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Framework

JCF(AB) vs JCF(BA)

Notation:

@ JCF(M) = Jordan Canonical Form of M.

@ S;(M)=(ny,m,...,0,0,...) = Segré characteristic of M at 1 € C (infinite
sequence of ordered sizes ny > n, > ... of Jordan blocks at A in JCF(M)).
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Framework

JCF(AB) vs JCF(BA)

Notation:

@ JCF(M) = Jordan Canonical Form of M.

@ Si(M)=(m.,ny, ..., 0,0,...) = Segré characteristic of M at A € C (infinite
sequence of ordered sizes ny > n, > ... of Jordan blocks at A in JCF(M)).

Theorem (Flanders, 1951)

Given Ae C™", Be C™™, set M = AB,N = BA.
(i) [ Su(M) = Sa(N) forall 2 +0.

(i) [1So(M) = So(N)lleo < 1.

Conversely, if M e C™™ and N € C™" satisfy (i)—(ii), then M = AB and
N = BA, for some A, B.

In plain words: JCF(AB) and JCF(BA) can only differ in the J-blocks at 0, and
the corresponding sizes differ, at most, by 1, and this happens only for
matrices of the form AB and BA.
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Flanders again: exhaustivity

Moreover:

Theorem (Flanders, 1951)

Letu = (u1,u2,...), and g’ = (¢}, i, . ..) be two lists of integers with
My 2 pp>...20,and yf > p, > ... > 0, with:

(i) e —pllo =1, and

(i) llells = m, ['lls = n.

Then, there are A€ C™", B € C™™ with So(AB) = u and So(BA) = u'.
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Framework

More than two matrices? Size.

What happens for products (in different orders) of more than two matrices?

Fernando De Teran (UC3M) Flanders’ Theorem for many matrices Universita di Pisa, 01/2020 7134



Framework

More than two matrices? Size.

What happens for products (in different orders) of more than two matrices?

Three matrices: Ae C™", B € CP*9, C € C™S of “appropriate" sizes. What
dose this mean?:

@ ABC must be defined (mxn)-(pxq)-(rxs)=n=p,g=r.
@ ACB must be defined (mxn)-(rxs)-(pxq)=n=r,s=p.

@ CAB must be defined (rxs)-(mxn)-(pxq)=s=m, n=p.
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Framework

More than two matrices? Size.

What happens for products (in different orders) of more than two matrices?

Three matrices: Ae C™", B € CP*9, C € C™S of “appropriate" sizes. What
dose this mean?:

@ ABC must be defined (mxn)-(pxq)-(rxs)=n=p,g=r.
@ ACB must be defined (mxn)-(rxs)-(pxq)=n=r,s=p.
@ CAB must be defined (rxs)-(mxn)-(pxq)=s=m, n=p.

Thenn:m=n=p=qg=r=s.
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More than two matrices? Cyclic permutations.

Three matrices: A, B, C € C™", Then

@ S1 ={ABC, CAB, BCA}: Any two here satisfy Flanders’ Theorem.

@ S, = {ACB, BAC, CBA}: Any two here satisfy Flanders’ Theorem.
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More than two matrices? Cyclic permutations.

Three matrices: A, B, C € C™", Then

@ S1 ={ABC, CAB, BCA}: Any two here satisfy Flanders’ Theorem.

@ S, = {ACB, BAC, CBA}: Any two here satisfy Flanders’ Theorem.

Q: What happens with one from S; and another one from S,?
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More than two matrices? “Anything" may happen with

nonzero e-vals.

(A(M) : Spectrum of M).
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Framework

More than two matrices? “Anything" may happen with

nonzero e-vals.

(A(M) : Spectrum of M).

" A(ABC) and A(CBA) can be (almost) arbitrarily different 1!
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More than two matrices? “Anything" may happen with

nonzero e-vals.

(A(M) : Spectrum of M).

" A(ABC) and A(CBA) can be (almost) arbitrarily different 1!

Theorem
Let

A ={l1,...,Am}, Ao = {A12,..., A2}
be two sets of n nonzero complex numbers (with possible repetitions).
If A41---Ap1 = A12--- An2, there are A, B, C € C™", such that

AMABC) =A;,  A(CBA) = As.
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More than two matrices? Anything may happen with

the zero e-val.

IS" The sizes of Jordan blocks at 0 in JCF(ABC) and JCF(CBA) can be
arbitrarily different !l

1 0 1
1/2
A= , B=|" , C=(AB)"| l

0o 1

1/n _11 1 0
0o 1
@ ABC = 0 1 ‘(Jn(O))
0
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Framework

More than two matrices? Anything may happen with

the zero e-val.

IS" The sizes of Jordan blocks at 0 in JCF(ABC) and JCF(CBA) can be
arbitrarily different !l

1 0 1
1/2 I
A= , , B= , C=(AB)"
. . ]
1/n ’ _11 1 0
0 1
e ABC=| " (= Jn(0)).
0 1
0

@ The e-vals of CBA are: 0,44,...,An-1, With Ay --- A5y # 0.

(IDEA: 0 is a simple eigenvalue of CBA: rank(CBA) = n—1 and (CBA)[12- n]" = 0. But
(CBA)vy =[12-- n]" is impossible, since this would imply Cw = [12 - n]", but the last two
entries of Cw must coincide, since the last two rows of C are the same.)
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Framework

More than two matrices? Anything may happen with

the zero e-val.

IS" The sizes of Jordan blocks at 0 in JCF(ABC) and JCF(CBA) can be
arbitrarily different !l

1 0 1
1/2 4o
A= , , B= , C=(AB)"
. . ]
1/n ’ _11 1 0
0 1
e ABC=| " (= Jn(0)).
0 1
0

@ The e-vals of CBA are: 0,44,...,An-1, With Ay --- A5y # 0.

5" We need to impose some extra conditions on A, B, C.
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Framework

More than two matrices? Anything may happen with

the zero e-val.

IS" The sizes of Jordan blocks at 0 in JCF(ABC) and JCF(CBA) can be
arbitrarily different !l

1 0 1
1/2 4o
A= , , B= , C=(AB)"
. . ]
1/n ’ _11 1 0
0 1
e ABC=| " (= Jn(0)).
0 1
0

@ The e-vals of CBA are: 0,44,...,An-1, With Ay --- A5y # 0.

5" We need to impose some extra conditions on A, B, C.

Which ones ?
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Flanders pairs and bridges

Set M e C™M N e C™".

Definition

(M, N) is a Flanders pair if M = AB, N = BA, for some A e C™" B e C™™M,
There is a Flanders bridge between M and N if (M, N) is a Flanders pair.

Note: Not transitive !!!
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Framework

Flanders pairs and bridges

Set M e C™M N e C™".

Definition

(M, N) is a Flanders pair if M = AB, N = BA, for some A e C™" B e C™™M,
There is a Flanders bridge between M and N if (M, N) is a Flanders pair.

Note: Not transitive !!!

Example:
M = J;5(0), Q = diag(J=2(0),J1(0)), N = diag(J1(0), J1(0), J1(0)) = Ozxs.
Then (M, Q) and (Q, N) are Flanders pairs, but (M, N) is not.
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Flanders pairs and bridges

Set M e C™M N e C™".

Definition

(M, N) is a Flanders pair if M = AB, N = BA, for some A e C™" B e C™™M,
There is a Flanders bridge between M and N if (M, N) is a Flanders pair.

Note: Not transitive !!!

Corollary (of Flanders’ Theorem)

If (M1, M), (M2, Ms), ..., (Mq, Mgs1) are Flanders pairs, then:
(i) Sy(My) = Si(Mgyy1), forall 2 £ 0.

(i) ISo(M1) = So(Ma+1)ll < d.

Sequences of Flanders pairs allow us to relate the JCF of two matrices
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The problems

Given Ay, ..., Ax € C™" we set:

P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Fernando De Teran (UC3M)
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The problems

Given A4, ..., Ax € C™", we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 1: Find necessary and sufficient conditions on Ay, ..., A such that:

(i) [ Sa(M) =Sa(N), forall 1 # 0and all M,N € P(A,...,Ax), and

(i) NSo(M) = So(M)llw < d , for any M, N € P(As, ..., A) and
ISo(M) — So(N)llo = d , for some M, N € P(As, ..., Ak).
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The problems

Given A4, ..., Ax € C™", we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 1: Find necessary and sufficient conditions on Ay, ..., A such that:

(i) [ Sa(M) =Sa(N), forall 1 # 0and all M,N € P(A,...,Ax), and

(i) NSo(M) = So(M)llw < d , for any M, N € P(As, ..., A) and
ISo(M) — So(N)llo = d , for some M, N € P(As, ..., Ak).

3
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The problems

Given A4, ..., Ax € C™" we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 2: If M, N satisfy
(i) [ Sy(M) =S8a(N),va+0,and
(i) ISo(M) = So(N)ll < d ,

then M, N € P(A4,..., Ax), for some Ay,..., A satisfying the conditions
obtained in Question 1?
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The problems

Given A4, ..., Ax € C™" we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 2: If M, N satisfy
(i) [ Sy(M) =S8a(N),va+0,and
(i) ISo(M) = So(N)ll < d ,

then M, N € P(A4,..., Ax), for some Ay,..., A satisfying the conditions
obtained in Question 1?
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Framework

The problems

Given A4, ..., Ax € C™" we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 3 (exhaustivity):

Given: two non-increasing sequences of nonnegative integers u,u’ such that
Il -l = d,

are there: Ay, ..., A, satisfying the conditions obtained in Question 1 and
So(n1) =M, So(nz) =[1' s for some My,Ms € P(A1 e ,Ak)?
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Framework

The problems

Given A4, ..., Ax € C™" we set:
P(Ay,...,Ac) = {A; --- A, : (i,..., i) a permutation of (1,...,k)}
("Permuted products” of Ay, ..., Ak)

Three questions (after Flanders’ Theorem):

Question 3 (exhaustivity):

Given: two non-increasing sequences of nonnegative integers u,u’ such that
Il -l = d,

are there: Ay, ..., A, satisfying the conditions obtained in Question 1 and
So(n1) =M, So(nz) =[1' s for some My,Ms € P(A1 e ,Ak)?

g (Only for k = 3).
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Questions 2 and 3 are related

If the answer to Question 3 is affirmative:
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Questions 2 and 3 are related

If the answer to Question 3 is affirmative:

Given M and N with
(i) Sa(M) = S8,(N), ¥a# 0, and
(i) [|So(M) = So(N)ll < d,

then
M - J¢0(M) 0 - J¢0(M) O o ﬁ
0 Jo(M) 0 m | "
N Jo(M) 0 - Joo(M) | O -n
0 Jo(N) 0 M |~ %
(~: similar).
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Questions 2 and 3 are related

If the answer to Question 3 is affirmative:

Given M and N with
(i) Sa(M) = S8,(N), ¥a# 0, and
(i) [|So(M) = So(N)ll < d,

then
M - J¢0(M) 0 - J¢0(M) O o ﬁ
0 Jo(M) 0 m | "
N Jo(M) 0 - Joo(M) | O -n
0 Jo(N) 0 M |~ %
(~: similar).
So M~ ﬁ1 and N ~ ﬁg, with ﬁ1,ﬁ2 € P(Z1 ..... Zk)
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The case of three matrices

Outline

e The case of three matrices
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Permuted products of A, B, C € C™"

P(A, B, C) = (ABC, ACB, BCA, BAC, CBA, CAB}
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Permuted products of A, B, C € C™"

P(A, B, C) = (ABC, ACB, BCA, BAC, CBA, CAB}
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Permuted products of A, B, C € C™"

P(A, B, C) = {ABC, ACB, BCA, BAC, CBA, CAB}
v

\

* .
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The case of three matrices

Permuted products of A, B, C € C™"

P(A, B, C) = {ABC, ACB, BCA, BAC, CBA, CAB}
v

ABC

If A(BC) = A(CB):
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The case of three matrices

Permuted products of A, B, C € C™"

P(A, B, C) = {ABC, ACB, BCA, BAC, CBA, CAB}
v

ABC

If C(AB) = C(BA):
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The case of three matrices

Permuted products of A, B, C € C™"

P(A, B, C) = {ABC, ACB, BCA, BAC, CBA, CAB}
v

ABC

If (CA)B = (AC)B:
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Commutativity relations

If at least two of A, B, C commute then, for any M,y € P(A, B, C) :
(i) Sa(My) = Sy(My), forall 1 # 0.
(i) ISo(M1) = So(M2)ll < 2.
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Commutativity relations

If at least two of A, B, C commute then, for any M,y € P(A, B, C) :
(i) Sa(My) = Sy(My), forall 1 # 0.
(i) ISo(M1) = So(M2)ll < 2.

I¥” commutativity of (A, B) or (A, C), or (B, C) is the answer to Question 1 for
three matrices.
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The case of three matrices

Commutativity relations

If at least two of A, B, C commute then, for any M,y € P(A, B, C) :
(i) Sa(My) = Sy(My), forall 1 # 0.
(i) ISo(M1) = So(M2)ll < 2.

I¥” commutativity of (A, B) or (A, C), or (B, C) is the answer to Question 1 for
three matrices.

I¥" Moreover, it is the answer to Question 3:

Theorem

Let u, 1’ be two non-increasing sequences of nonnegative integers such that
(i) Il = p'lls < 2, and
(i) leells = le'lls = n.

Then, there are three matrices A, B, C € C™", such that AC = CA and

So(ABC) =y, and  So(CBA) =y’
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The case of three matrices

Answer to Question 27

As for Question 2, we have:

Corollary

Let M, N € C™". Then the following are equivalent:

(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = Sa(N), forall 2 # 0, and ||So(M) — So(N)ll < 2.

(c) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N
is similar to CBA.
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The case of three matrices

Answer to Question 27

As for Question 2, we have:

Corollary

Let M, N € C™". Then the following are equivalent:

(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = Sa(N), forall 2 # 0, and ||So(M) — So(N)ll < 2.

(c) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N
is similar to CBA.

Not necessarily: M = ABC and N = CBA !l
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof: (a) = (b): Corollary of Flanders’ Th. (already seen).
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof:
(b) = (c): Taking M, N to JCF:

M ~ JCF(M) = diag(M,, Ms)
N ~ JCF(N) = diag(N;, N)

(nonzero e-vals, zero e-val)
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof:
(b) = (c): Taking M, N to JCF:

M ~ JCF(M) = diag(M,, Ms)
N ~ JCF(N) = diag(N;, N)

(nonzero e-vals, zero e-val)

By hypothesis: M, = N, and ||So(M) — So(N)|l» < 2. Therefore (last Thm.)
there are As, Bs, Cs With AsCs = CSAS and AsBScS = Ms, CSBSAS = Ns.
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof:
(b) = (c): Taking M, N to JCF:

M ~ JCF(M) = diag(M,, Ms)
N ~ JCF(N) = diag(N;, N)

(nonzero e-vals, zero e-val)

By hypothesis: M, = N, and ||So(M) — So(N)|l» < 2. Therefore (last Thm.)
there are As, Bs, Cs With AsCs = CSAS and AsBScS = Ms, CSBSAS = Ns.
= A =diag(/, As), B = diag(M;, Bs), C = diag(/, Cs) fulfill the conditions in (c).
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof:
(c) = (a): Let M = P(ABC)P‘1, N = R(CBA)F{‘K and set Q := BCA.
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The case of three matrices

Answer to Question 27 (proof)

Let M, N e C™". Then the following are equivalent:
(a) Thereis Q € C™" such that (M, Q) and (Q, N) are Flanders pairs.
(b) Sa(M) = S.(N), for all 2 # 0, and [|So(M) - So(N)lle < 2.
(¢) There are A, B, C € C™" such that AC = CA, M is similar to ABC, and N is similar to CBA.

Proof:
(c) = (a): Let M = P(ABC)P‘1, N = R(CBA)F{‘K and set Q := BCA.

Then (M, Q) and (Q, N) are Flanders pairs:

M = P(ABC)P-' = (PA)(BCP-1) ~ (BCP~1)(PA) = BCA = Q.
N = R(CBA)R-' = (RC)(BAR") ~ (BAR"")(RC) = BAC = BCA = Q.
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More than three matrices

Outline

e More than three matrices
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More than three matrices

Basic definitions

Path of a graph: Sequence of adjacent edges containing no cycles. Its length
is the number of edges.

Forest: A graph containing no cycles.
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More than three matrices

Basic definitions

Path of a graph: Sequence of adjacent edges containing no cycles. Its length
is the number of edges.

Forest: A graph containing no cycles.

Example:

Oa050300
ONORORO,
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More than three matrices

Basic definitions

Path of a graph: Sequence of adjacent edges containing no cycles. Its length
is the number of edges.

Forest: A graph containing no cycles.

Example: — — —— Path (of length 4)

Oa0500R0
ONOROZO
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Basic definitions

Path of a graph: Sequence of adjacent edges containing no cycles. Its length
is the number of edges.

Forest: A graph containing no cycles.

Example: — — —— Path (of length 4)

Oa0500R0
ONOROZO

Definition

The graph of non-commutativity relations of Ay, ..., A is the graph G = (V, E)
with V ={1,2,...,k}, such that {/, j} € E if and only if A;A; # A;jA;, for
1<i,j<kwithi#]j.
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More than three matrices

Sequences of Flanders bridges

Definition

M;, Mg.1 € C™" are connected by a sequence of Flanders bridges if
(My, M), (Ma, M5), ..., (Mg, My,+1) are Flanders pairs, for some Ms, ..., My.

G(A1, ..., Ax): the graph of non-commutativity relations of A, ..., Ag
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More than three matrices

Sequences of Flanders bridges

Definition
M;, Mg.1 € C™" are connected by a sequence of Flanders bridges if
(My, M), (Ma, M5), ..., (Mg, Mg.1) are Flanders pairs, for some Mo, ..., My.

G(A1, ..., Ak): the graph of non-commutativity relations of A, ..., Ak.

Then, if products in P(As,..., Ax) are considered as formal products:

Any two products in P(Aq, ..., Ax) are related by a sequence of Flanders
bridges & G(A1, ..., Ax) is a forest.
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More than three matrices

Sequences of Flanders bridges

Definition
M;, Mg.1 € C™" are connected by a sequence of Flanders bridges if
(My, M), (Ma, M5), ..., (Mg, Mg.1) are Flanders pairs, for some Mo, ..., My.

G(A1, ..., Ak): the graph of non-commutativity relations of A, ..., Ak.

Then, if products in P(As,..., Ax) are considered as formal products:

Any two products in P(Aq, ..., Ax) are related by a sequence of Flanders
bridges & G(A1, ..., Ax) is a forest.

Hence: If G(A1,..., Ay) is a forest, ¥ My, Mz € P(A1, ..., Ax):
@ S,(MNy) = S,(N2), forall 2 # 0.

@ [|So(M1) = So(M2)lle < d.
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More than three matrices

Sequences of Flanders bridges

Definition
M;, Mg.1 € C™" are connected by a sequence of Flanders bridges if
(My, M), (Ma, M5), ..., (Mg, Mg.1) are Flanders pairs, for some Mo, ..., My.

G(A1, ..., Ak): the graph of non-commutativity relations of A, ..., Ak.

Then, if products in P(As,..., Ax) are considered as formal products:

Any two products in P(Aq, ..., Ax) are related by a sequence of Flanders
bridges & G(A1, ..., Ax) is a forest.

Hence: If G(Ay, ..., Ayx) is aforest, Y1y, Mo € P(Ay, ..., Ak):
@ S,(My) =8a(Ny), for all 2 # 0.
() ||So(|_|1) —So(nz)Hoo <d. ..ad?
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More than three matrices

The main result

Q@ G(Ai, ..., Ax) aforest. Set d= length of the longest path in G(A, ..., Ak).
Given M4,My € P(A4, ..., Ax):

ISo(M1) = So(M2)lle < d.

@ This bound is attainable: Let G be any forest with k vertices, and let
d < k be the length of the longest path in G. Then there are

A1, ..., Ak € C™" whose graph of non-commutativity relations is G, and
My,M2 € P(A4, ..., Ax) with

ISo(M4) = So(M2)llee = d.
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More than three matrices

The main result

Q@ G(Ai, ..., Ax) aforest. Set d= length of the longest path in G(A, ..., Ak).
Given Iy, My € P(Aq, ..., Ak):

ISo(M1) = So(M2)lle < d.

@ This bound is attainable: Let G be any forest with k vertices, and let
d < k be the length of the longest path in G. Then there are

Ai,..., A € C™" whose graph of non-commutativity relations is G, and
My,M2 € P(A4, ..., Ax) with

IS0 (M1) = So(M2)lle = d.

Comment on the Proof:

@ For @ Uses tools from theory of permutations and graph theory.

@ For @: Constructive, just matrix manipulations.
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More than three matrices

Example

Oa05030R0
ONOROZO

Set:
Ar = diag(A1, lg), A = diag(lr, D, Iy),  As = diag(As, DS, 0P, D, 1),
Ay =diag(h1. D), As = diag(le. D). DY),  Ag = diag(ls. D", Is).
A7 = diag(A7, D). 1), Ag = diag(As. Ig), Ag = (Ao, Ig).

with:

A = diag(ls. J2(0))  Aq = diag(l.J2(0).1). A = diag(1,J2(0). ko).
Ag = diag(J2(0), l3), A7 = diag(0, Iy), A=, fori+1,3,7,8,9,

and D;f) € C2*2 nonsingular such that DS)DQ) # D((;)Dé”, Déz)Déz) # DéZ)DéZ),

(3) H(3) (3) H(3) (4) H(4) (4) H(4) .
DD + b D, and D' D # DY DY Then:

|-|1 = (A9A1 A3A8A7)A6A2A5A4 = dlag(J5(O),J), |-|2 = (A7A8A3A1 Ag)A6A2A5A4 = diag(Os,J),
with J = diag (0" D{", D D, D{*) DY, Dgﬂog‘*)), nonsingular.

Hence: So(M1) = (5) and So(Mz) = (1,1,1,1,1), s0 [[|So(M1) = So(M2)llee = 4 .
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Open Problems

@ Given d > 4 and two non-increasing sequences u,u’ of nonnegative
integers such that |ju — /|l < d — 1, is it always possible to find d
matrices, Ay,...,Aq, such that G(A, ..., Ax) is a path, and
So(A1 e -Ad) =M, So(Ad cee A1) :y'?

Q If M, Q e C™" are such that S,(M) = S,(Q), for all 2 # 0, and
ISo(M) — So(Q)ll < 2, are there three matrices A, B, C € C™" with

AC = CA, such that M = ABC and Q = CBA?
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More than three matrices

Simple cases for Open Problem 2 (I)

The simplest case is

0 10
M=J30)=|0 0 1‘, N = J1(0) @ J1(0) ® J1(0) = O3xs.
0 00

So(M) = (3,0,0), So(N) = (1,1,1) = [So(M) = So(N)llw = 2.
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More than three matrices

Simple cases for Open Problem 2 (I)

The simplest case is

010
0 0 1], N = J1(0) @ Ji (0) ® Ji (O) = 03><3.
0 0O

M = J3(0) =

So(M) = (3,0,0), So(N) = (1,1,1) = [So(M) = So(N)llw = 2.

In this case, the answer is affirmative:

1 00 010 0 0O
A=|0 0 1|, B=|{0 0 0|, C=|0 1 0|,
0 0O 0 0 1 0 0 1
satisfy:
e ABC=M
@ CBA=N
@ AC=CA
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More than three matrices

Simple cases Open Problem 2 (ll)

The second simplest cas

eis
01 0O
M=d(© =g o o S N=k0)®h0) -
0 00O
So(M) = (4.0).So(N) = (2.2) = 1So(M) - So(N)l, = 2
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More than three matrices

Simple cases Open Problem 2 (ll)

The second simplest case is
0100
0010
M = Jy4(0) = 00 0 1|’ N = J(0) & J2(0) =
0 00O
So(M) = (4,0),So(N) = (2,2) = [ISo(M) = So(N)lleo = 2.

In this case, the answer is, again, affirmative (but no so simple):

1.0 0 -2 10 0 242 0 1 0 0
RIS N
0 00 O 0 0 o0 2 0 0 0 v2/2
satisfy:
e ABC=M
@ CBA=N
@ AC=CA
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Motivation: Fiedler matrices

Outline

@ Motivation: Fiedler matrices
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Motivation: Fiedler matrices

Fiedler matrices: definition

Given (ao, ai,...,an-1) € C™

Ik—1
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Motivation: Fiedler matrices

Fiedler matrices: definition

Given (ao, a,...,an-1) € C":

Ik-1

Leto:{0,1,...,n—1} > {1,..., n} be a bijection. Then:

Fiedler matrix

the bijection o
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Motivation: Fiedler matrices

Fiedler matrices: definition

Given (ao, a,...,an-1) € C":

Ik-1

Leto:{0,1,...,n—1} > {1,..., n} be a bijection. Then:

Fiedler matrix

the bijection o
» Introduced by Fiedler in 2003.
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Motivation: Fiedler matrices

Fiedler matrices: some examples

@ Frobenius companion matrices:
—dn1 —ap-2 '+ —do

10 -0
Ci=Mpq---MiMy = .. | Co= MM -Myy = CF
0 1 0
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Fiedler matrices: some examples

@ Frobenius companion matrices:
—dn1 —ap-2 '+ —do

10 -0
Ci=Myq1--- MM, = . .| Co= MMy - My y = Cf

0 1 0
—ap-1 —ap-2 1
o Mn_1 cee M2MOM1 = 1 O . 0
0 -ap 0

Universita di Pisa, 01/2020 29/34
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Fiedler matrices: some examples

@ Frobenius companion matrices:
—dn1 —ap-2 '+ —do
1 o --- 0

Ci=Myq1--- MM, = .. | Co= MM -Myy = CF
0 1 0
—dap-1 —an-2 1
@ My - MoMoMy = 1 .O ) 0
0 -ap 0
-as 1 0O 0 0 O
-as 0 -a3 1 0 0
i1 0 0 0O O O
© Me(MaMs)(MoMa)(MoMi) =1 ¢ a2 0 —a 1 (n=6)
o 0 1 0O 0 O
0 0 0 O -4 O
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Motivation: Fiedler matrices

Fiedler's Theorem

In-k-1

Ik-1

_ (Fiedler matrix associated with o)
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Motivation: Fiedler matrices

Fiedler's Theorem

In-k-1

Ik-1
_ (Fiedler matrix associated with o)

I¥” Fiedler matrices are products of matrices Mo, ..., M,_y in different orders.
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Motivation: Fiedler matrices

Fiedler's Theorem

In-k-1

Ik-1
_ (Fiedler matrix associated with o)

I¥” Fiedler matrices are products of matrices Mo, ..., M,_y in different orders.

Theorem [riedier, 2003]
All Fiedler matrices M,. are similar to each other.
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Motivation: Fiedler matrices

Fiedler's Theorem

In-k-1

Ik-1

_ (Fiedler matrix associated with o)

I¥” Fiedler matrices are products of matrices Mo, ..., M,_y in different orders.

Theorem [riedier, 2003]
All Fiedler matrices M,. are similar to each other.

i5" All Fiedler matrices have the same eigenvalues (zero or nonzero) with the
same multiplicities ~» they have the same JCF.
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Motivation: Fiedler matrices

Why commutativity relations?

Fiedler “blocks" satisfy the following commutativity relations:

MiM; = MiM;, li—jl<1.
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Motivation: Fiedler matrices

Why commutativity relations?

Fiedler “blocks" satisfy the following commutativity relations:
MiM; = MiM;, li—jl<1.

5" Therefore, the graph of non-commutativity relations of Fiedler blocks,
G(My, ..., M,_1), is a path:
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Motivation: Fiedler matrices

Proof of Fiedler's Theorem

In—k—1

/=
_ (Fiedler matrix associated with o)
Fiedler's Theorem It is an immediate consequence of:
Q@ (Mo, ...,M,) is aforest (actually, a path).
Q M,...,M,_q are invertible.
Q rankMy>n-1.
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Motivation: Fiedler matrices

Proof of Fiedler's Theorem

In—k—1

/=
_ (Fiedler matrix associated with o)
Fiedler's Theorem It is an immediate consequence of:
Q@ (Mo, ...,M,) is aforest (actually, a path).
Q M,...,M,_q are invertible.
Q rankMy>n-1.

because:

@ = all M, have the same JCF at nonzero e-vals, and

@+Q@ = all M, have the same JCF at the zero e-val (actually, at most 1 block).
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Motivation: Fiedler matrices
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