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ﬂ Eigenvectors of matrix polynomials
9 Fiedler-like pencils
@ Fiedler pencils (FP)

@ Generalized Fiedler pencils (GFP)
@ Fiedler pencils with repetition (FPR)

© Formulas for the eigenvectors

e Conditioning of eigenvalues
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Eigenvectors of matrix polynomials

Outline

ﬂ Eigenvectors of matrix polynomials
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Eigenvectors of matrix polynomials

Linearizations of matrix polynomials

For an m x n matrix polynomial of degree k

k .
P(A)=Y MA =1 A+ + LA + Ay, AeC™"  A#£0,
i=0

a linearization for P(1) is an ¢ x ¢ pencil L(A) = AX + Y such that
UA)L(A) V(1) =diag(l,P(1)) (U(A), V(L) unimodular).

i
i
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Eigenvectors of matrix polynomials

Linearizations of matrix polynomials

For an m x n matrix polynomial of degree k

k .
P(A) =Y A = AfAc+- +2A + Ay, A€C™ Ac#£0,
i=0
a linearization for P(1) is an ¢ x ¢ pencil L(A) = AX + Y such that
UA)L(A) V(1) =diag(l,P(1)) (U(A), V(L) unimodular).

L(A) is “strong” if, in addition, rev L(A) is a linearization for rev P(1)
(rev P(A) = AKAg + ...+ A Ak_1 + Ag).

i
i
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Eigenvectors of matrix polynomials

Linearizations of matrix polynomials

For an m x n matrix polynomial of degree k
k .
P(A) =Y A = AfAc+- +2A + Ay, A€C™ Ac#£0,
i=0
a linearization for P(1) is an ¢ x ¢ pencil L(A) = AX + Y such that
UA)L(A) V(1) =diag(l,P(1)) (U(A), V(L) unimodular).

L(A) is “strong” if, in addition, rev L(A) is a linearization for rev P(1)
(rev P(1) = AKAg + ...+ A A1 + Ak).
Why linearizations?:
@ Strong linearizations preserve the finite and infinite elementary divisors.

@ Well developed theory (numerical methods, software, analysis of
errors,...) for the GEP (square) and for the computation of elementary g;
divisors of pencils.
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Eigenvectors of matrix polynomials

Families of linearizations

Q@ L(P),Ly(P) and DL(P) ~~ [Mackey, Mackey, Mehl, Merhrmann,
SIMAX 28 (2006)]

© Fiedler pencils ~ [Antoniou, Vologiannidis, ELA 11 (2004)], [DT,
Dopico, Mackey, SIMAX 31 (2010)]

© Generalized Fiedler pencils ~ [Antoniou, Vologiannidis, ELA 11
(2004)], [Bueno, DT, Dopico, SIMAX 32 (2011)]

© Linearizations in other “polynomial bases" ~~ [Amiraslani, Corless,
Lancaster, TCS 381 (2007)]

© Fiedler pencils with repetition ~ [Vologiannidis, Antoniou,
MCSS 22 (2011)]

i
i
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Eigenvectors of matrix polynomials

Linearizations and eigenvectors

P(1) =Yk ,AiAl regular.

m.
i
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Eigenvectors of matrix polynomials

Linearizations and eigenvectors

P(1) =Yk ,AiAl regular.

Eigenvectors are not preserved by linearization.

m.
i
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Eigenvectors of matrix polynomials

Linearizations and eigenvectors

P(1) =Yk ,AiAl regular.
Eigenvectors are not preserved by linearization.
Actually: L(A) linearization of P(1), and

v a(right) e-vec of L(1)

nk n
X a(right)e-vecofP()t)}:“’6(C , x e C. J

i
i
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Eigenvectors of matrix polynomials

Linearizations and eigenvectors

P(1) =Yk ,AiAl regular.
Eigenvectors are not preserved by linearization.
Actually: L(A) linearization of P(1), and

v a(right) e-vec of L(1) nk a
x a(right) e-vec of P(1) = e, HEL, J
A1+ AAc Az -+ Ao
Example: Cy(1) = - .M ) 0 , the first companion form.
0 -1 Al
A& x
Then, if x, v are associated with Ay: V= : (=A®X)
/10X @i

X
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Eigenvectors of matrix polynomials

Obtain formulas for the eigenvectors in all know families of
linearizations.

i
i
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Eigenvectors of matrix polynomials

Obtain formulas for the eigenvectors in all know families of
linearizations.

» We will focus on the families of Fiedler-like pencils.

i
i
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Eigenvectors of matrix polynomials
Goal

Obtain formulas for the eigenvectors in all know families of
linearizations.

» We will focus on the families of Fiedler-like pencils.

Already done for the families:

@ L1(P),Ly(P) and DL(P) in [Mackey, Mackey, Mehl, Merhrmann,
SIMAX 28 (2006)]

@ Linearizations in “other polynomial bases", in [DT, Dopico, Mackey,
ELA 18 (2008)]

i
i
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Eigenvectors of matrix polynomials

Motivation: condition number

A # 0 finite (simple) e-val of P(1) = YK A",

Condition number (normwise) of A:

Kp(L) = Iimgﬁosup{% L (P(A+ DA)+ A(A + AL)) (X + Ax) =0,
|| AA,‘ ||2§ E(L)i,i: 0: k}

[C1]
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Eigenvectors of matrix polynomials

Motivation: condition number

A # 0 finite (simple) e-val of P(1) = YK A",

Condition number (normwise) of A:

Kp(L) = Iimgﬁosup{% L (P(A+ DA)+ A(A + AL)) (X + Ax) =0,
|| AA,‘ ||2§ E(L)i,i: 0: k}

Theorem (Tisseur, 2000)

X right e-vec, y left e-vec of A. Then:

(ZEo Al 1A ) 1y Nl Il
Ay PR

Kp(A) =

1]
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Fiedler-like pencils

Outline

9 Fiedler-like pencils
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Fiedler-like pencils

Basic notation: ordered products and reverse permutation

Let k € N, and an ordered tuple S = (is,...,is) (index tuple), with
0<i,...,is <k, and matrices My, M,..., M, € C***, we set

[IsMj:= M, ---M;

for the product of M;,,..., M, in the order given by S.

In particular, for a permutation, o = (ji,...,Js):

HGM:MHMS

i
i
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Fiedler-like pencils

Basic notation: ordered products and reverse permutation

Let k € N, and an ordered tuple S = (is,...,is) (index tuple), with
0<i,...,is <k, and matrices My, M,..., M, € C***, we set

[IsMj:= M, ---M;

for the product of M;,,..., M, in the order given by S.

In particular, for a permutation, o = (ji,...,Js):

1o M= M M,

We also set: revo = (Js,. .., J1) for the reverse permutation. G
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Fiedler-like pencils Fiedler pencils (FP)

Outline

9 Fiedler-like pencils
@ Fiedler pencils (FP)
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Fiedler-like pencils Fiedler pencils (FP)

Definition (Fiedler, 2003-Antoniou & Vologiannidis, 2004)

Let P(A) = AKAc+---+ 1A+ Ay, A € C™". We define nk x nk matrices:

[ Ingk—j-1) .
- —j in i — _
M; = 0 , j=1,...,k—1,
I Ingi—1)
[/ A
Mn — n(k—1) :| M, — |: k :|
0= ~Ay | Tk In(k—1y

i
i
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Fiedler-like pencils Fiedler pencils (FP)

Definition (Fiedler, 2003-Antoniou & Vologiannidis, 2004)

Let P(A) = AKAc+---+ 1A+ Ay, A € C™". We define nk x nk matrices:

[ Ink—j-1)
o ~A -
M; = 0 , j=1,....k—1

Ing—1)

[ e A
My = n(k=1) Ao]’ Mk::{ k /n(k1)].

Given any permutation ¢ of (0,1,...,k— 1), the Fiedler pencil associated
with o is

FO'(A’) = A M —Ils M;

i
i
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Fiedler-like pencils Fiedler pencils (FP)

Definition (Fiedler, 2003-Antoniou & Vologiannidis, 2004)

Let P(A) = AKAc+---+ 1A+ Ay, A € C™". We define nk x nk matrices:

In(k—j-1)

A .
Aﬂj:: / O ) j:1a"'7k_1a
Ing—1)

[ e A
Mo:z_ n(k=1) Ao]’ Mk::{ k /n(k1)].

Given any permutation ¢ of (0,1,...,k— 1), the Fiedler pencil associated
with o is

FO'(A’) = A M —Ils M;

Examples: Companion forms-Pentadiagonal Fiedler pencils
Ci(A) =AMy — My_1--- MMy
CQ(A)ZA.M;(—M()/VH --~Mk,1 @i
T(X) =AMy — (MiM3Ms - - ) (MoMyMe - - - ) Mo

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12



Fiedler-like pencils Generalized Fiedler pencils (GFP)

Outline

9 Fiedler-like pencils

@ Generalized Fiedler pencils (GFP)

m.
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Fiedler-like pencils Generalized Fiedler pencils (GFP)

Definition

Definition (Fiedler (2003), Antoniou-Vologiannidis (2004))
Set:

@ {Sp,Si} apartition of {0,1,...,k}, with 0 € Sy, k € S;.
@ 0y a permutation of Sp; oy a permutation of S;.

Then the (proper) generalized Fiedler pencil (GFP) for P(1)
associated with oy and oy is:

F((7070'1) = A‘ HG1 Mi_HGO Aﬂ] H

where 1
~ (M, itk
& _{ M, ifizk -
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Fiedler-like pencils Generalized Fiedler pencils (GFP)

Remarks

Well-defined: Given P(A) = AKA,+---+ 1A+ Ay, A €C™", recall the
matrices:

In(k—j-1)
. =A kxnk
M; : / (')7 e CMrxnk - i—q k-1,

Ingi-1)

Mo : } eCMmmk My = { A

{ In(k=1) ] ¢ Cnkxnk

—Ao In(k—1)

and note that My, Mo, ..., M_4 are always invertible.
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Fiedler-like pencils Generalized Fiedler pencils (GFP)

Remarks

Well-defined: Given P(A) = AKA,+---+ 1A+ Ay, A €C™", recall the
matrices:

In(k—j-1)
. =A K nk
,\”j . 'y (1)7 c (Cn X N ;

j=1,... k-1,
Ingi—1)
:l G(anxnk’ Mk = |: Ak

My { In(k—1)

c anx nk7
—Ao In(k—1) ]

and note that My, Mo, ..., M_4 are always invertible.

Remark

If Ax and/or Ay in P(A) = AKAx +---+ LAq + Ay are nonsingular, it is possible to
multiply Fo(A) by M, " and/or My and construct a wider class of GFPs, which

@ contains symmetry-preserving linearizations of even degree polys.
@ Not easy to construct: A, ' and/or A, are required.
For brevity, in this talk, we do not consider these pencils.

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12 15/47



Fiedler-like pencils Fiedler pencils with repetition (FPR)

Outline

9 Fiedler-like pencils

@ Fiedler pencils with repetition (FPR)

m.
i

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12 16 /47



Fiedler-like pencils Fiedler pencils with repetition (FPR)

Definition

pair i, ip With 1 < a< b<tand iy = iy, there is a < ¢ < b such that

Definition: An ordered tuple (iy,..., i) of integers satisfies the SIP if for every

SIP: Avoids products between A’s.

Definition (Vologiannidis, Antoniou, 2011)

P(A) with degree k >2,and 0 < h< k—1. Let oy, o1 be permutations of
{0,1,...,h} and {h+1 ..... .k}, respectively. Let S be an index tuple with
elements in {1,. —1} s.t. (o, S) satisfies the SIP. Then

F(Go oy, S)()‘ (AHM HMI> 'HMZ
00 S

is the Fiedler pencil with repetition (FPR) for P(1) assoc. to (ogp, o1, S).

Remark: Can be extended considering products of M; matrices, and even with .

products to the left, but we only consider this case for simplicity.
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Fiedler-like pencils Fiedler pencils with repetition (FPR)

Examples (FP, GFP, FPR)

P()L) = 13A3 —l—)LZAQ +AA1 —|—A0

FP: },Mg—/\/hMgMo:l

GFP:  AM;"Ms— MoMy = A

FPR: (},M\g — M1 MQM())M1 =A

i
i
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Fiedler-like pencils Fiedler pencils with repetition (FPR)

Strong linearizations

Theorem (Antoniou-Volgiannidis, DT-Dopico-Mackey, Bueno-DT-Dopico)

All FP, GFP and FPR are strong linearizations for both regular and
square singular matrix polynomials.

i
i
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Fiedler-like pencils Fiedler pencils with repetition (FPR)

Strong linearizations

Theorem (Antoniou-Volgiannidis, DT-Dopico-Mackey, Bueno-DT-Dopico)

All FP, GFP and FPR are strong linearizations for both regular and
square singular matrix polynomials.

Consequence: Same eigenvalues as the polynomial.

i
i
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Fiedler-like pencils Fiedler pencils with repetition (FPR)

Strong linearizations

Theorem (Antoniou-Volgiannidis, DT-Dopico-Mackey, Bueno-DT-Dopico)

All FP, GFP and FPR are strong linearizations for both regular and
square singular matrix polynomials.

Consequence: Same eigenvalues as the polynomial.

Formulas for the eigenvectors?

i
i
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Fiedler-like pencils Fiedler pencils with repetition (FPR)

Strong linearizations

Theorem (Antoniou-Volgiannidis, DT-Dopico-Mackey, Bueno-DT-Dopico)

All FP, GFP and FPR are strong linearizations for both regular and
square singular matrix polynomials.

Consequence: Same eigenvalues as the polynomial.

Formulas for the eigenvectors?

We will focus on right eigenvectors (similar formulas for the left ones)

i
i
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Formulas for the eigenvectors

Outline

© Formulas for the eigenvectors
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Formulas for the eigenvectors

Consecutions and inversions. Horner shifts

Let o = (jo,j1,---,Jjs) be a permutation of S = {i, i,...,is}.
Fori=1iy,b,...Is, we say that o has a

m.
i
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Formulas for the eigenvectors

Consecutions and inversions. Horner shifts

Let o = (jo,j1,---,Jjs) be a permutation of S = {i, i,...,is}.
Fori=1iy,b,...Is, we say that o has a

@ consecutionat /,ifi,i+1¢ Sand
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Formulas for the eigenvectors

Consecutions and inversions. Horner shifts

Let o = (jo,j1,---,Jjs) be a permutation of S = {i, i,...,is}.
Fori=1iy,b,...Is, we say that o has a

@ consecutionat /,ifi,i+1¢ Sand

m.
i

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number

SIAMLA 12

21/47



Formulas for the eigenvectors

Consecutions and inversions. Horner shifts

Let o = (jo,j1,---,Jjs) be a permutation of S = {i, i,...,is}.
Fori=1iy,b,...Is, we say that o has a

@ consecutionat /,ifi,i+1¢ Sand

The dth Horner shift of P(A) = AKAc+--- + A A; + Ay is:

Py(A) :=A9Ak+ -+ AAk g1+ Akg, 0<d<k

SIAMLA 12 21/47
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Formulas for the eigenvectors
E-vecs of Fiedler pencils

Theorem

P(A) regular nx n of degree k > 2 and F;(1) the Fiedler pencil associated to
a bijection ¢ of {0,1,...,k—1}. Then v € C"**"% is an eigenvector of F5(1)
associated with Ay iff:

By

where, for i =0,...,k—1,

B — /UP,, if i>1 and o has a consecutionat k —/ — 1
T Ml if i=0or o has an inversion at k —/ — 1

with j = number of inversions of ¢ from 0 to k — i —2, and xe C" eigenvector
of P(1) associated with ;.
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Formulas for the eigenvectors
E-vecs of Generalized Fiedler pencils

P(2) regular nx n of degree k > 2 and F(g, 5)(4) = ),I\N/I(F1 — My, the GFP
associated to oy and o;. Write

[Iv=IIm I M.

61 (kk—1,k—1)
Then v € C™>"k is an eigenvector of F4, +,)(1) associated with Ay iff:
v=[ APy APy ... ASP, 4 |By ... Bi oyt ]7x,
where s = 1+number of inversions of (rev 61,0y), and, for i =0,...,k — 1, —1,

)

B, — MP;, it i>1and (revGy,0p) has a consecution at k — 1 — i — 1
T M if i =0 or (revGy,0p) has an inversion at k — 1 — i — 1

with j = number of inversions of (rev 6y, 0q) from 0 to k — 14 — i — 2, and xe C"
eigenvector of P(1) associated with A;.
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Formulas for the eigenvectors

FPR of type 1

Definition
Let o be a permutation of {0,1,...,h},and 0 < s < h. Then s is a type 1
index for o if o has an inversion at s— 1 and a consecution at s.

In this case, o =(...,s,...,s+1,...,5s—1,...), and the associated
permutation to (o, s) is 7(o,s)=(...,s+1,...,s—1,5,...).

i
i
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Formulas for the eigenvectors
FPR of type 1

Definition

Let o be a permutation of {0,1,...,h},and 0 < s < h. Then s is a type 1
index for o if o has an inversion at s— 1 and a consecution at s.

In this case, o =(...,s,...,s+1,...,5s—1,...), and the associated
permutation to (o, s) is 7(o,s)=(...,s+1,...,s—1,5,...).

Definition

Let Fs,.0,.5)(4) be the FPR for P(1) assoc. to (og, 04, S), with
S=(s1,...,5). Thenitis atype 1 FPR if, foreach j=1,...,r, s;is a type 1
index associated to 7(op,S1,...,8j_1) = 7(7(00,S1,--.,Sj-2),Sj-1)-

i
i
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GF associated to a type 1 FPR

Definition

Given a type 1 FPR, F(4, 5,,5)(4), the GF pencil associated to
F(60,0'1,S)(x) is F(T(GO,S),(H)(A')'

i
i
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GF associated to a type 1 FPR

Definition

Given a type 1 FPR, F(4, 5,,5)(4), the GF pencil associated to
F(Go,GhS)(z') is F(T(GQ,S)&H)(A')'

Example: k=9,h=6 and
oo =(3,4,5,6,1,2,0), 01 =(7,9,8), S=(3), then

Flon.on9) = (AM7 " Mo — Mo My Ms Mg My Mo Mo ) M,

and
F(r(co,S),m) = 7L/M771 /\ﬂg/wgf1 — My Ms Mg My Mo Ms M.

i
i
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Formulas for the eigenvectors

E-vecs of (type 1) Fiedler pencils with repetition

Theorem
@ P(A) regular nx nof degree k > 2.
® F(sy.01,5)(A) the type 1 FPR associated to oy, o1 and S.
@ F(1(cy,5),01)(A) be the GF pencil associated to F(4; ,,5)(4).

Then a right eigenvector of F, , s)(1) is a right eigenvector of
Fie(cp,8),01)(A)-

i
i
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Formulas for the eigenvectors
Example

Let k =9,h=6 and op = (3,4,5,6,1,2,0),01 =(7,9,8),5 = (3). Then,
a right e-vec of the type 1 FPR: F(, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 MoMg " — My Ms Mg My Mo Ms M. This is:

i
i
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Formulas for the eigenvectors
Example

Let k =9,h=6 and op = (3,4,5,6,1,2,0),01 =(7,9,8),5 = (3). Then,
a right e-vec of the type 1 FPR: F(, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 MoMg " — My Ms Mg My Mo Ms M. This is:

V= X (x e-vec of P(1))

01 = (7) = (revoy,7(00,3)) = (7,4,5,6,1,2,3,0) = 1+number of
inversions of (rev 6y, 7(0p,3)) = 4.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Letk=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S=(3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fle(60.5).01) = AM5  MoMg ' — MyMs Mg M; Mo M3 M. This is:

_A4A9-.

V= X (x e-vec of P(1))

o1 = (7) = (revoy,t(0p,3)) =(7,4,5,6,1,2,3,0) = 1+number of
inversions of (rev 6y, t(0p,3)) = 4.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Letk=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S=(3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fle(60.5).01) = AM5  MoMg ' — MyMs Mg M; Mo M3 M. This is:

_A4A9-.

V= X (x e-vec of P(1))

i, =1,(revoy,1(0p,3)) = (7,4,5,6,1,2,3,0) =number of inversions of&i
(revoy,t(0p,3)) fromOtok — 1y —0—-2 =3.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Letk=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fle(00.5).01) = AM5 MMy — MyMs Mg M; Mo M3 M. This is:

_A4A9—

231

V= X (x e-vec of P(1))

i, =1,(revoy,1(0p,3)) = (7,4,5,6,1,2,3,0) =number of inversions oféu
(revoy,1(0p,3)) fromO0tok — 1y —0—-2 =3.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:

- A4A9 -
231

V= X (x e-vec of P(1))

1, =1,(revoy,1(09,3)) = (7,4,5,6,1,2,3,0) =number of inversions of
(revoy,1(0p,3)) fromOtok—1—1—-2 =2+ (revGy, 7(0p,3)) has
inversionat6 =k —1,—1—1.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:

CA4Ag ]
231

A2l

V= X (x e-vec of P(1))

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—1x—1—2 =2 + (revGy,17(0p,3)) has &
inversionat6 =k —1,—1—1.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k =9,h=6 and o = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A ]
231
221

V= X (x e-vec of P(1))

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—2—2 =2 + (revGy,17(0p,3)) has &
consecutionat5=k—1,—1-—1.
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Formulas for the eigenvectors
Example

Let k =9,h=6 and o = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
AT
231
221
A2P;

V= X (x e-vec of P(1))

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—2—2 =2 + (revGy,17(0p,3)) has &
consecutionat5=k—1,—2—1.
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Formulas for the eigenvectors
Example

Let k =9,h=6 and o = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
AT
231
221
A2P;

V= X (x e-vec of P(1))

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—3—2 =2 + (revGy,17(0p,3)) has &
consecutionat4 =k —1, —3—1.
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py

v=| A%P, | x  (xe-vecof P())

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—3—2 =2 + (revGy,17(0p,3)) has &
consecutionat4 =k —1, —3—1.

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12 36 /47



Formulas for the eigenvectors
Example

Let k=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
CAds T
A3
A2l
A2P;
v=| A%P, | x  (xe-vecof P())

1, =1,(revoy,1(0p,3)) = (7,4,5,6,1,2,3,0) =number of inversions of
(revoy,1(0p,3)) fromOtok—1—4—2 =1+ (revGy, 7(0p,3)) has
inversionat3=k—1,—4—1.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:

[ A% Aq

A2l
A2P;
V= 12P4
At

i, =1,(revoy,1(0p,3)) = (7,4
(revoy,1(0p,3)) from 0 to k —
inversionat3 =k —1,—4—1.

De Teran, Bueno, Dopico, Mackey ()

231

E-vecs of linzs and condition number

X (x e-vec of P(1))

,5,6,1,2,3,0) =number of inversions of
k—4—-2=1+ (revoy,7(0p,3)) has &
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py

v=| A%P, | x  (xe-vecof P())
Al

i = 1,(rev 51, 7(00,3)) = (7,4,5.6,1,2,3,0) =number of inversions of -
(revGy,7(0p,3)) fromOtok—1x—5—2 =1 + (revGy,7(0p,3)) has &
consecutionat3=k—1,—5—1.
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py
v=| A%2P, | x  (xe-vecof P())
Al
A1 Pg

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(0p,3)) fromOtok—1x—5—2 =1 + (revGy,7(0p,3)) has &
consecutionat2=k—1,—5-—1.

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12 40/ 47



Formulas for the eigenvectors
Example

Let k =9,h =6 and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py
v=| A%P, | x  (xe-vecof P())
Al
APs

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—6—2 =1 + (revGy,7(0p,3)) has &
consecutionat1 =k—1,—6—1.
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py
v=| A%2P, | x  (xe-vecof P())
Al
APs
APy

i = 1,(rev6y,7(00,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,7(00,3)) fromOtok—14—6—2 =1 + (revGy,7(0p,3)) has &
consecutionat1 =k—1,—6—1.

De Teran, Bueno, Dopico, Mackey () E-vecs of linzs and condition number SIAMLA 12 42/ 47



Formulas for the eigenvectors
Example

Let k =9,h =6 and oy = (3,4,5,6,1,2,0),01 = (7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of
Fie(cp,8).01) = AM5 " MgMg " — MyMs Mg My Mo Ms M. This is:
A T
231
221
A2Py
v=| A%P, | x  (xe-vecof P())
Al
APs
AP7

1 =1,(revoy,1(0p,3)) = (7,4,5,6,1,2,3,0) =number of inversions of -
(revGy,1(0g,3)) from0tok—14—7 -2 =0+ (rev 51, 7(0p,3)) has &
consecutionat0 =k —1, —7—1.

De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k=9,h=6and oy =(3,4,5,6,1,2,0),01 =(7,9,8),S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fle(00.8).01) = AM5  MoMg ' — MyMs Mg M; Mo M3 M. This is:
A4 T
81
21
A2Ps
v=| A%P; | x  (xe-vecof P(1))
Al
APs
AP
A01
1, =1,(revoy,1(0p,3)) = (7,4,5,6,1,2,3,0) =number of inversions of
(revGy,1(0g,3)) from0tok—1k—7 -2 =0 + (rev 51, 7(0p,3)) has &
consecutionat0 =k —1, —7—1.
De Teran, Bueno, Dopico, Mackey ()
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Formulas for the eigenvectors
Example

Let k =9,h=6 and op = (3,4,5,6,1,2,0),01 =(7,9,8),5S = (3). Then,
a right e-vec of the type 1 FPR: F(,, 5, s) is an e-vec of

Fix(0p,8).01) = AM5 MgMg " — My MsMgM; Mo Ms M. This is:

2t
A%

22l
2P,
v=| A2P, |x  (xe-vecof P(1)).
Al
APsg
AP

m.
i

De Teran, Bueno, Dopico, Mackey ()
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Conditioning of eigenvalues

Outline

e Conditioning of eigenvalues

m.
i
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Conditioning of eigenvalues

Conditioning for linearizations

e P(1) regular,

e (1), a Fiedler-like lin’z of P(4),

e x/y, right/left e-vecs of P(1) assoc. to Ag,

e v/w, the associated left and right e-vecs of F(1).

(w*F'(Ao)v| =

= *
y*P'(A0)X|.

i
i
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Conditioning of eigenvalues

Conditioning for linearizations

e P(A) regular,

e (1), a Fiedler-like lin’z of P(4), \W*F'(A)Vv| =
o x/y, right/left e-vecs of P(1) assoc. to Ao, =y P (Ag)xl.
e v/w, the associated left and right e-vecs of F(1).

oy (E0RTTAT) 1y llel e
e [AllyP'(A)x] '

i
i
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Conditioning of eigenvalues

Conditioning for linearizations

e P(1) regular,

e (1), a Fiedler-like lin’z of P(4), (W F'(Ao)Vv| =
o x/y, right/left e-vecs of P(1) assoc. to Ao, =y P (Ag)xl.
e v/w, the associated left and right e-vecs of F(1).

Given two linz's L1(A) = X; +1Y; and La(1) = Xo + A Yo, we have

Al Y, X °
k1, (A0)/ K1, (o) = gl \.Ily1||+||X1 IIgIIVVZII.HZII’

2|1+l A2

i
i
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Conditioning of eigenvalues

Conditioning for linearizations

e P(1) regular,

e (1), a Fiedler-like lin’z of P(4), W F'(Ao)Vv| =
o x/y, right/left e-vecs of P(1) assoc. to Ao, =y P (Ag)xl.
e v/w, the associated left and right e-vecs of F(1).

Given two linz's L1(A) = X; +1Y; and La(1) = Xo + A Yo, we have

Al Y, X °
k1, (A0)/ K1, (o) = gl \.Ily1||+||X1 IIgIIVVZII.HZII’

2|1+l A2

and even the conditioning of L(1) = X 4+ A Y with the one the polynomial:

_ (AYIHXDwv]
K1(Ao)/ e (%0) = (5 BATAT Il

Work in progress (with F. Tisseur)
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