
@ Other symmetry structures
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The case of structured pencils

Symmetry structures we consider

A pencil A+ AB (A,Be C™M) is:

@ Hermitianif A= A*, B = B,

@ symmetricif A=A",B=B";
anti-Hermitian if A* = —A, B* = —B;
anti-symmetricit A" = —A,B" = —B;
*x-even if A=A, B*=—B;

*x-odd if A*=—A,B* = B;
*-palindromic if A* = B;
*-anti-palindromic if A* = —B.
(*x=T,%).

*-alternating: x-even U x-odd.
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The case of structured pencils

Why these symmetries?

I5” They are the symmetries that frequently arise in applications:

@ . Abou Hamad , B. Israels, P.A. Rikvold, S.V. Poroseva. In: Computer
Simulation Studies in Condensed-Matter Physics XXIIl (CSP10), 4 (2010)
125-129.

R. Albert, I. Albert, G. L. Nakarado. Phys. Rev. E, 69 (2004) 025103.

N.H. Du, V.H. Linh, V. Mehrmann. En: Differential Algebraic Equation Forum,
Surveys in Differential-Algebraic Equations I, Springer (2013) 63—96.

D. Mackey, N. Mackey, C. Mehl, V. Mehrmann. SIAM J. Matrix Anal. Appl., 28
(2006) 1029-1051.

M. C. Petri. Energy Sciences and Engineering Directorate, U.S. Department of
Homeland Security (tech. report), 2008.

) & ) E
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The case of structured pencils

Differences with the general case (not structured)

@ The set of perturbations is different (smaller): we only consider
structured perturbations.
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The case of structured pencils

Differences with the general case (not structured)

@ The set of perturbations is different (smaller): we only consider
structured perturbations.

@ The generic change for not structured pencils is not always
consistent with the spectral symmetries of the structured case.
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The case of structured pencils The T-palindromic case

Spectral symmetries

If A+AAT is T-palindromic:

@ Apane-val of A= 1/ e-val of A.
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The case of structured pencils The T-palindromic case

Spectral symmetries

If A+AAT is T-palindromic:

@ Apane-val of A= 1/ e-val of A.

@ The partial multiplicities of 49 and 1/ coincide.
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The case of structured pencils The T-palindromic case

Spectral symmetries

If A+AAT is T-palindromic:

@ Apane-val of A= 1/ e-val of A.
@ The partial multiplicities of 49 and 1/ coincide.

@ Each odd partial multiplicity of 1 appears an even number of
times.
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The case of structured pencils The T-palindromic case

Spectral symmetries

If A+AAT is T-palindromic:

@ Apane-val of A= 1/ e-val of A.
@ The partial multiplicities of 49 and 1/ coincide.

@ Each odd partial multiplicity of 1 appears an even number of
times.

@ Each even partial multiplicity of —1 appears an even number of
times.
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The case of structured pencils The T-palindromic case

Spectral symmetries

If A+AAT is T-palindromic:

@ Apane-val of A= 1/ e-val of A.
@ The partial multiplicities of 49 and 1/ coincide.

@ Each odd partial multiplicity of 1 appears an even number of
times.

@ Each even partial multiplicity of —1 appears an even number of
times.

@ The right and left minimal indices coincide.
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The case of structured pencils The T-palindromic case

WCF of T-palindromic pencils

Any pencil A4+ AA" is congruent to a direct sum (unique, up to
permutation) of blocks:
° [ 0 . La(R) } .
revLg(2) 0 (o+1)x(2a+1)
(Associated to a right and left minimal index both equal to «).

Fernando De Teran (UC3M)
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The case of structured pencils

The T-palindromic case

WCF of T-palindromic pencils

Any pencil A4+ AA" is congruent to a direct sum (unique, up to
permutation) of blocks:

- [ 0 La(A) }
rev Ly (A)T 0 (2a+1)x(2a+1).

0 Jp(1+2)
[Jﬁ(1+l)T 0 }(ﬁ oven)-

(Associated to a couple of even partial multiplicities of —1).
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The case of structured pencils

The T-palindromic case

WCF of T-palindromic pencils

Any pencil A4+ AA" is congruent to a direct sum (unique, up to
permutation) of blocks:

| 0 La(2) }
| revLa(A)" 0 (2a+1)><(2a+1).
[ 0 Jg(1+4)

o _ JB(1 )T 0 } (B even).
[ 0 Jy(1—=21)

o (AT v 0 },(yodd).

(Associated to a couple of odd partial multiplicities of 1).
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The case of structured pencils The T-palindromic case

WCF of T-palindromic pencils

Any pencil A4+ AA" is congruent to a direct sum (unique, up to
permutation) of blocks:
A 0 . La(2) } .
| revLa(2) 0 (2a+1)x(2a+1)
0 Jg(1+4)
() (1 )T 0 } (B even).
0 Jy(1-1)
° 1A 0 },(yodd).
o | 0 Js(Ao — 1)
| revds(Ao—2)" 0 '
(Associated to a couple of partial multiplicities of g, 1/4g).
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The case of structured pencils The T-palindromic case

WCF of T-palindromic pencils (cont.)

Theorem (cont.)
- 1

11— | A+1

L 1-4 2
(Associated to an even partial multiplicity of 1).

- (2¢)x(2¢)

R R RRRRRRRRRRRRRRRRRRRRRRRRRRRRERRRRRRRRRRRRRRRRRRRRERRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRREEEEEERRRRRRRRRRRRREEERENEEERPRRRNNRERRREE
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The case of structured pencils The T-palindromic case

WCF of T-palindromic pencils (cont.)

Theorem (cont.)

- -1 1
A—1 1
A—1 A1
° 1—-21 | A+1
1-1 A
L1-4 4 4 (2¢)x(2¢)
i A+1 7
1
A+
¢ A1 1
1+2 A
L1+ 2 4 @en+1)x@n+1)
(Associated to an odd partial multiplicity of —1).
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The case of structured pencils The T-palindromic case

Rank-1 decomposition of T-palindromico pencils

Theorem

E(A), a T-palindromic n x n pencil, with rank E = r < n, can be written
as

Vi W;r(z')+"'+V5WJ(),)_|_ o
E(A) = (revwy)(A)v{ +--+ (revws)(A)vq if r is even,
(1+A’)UUT+V1W1T(A)++VSW;(A,)—|— s odg
(revwy)(A)V +---+ (revwe)(A)vg ,

donde s=|r/2],degu=degvy =---=degvs =0y
degwy,...,degws < 1.

[ FDT. SIAM J. Matrix Anal. Appl., 39 (2018) 1116—1134.
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The case of structured pencils The T-palindromic case

Rank-1 decomposition of T-palindromico pencils

Theorem

E(A), a T-palindromic n x n pencil, with rank E = r < n,can be written
as

viwy (A)+ -+ vswg (A)+ L
Eay_ ] (evw)(n T+ + (v we)(2)vs TBEE
) (AT viw (A) e vswg (A)+ it is odd
(revwy)(A)vi T+ + (revws)(A)vs |, ’

where s = [r/2], degu=degvy =--- =degvs =0y
degwy,...,degws < 1.

[ FDT. SIAM J. Matrix Anal. Appl., 39 (2018) 1116—1134.
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The case of structured pencils The T-palindromic case

Rank-1 decomposition of T-palindromico pencils

Theorem

E(A), a T-palindromic nx n pencil with rank E = r < n, can be written
as

V1W1T()~)‘|“"-|-VSWJ()L)_|_ -
E(L) = (revwy)(A) v + -+ (rev ws)(A)vq if ris even
(1+A«)UUT+V1 Wr(l)-}-_'_vsw‘;l'(k)_'_ s odg
(revwy)(A)V{ +--+ (revws)(A)vg ,

where s = [r/2], degu=degvy =--- =degvs =0y
degwy,...,degws < 1.

[ FDT. SIAM J. Matrix Anal. Appl., 39 (2018) 1116—1134.
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The case of structured pencils The T-palindromic case

Generic change (not structured)?

Assume that

Nig 2 Njg = 2Nip="Njr1=...=Njrid>Njrider >

are the partial multiplicities of L(1) = A+21A" at 4;.
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The case of structured pencils The T-palindromic case

Generic change (not structured)?

Assume that

Ni12Nipg2--2Nir=0nNir1=...;00ryqd>Njrygs1>-"
are the partial multiplicities of L(1) = A+21A" at 4;.
¥ |If rank E = r, generically, the partial multiplicities of (L+ E)(A) at A;

are:
Nirg1=-..=Niryd > Niryd+1 >+
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The case of structured pencils The T-palindromic case

Generic change (not structured)?
Assume that

Nia2Njg2-20Nir="Nirp1=-c;Nirpd > Nirrd4t1 >
are the partial multiplicities of L(1) = A+21A" at 4;.

¥ |If rank E = r, generically, the partial multiplicities of (L+ E)(A) at A;
are:
Nirg1=-..=Niryd > Niryd+1 >+
If:
i) E(A) is T-palindromic,
i) dis odd
iii) A

(i
(i
(
(i
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The case of structured pencils The T-palindromic case

Generic change (not structured)?
Assume that

Ni12Nipg2--2Nir=0nNir1=...;00ryqd>Njrygs1>-"
are the partial multiplicities of L(1) = A+21A" at 4;.

¥ |If rank E = r, generically, the partial multiplicities of (L+ E)(A) at A;
are:

Nire1=...=Njiryd > Niryd1 >
If:
(i) E(A) is T-palindromic, It cannot happen!
(i) dis odd (there would be an odd number of
(iii) A; partial multiplicities n; 1
(iv) nj ryq |s odd... inL+Eatig=1)

Fernando De Teran (UC3M) Low-rank pert. of regular structured pencils Jan'2021 32/37



The case of structured pencils

The T-palindromic case

The generic change

Partial multiplicities of A; in L(A) = A+ AA":

Let:

Nig2--Nip>--2nNig.

Nir=Nirpt1 == Nirid > Njrpdi1, (d odd). (P)

If E(1) is T-palindromic and rank E = r, generically, the partial
multiplicities of 4; in L+ E are:

[ evald | case multiplicities |
Ai=1 Ni 44 (.’dd +(P) (Mipr1+1,Mirg2,. 5 Nig)
otherwise (i1, it -5 Nigy)
reven, n; . even + (P) (Nipp1 +1,0ry2,..,Nig)
r even, otherwise (M r15 N2 -5 Nig;)
A’f =1 ) 5 gi
rodd, n; .44 even + (P) (M1 +1,0 r12,. -, N g, 1)
r odd, otherwise (i1, Mirg2s-- Nigs 1)
A€ C\{x1} | all (Mir41,Nit2,-- -5 Nig;)
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The case of structured pencils

The T-palindromic case

The generic change

Partial multiplicities of A; in L(A) = A+ AA":

Let:

Nig2--Nip>--2nNig.

Nir=Nirpt1 == Nirid > Njrpdi1, (d odd). (P)

If E(1) is T-palindromic and rank E = r, generically, the partial
multiplicities of 4; in L+ E are:

[ evald | case multiplicities |

Ai=1 Ni 44 (.’dd +(P) (Mipr1+1,Mirg2,.,Nig)
otherwise (i1, it -5 Nigy)
reven, n; . even + (P) (i1 +1,0ry2,-. -, Nig)
r even, otherwise (M r15 N2 -5 Nig;)

A’f =1 ) 5 gi
rodd, n; .44 even + (P) (Mipg1 +1,0 r12,- 5N g5 1)
r odd, otherwise (i1, Mirg2s--Nigy 1)

A€ C\{x1} | all (Mir41,Nit2,-- -5 Nig;)
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The case of structured pencils The T-palindromic case

Parametrization of T-palindromic pencils with rank < r

ViW] 4t VeWg +

E() = (revwy )V +-- + (revwe) vy , if ris even
(+uu’ Hviw] - vswg g
(revwy)vy -+ (revws) vy ’ ’

(s=|r/2], degu=degvi=---=degvs=0.)
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The case of structured pencils The T-palindromic case

Parametrization of T-palindromic pencils with rank < r

ViW] 4t VeWg +

E() = (revwy )V +-- + (revwe) vy , if ris even
(+uu’ Hviw] - vswg g
(revwy)vy -+ (revws) vy ’ ’
(s=|r/2], degu=degvy=---=degvs=0.)
Let:

o: clFln - pal,

~ E(),

R ™K

with
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The case of structured pencils The T-palindromic case

Parametrization of T-palindromic pencils with rank < r

ViW] 4t VeWg +

) (rev W )Vy -+ (rev we) vy | if r is even,
(2o’ Hvwf - dvewg + gy
(revwy)vy -+ (revws) vy ’ ’
(s=|r/2], degu=degvy=---=degvs=0.)
Let:

o: clFln - pal,

~ E(),

R ™K

with

a e C":  Coefficients of u. (c=r—-2r/2)).

Fernando De Teran (UC3M)

Low-rank pert. of regular structured pencils

Jan'2021



The case of structured pencils The T-palindromic case

Parametrization of T-palindromic pencils with rank < r

VIW] 4+t VsWg +

E(1) — (revwy vy T+ -+ (rev We)Vs T, if r is even,
()= T (v
(rAjuu’ 4wy 4o+ vsWe g odg
(revwg)vy T4+ (revws)vs )
(S:LI’/zJ7 degu:degv‘]:...:degVS:OA)
Let: .
,
o: clzlm - pal,
(04
| E.
0

with

o € C": Coefficients of w.

(e=r—2r/2)).
B e Cl/2ln: Coefficients of v;’s.
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The case of structured pencils The T-palindromic case

Parametrization of T-palindromic pencils with rank < r

Viwy T4 vews T+

) (rev W)y + -+ (rev we) Y | if r is even,
- A+ uu +viwy T+ 4 vews | + it ris odd
(revwy v+ + (revws) vy ’ ’
(s=|r/2], degu=degvy=---=degvs=0.)
Let:

o: clFln - pal,

~ E(),

R ™K

with
a € C!": Coefficients of v.
B e Cl/2ln: Coefficients of v;’s.
yeC™M: Degree-0 coefficients of w;’s.
0 € C5":  Degree-1 coefficients of w;’s.
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The case of structured pencils The T-palindromic case

The main result

Let

@ L(A): T-palindromic regular n x n pencils with e-vals A4,..., 4, and
partial multiplicities: njy > njo > --->njg >0 (k=1,...,x),

@ reZt,and

@ ®:CL%I"_ Pal the previous map.
Then, there is a generic set @ C CL% 17 such that, for all E(1) € ®(%),
the pencil L+ E:

@ is regular and

@ their partial multiplicities are those in the previous table.
All e-vals of L+ E other than those of L are simple.
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The main result

Let

@ L(A): T-palindromic regular n x n pencils with e-vals A4,..., 4, and
partial multiplicities: njy > njo > --->njg >0 (k=1,...,x),

@ reZt,and

@ ®:CL%I"_ Pal the previous map.
Then, there is a generic set @ C CL% 17 such that, for all E(1) € ®(%),
the pencil L+ E:

@ is regular and

@ their partial multiplicities are those in the previous table.
All e-vals of L+ E other than those of L are simple.

(In particular, if r > g; then A; is not an e-val of L+ E.)
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What happens for the remaining structures?

@ T-anti-palindromic and T-alternating:
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e T-alternating: It can be obtained from T-pal. and T-anti-pal.
through Cayley transforms.

@ (anti-)Hermitian, (anti-)Symmetric, *-(anti-)palindromic and
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@ Same generic behavior as in the non structured case.
o Anti-symmetric: the partial multplicities are even.
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The case of structured pencils Other symmetry structures

What happens for the remaining structures?

@ T-anti-palindromic and T-alternating:

e Analogous results.
e T-alternating: It can be obtained from T-pal. and T-anti-pal.
through Cayley transforms.

@ (anti-)Hermitian, (anti-)Symmetric, *-(anti-)palindromic and
x-alternating:

@ Same generic behavior as in the non structured case.
o Anti-symmetric: the partial multplicities are even.

@ Different spectral symmetries, which give rise to different WCFs,
different rank-1 decompositions, and different parametrizations.
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Idea of the proof

e If, for x € CLZ 17 arbitrarily small the change in the table holds,
then this change is generic.

e Find some x € CLZ 1" (with ||x|| < &) for which this change holds.

@ Very technical results on perturbations and continuity and
detailed analysis of the determinant (characteristic polynomial).

@ We need to analyze all cases in the table separately.
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