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Sylvester-like equations

AX + XD = E (Sylvester)

AX + X ?D = E (?-Sylvester) ? =>,∗
(Special attention to AX + X ?A = 0)

AXB + CXD = E (generalized Sylvester)

AXB + CX ?D = E (generalized ?-Sylvester)

Systems of all previous equations:

AiXjBi + CiXNk Di = Ei , i , j ,k N= 1,>,∗
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I am NOT going to talk about...

Large scale systems.

Explicit (closed-form) formulas for the solution.

Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

Numerical methods...Well, just a little bit.

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 3 / 37



a t i

c a s

a t e

’

I am NOT going to talk about...

Large scale systems.

Explicit (closed-form) formulas for the solution.

Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

Numerical methods...Well, just a little bit.

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 3 / 37



a t i

c a s

a t e

’

I am NOT going to talk about...

Large scale systems.

Explicit (closed-form) formulas for the solution.

Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

Numerical methods...Well, just a little bit.

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 3 / 37



a t i

c a s

a t e

’

I am NOT going to talk about...

Large scale systems.

Explicit (closed-form) formulas for the solution.

Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

Numerical methods...Well, just a little bit.

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 3 / 37



a t i

c a s

a t e

’

I am NOT going to talk about...

Large scale systems.

Explicit (closed-form) formulas for the solution.

Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

Numerical methods...Well, just a little bit.

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 3 / 37



a t i

c a s

a t e

’

Then...what am I going to talk about?

Necessary and sufficient conditions for consistency.

Necessary and sufficient conditions for uniqueness of
solution.

Connection with applied issues.
Orbit theory.

Block (anti-)diagonalization of block (anti-)triangular matrices.

Dimension and expression (not closed-form) of the solution
space.
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Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Framework

James Joseph Sylvester
(London, 1814–1897)

Comptes Rendus Acad. Sci. 99 (1884)
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Framework

Some recent activity about Sylvester equations (ILAS)

ILAS 2014 (Korea): MS on Solution of Sylvester-like
equations and canonical forms (co-organized by Stefan Johansson

and F. DT.)

Related talks in this meeting:

M. Karow, Mon 11:30–12:00

J. E. Román, Mon 12:00-12:30

D. Kressner, Tue 10:30–11:00

E. Jarlebring, Tue 16:30–17:00

D. Palitta, Tue 14:30–15:00

F. Uhlig, Tue 15:00–15:30

K. Meerbergen, Thu 10:30–11:00, Room AV 04.17

E. Ringh, Thu 14:30–15:00, Room AV 00.17
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Framework

We will pay attention to...

Size of the matrices:

In most cases, the only requirement is the product to be well-defined, but...

Not always (regarding uniqueness)!

Base field: Desideratum: F arbitrary field, but...

F= C mostly (for ?= ∗ and uniqueness issue).

char(F) 6= 2 in some instances (regarding consistency).
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Framework

The vec approach

vec(AXB + CXND) = vec(E) leads to

N= 1 :
[
B>⊗A + (C⊗D>)

]
vec(X ) = vec(E)

N=> :
[
B>⊗A + Π(C⊗D>)

]
vec(X ) = vec(E)

Linear over F X

N= ∗ : (B>⊗A)vec(X ) + Π(C⊗D>)vec(X ) = vec(E)

 vec(X ) = [vec(ReX ); vec(ImX )]

�AXB + CXND = E can be written as a linear system MY = b:

Y =

{
vec(X ), if N=>,1
[vec(ReX ); vec(ImX )] , if N= ∗
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Framework

The vec approach (cont.)

AXB + CXND = E ⇔ MY = b (all n×n, for simplicity)

M ∈

{
Fn2×n2

, if N= 1,>,
R(2n2)×(2n2), if N= ∗

/Too large!

/ Not easy to handle with

Combined with:
Appropriate permutation of rows.
Periodic Schur decomposition (F= R,C).

, It will be useful!!
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Framework

Linearity and uniqueness of solution

AiXji Bi + CiXNki
Di = Ei ⇔ MY = b

I If M is square:

AiXji Bi + CiXNki
Di = Ei has a unique solution

m
AiXji Bi + CiXNki

Di = 0 has a unique solution

�We only need to look at the homogeneous equation!
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Existence and uniqueness

Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Existence and uniqueness Sylvester AX +XD = E

A ∈ Fm×m,D ∈ Fn×n,E ∈ Fm×n, F an arbitrary field.

Existence:

Theorem [Roth, 1952], [Flanders-Wimmer, 1977]

AX + XD = E is consistent iff[
A E
0 D

]
= P

[
A 0
0 D

]
P−1 (Roth’s criterion)

for some invertible P.

Uniqueness (F = C):

Theorem
AX −XD = 0 has a unique solution iff Λ(A)∩Λ(D) = /0

X ∈ Fm×n

� Size: Most general setting.
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Existence and uniqueness Generalized Sylvester AXB+CXD = E

Existence: Will be provided later.

Uniqueness: A,C ∈ Cm×m,B,D ∈ Cn×n.

Theorem [Chu, 1987]

AXB + CXD = E has a unique solution iff the pencils A−λC
and D−λB are regular and have disjoint spectra.

X ∈ Cm×n

� Size: Not the most general setting. It could be

A,C ∈ Cp×m,B,D ∈ Cn×q
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Existence and uniqueness ?-Sylvester AX +X?D = E

Existence of solution

F a field with charF 6= 2, A ∈ Fn×m,B ∈ Fm×n,C ∈ Fm×m

Theorem [Wimmer 1994], [DT-Dopico 2011]

AX + X ?B = C is consistent iff

P?

[
C A
B 0

]
P =

[
0 A
B 0

]
,

for some nonsingular P.

X ∈ Fm×n

� Size: Most general setting.
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Definition: S ∈ C∪{∞} is:

(a) reciprocal free if λ µ 6= 1, for any λ ,µ ∈S .
(b) ∗-reciprocal free if λ µ 6= 1, for any λ ,µ ∈S .
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(a) reciprocal free if λ µ 6= 1, for any λ ,µ ∈S .
(b) ∗-reciprocal free if λ µ 6= 1, for any λ ,µ ∈S .

A,D ∈ Cn×n

Theorem [Byers-Kressner 2006], [Kressner-Schröder-Watkins, 2009]

AX + X ?D = E has a unique solution iff A + λD? is regular, and
? = ∗: Λ(A + λD∗) is ∗-reciprocal free.
? =>: Λ(A + λD>)\{1} is reciprocal free and m1(A + λD>)≤ 1.
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Existence and uniqueness Generalized ?-Sylvester AXB+CX?D = E

Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Existence and uniqueness Generalized ?-Sylvester AXB+CX?D = E

Existence: Will be provided later.

Uniqueness: A,B,C,D ∈ Cn×n.

Theorem [DT-Iannazzo, 2016]

AXB + CX ?D = E has a unique solution iff the pencil

P(λ ) =

[
λD? B?

A λC

]
is regular and:

? = ∗: Λ(P) is ∗-reciprocal free.
? =>: Λ(P)\{±1} is reciprocal free and m±1(P)≤ 1.

X ∈ Cn×n

� Size: Not the most general setting. It could be

X ∈ Cm×n,A ∈ Cp×m,B ∈ Cn×q,C ∈ Cp×n,D ∈ Cm×q
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Dimension and expression for the solution

Sylvester AX −XD = 0: Dimension of solution

S = {X : AX −XD = 0} (solution space)

JM ≡ Jordan canonical form of M,

Jk (λ ) =


λ 1

. . .
. . .

λ 1
λ


k×k

JA = J̃A⊕Jpi ,λ (λ ), JD = J̃D⊕Jqj ,λ (λ )

dimS = ∑
λ

∑
i ,j

min{pi ,λ ,qj ,λ}

F = C
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Dimension and expression for the solution

Sylvester AX −XD = 0, expression of solution
P−1AP = JA, Q−1DQ = JD

JAY −YJD = 0

JA =
p⊕

i=1

J`i (λi), JD =
q⊕

j=1

Jkj (µj)

Then Y =
[
Yij
]
, 1≤ i ≤ p, 1≤ j ≤ q, with

Yij =



0`i×kj if λi 6= µj 0`i×(kj−`i )

a1 a2 . . . a`i

a1
. . .

...
. . . a2

a1

 ,


0(`i−kj )×kj

a1 a2 . . . akj

a1
. . .

...
. . . a2

a1

 if λi = µj

X = PYQ−1

/ Depends on P,Q !!!
(See [Gantmacher, 1959])
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Dimension and expression for the solution

?-Sylvester: AX + X ?D = 0

P(A + λD?)Q = KA + λK ?
D (Chronicle canonical form of A + λD?)

KAY + Y ?KD = 0

If KA + λK ?
D =

p⊕
i=1

K (i)
A + λ (K ?

D)(i)

Set Y =
[
Yij
]
, 1≤ i , j ≤ p. The equation decouples into:

i = j : K (i)
A Yii + Y ?

ii (K ?
D)(i) = 0

i 6= j :

{
K (i)

A Yij + Y ?
ji (K ?

D)(j) = 0
K (j)

A Yji + Y ?
ij (K ?

D)(i) = 0

IWe have solved each equation/system (14 different ones!!).

I X = QYP−? / Depends on P,Q !!!

[DT-Dopico-Guillery-Montealegre-Reyes, 2011]

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 19 / 37



a t i

c a s

a t e

’

Dimension and expression for the solution

?-Sylvester: AX + X ?D = 0

P(A + λD?)Q = KA + λK ?
D (Kronecker canonical form of A + λD?)

KAY + Y ?KD = 0

If KA + λK ?
D =

p⊕
i=1

K (i)
A + λ (K ?

D)(i)

Set Y =
[
Yij
]
, 1≤ i , j ≤ p. The equation decouples into:

i = j : K (i)
A Yii + Y ?

ii (K ?
D)(i) = 0

i 6= j :

{
K (i)

A Yij + Y ?
ji (K ?

D)(j) = 0
K (j)

A Yji + Y ?
ij (K ?

D)(i) = 0

IWe have solved each equation/system (14 different ones!!).

I X = QYP−? / Depends on P,Q !!!

[DT-Dopico-Guillery-Montealegre-Reyes, 2011]

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 19 / 37



a t i

c a s

a t e

’

Dimension and expression for the solution

?-Sylvester: AX + X ?D = 0

P(A + λD?)Q = KA + λK ?
D (Kronecker canonical form of A + λD?)

AX + X ?D = 0

KAY + Y ?KD = 0

If KA + λK ?
D =

p⊕
i=1

K (i)
A + λ (K ?

D)(i)

Set Y =
[
Yij
]
, 1≤ i , j ≤ p. The equation decouples into:

i = j : K (i)
A Yii + Y ?

ii (K ?
D)(i) = 0

i 6= j :

{
K (i)

A Yij + Y ?
ji (K ?

D)(j) = 0
K (j)

A Yji + Y ?
ij (K ?

D)(i) = 0

IWe have solved each equation/system (14 different ones!!).

I X = QYP−? / Depends on P,Q !!!

[DT-Dopico-Guillery-Montealegre-Reyes, 2011]

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 19 / 37



a t i

c a s

a t e

’

Dimension and expression for the solution

?-Sylvester: AX + X ?D = 0

P(A + λD?)Q = KA + λK ?
D (Kronecker canonical form of A + λD?)

(PAQ)(Q−1XP?) + (PX ?Q−?)(Q?DP?) = 0

KAY + Y ?KD = 0

If KA + λK ?
D =

p⊕
i=1

K (i)
A + λ (K ?

D)(i)

Set Y =
[
Yij
]
, 1≤ i , j ≤ p. The equation decouples into:

i = j : K (i)
A Yii + Y ?

ii (K ?
D)(i) = 0

i 6= j :

{
K (i)

A Yij + Y ?
ji (K ?

D)(j) = 0
K (j)

A Yji + Y ?
ij (K ?

D)(i) = 0

IWe have solved each equation/system (14 different ones!!).

I X = QYP−? / Depends on P,Q !!!

[DT-Dopico-Guillery-Montealegre-Reyes, 2011]

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 19 / 37



a t i

c a s

a t e

’

Dimension and expression for the solution

?-Sylvester: AX + X ?D = 0

P(A + λD?)Q = KA + λK ?
D (Kronecker canonical form of A + λD?)

KAY + Y ?KD = 0

If KA + λK ?
D =

p⊕
i=1

K (i)
A + λ (K ?

D)(i)

Set Y =
[
Yij
]
, 1≤ i , j ≤ p. The equation decouples into:

i = j : K (i)
A Yii + Y ?

ii (K ?
D)(i) = 0

i 6= j :

{
K (i)

A Yij + Y ?
ji (K ?

D)(j) = 0
K (j)

A Yji + Y ?
ij (K ?

D)(i) = 0

IWe have solved each equation/system (14 different ones!!).

I X = QYP−? / Depends on P,Q !!!

[DT-Dopico-Guillery-Montealegre-Reyes, 2011]
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Dimension and expression for the solution

?-Sylvester AX + X ?D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]

The dimension of the solution space of AX + X>B = 0 is:

dimS (A,B) =
a

∑
i=1

εi + ∑
µi=1
bki/2c+ ∑

µj=−1
dkj/2e+

a

∑
i ,j=1
i<j

(εi + εj ) + ∑
i<j

µi µj=1

min{ki ,kj}

+∑
i ,j

(
ηj − εi + 1

)
+

a
c

∑
i=1

ui + a
d

∑
i=1

ki + ∑
i ,j

µj=0

min{ui ,kj}
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Sizes of the right singular blocks in KCF (A + λB>)
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Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]

The dimension of the solution space of AX + X>B = 0 is:

dimS (A,B) =
a

∑
i=1

εi + ∑
µi=1
b ki/2 c+ ∑

µj=−1
d kj/2 e+

a

∑
i ,j=1
i<j

(εi + εj ) + ∑
i<j

µi µj=1

min{ ki , kj }

+∑
i ,j

(
ηj − εi + 1

)
+

a
c

∑
i=1

ui + a
d

∑
i=1

ki + ∑
i ,j

µj=0

min{ui , kj }

Sizes of Jordan blocks in KCF (A + λB>)
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∑
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Sizes of infinite Jordan blocks in KCF (A + λB>)
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Dimension and expression for the solution

The other equations

With similar techniques, we get expressions for the solution (and its
dimension) of:

1 AXB + CXD = 0: Depends on KCF(A−λC) and KCF(D−λB)
[Hernández-Gassó, 1989]

2 AX + X ?A = 0: Depends on the Canonical form for congruence of A
[DT-Dopico, 2011]

3 AX + CX ? = 0: Depends on KCF(A−λC)
[DT, 2013]

� In all cases:

The expression for the solution depends on the change matrices. /

F = C (for other fields, it would require to have appropriate versions of
canonical forms)

Size: Most general situation, except in 1 : A,C ∈ Cm×m,B,D,∈ Cn×n
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Some applications

Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Some applications

Block (anti)-diagonalization

P−1︷ ︸︸ ︷[
X11 X12
X21 X22

]−1 [ A11 A12
0 A22

] P︷ ︸︸ ︷[
X11 X12
X21 X22

]
=

[
A11 0
0 A22

]

Analogously:
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P−1︷ ︸︸ ︷[
I X
0 I
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A11 A12
0 A22

] P︷ ︸︸ ︷[
I −X
0 I

]
=

[
A11 0
0 A22

]
⇔ A11X −XA22 = A12 Sylvester equation
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P−1︷ ︸︸ ︷[
I X
0 I

][
A11 A12
0 A22

] P︷ ︸︸ ︷[
I −X
0 I

]
=

[
A11 0
0 A22

]
⇔ A11X −XA22 = A12 Sylvester equation

Analogously:

P?︷ ︸︸ ︷[
I 0

(−X )? I

][
0 A12

A21 A22

] P︷ ︸︸ ︷[
I −X
0 I

]
=

[
0 A12

A21 0

]
⇔ A21X + X ?A12 = A22 ?-Sylvester equation

Fernando De Terán (UC3M) Solution of Sylvester-like equations ILAS2016 22 / 37



a t i

c a s

a t e

’

Some applications

Orbit theory
Set:

Oc(A) =
{

PAP> : P nonsingular
}

Congruence orbit of A
Os(A) =

{
PAP−1 : P nonsingular

}
Similarity orbit of A

Then:

TOc(A)(A) =
{

XA + AX> : X ∈ Cn×n} Tangent space of Oc(A) at A
TOs(A)(A) = {XA−AX : X ∈ Cn×n} Tangent space of Os(A) at A
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Then:

TOc(A)(A) =
{
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Os(A) =

{
PAP−1 : P nonsingular

}
Similarity orbit of A

Then:

TOc(A)(A) =
{

XA + AX> : X ∈ Cn×n} Tangent space of Oc(A) at A
TOs(A)(A) = {XA−AX : X ∈ Cn×n} Tangent space of Os(A) at A

(a) codimOc(A) = codimTOc(A)(A) = dim(X : XA + AX> = 0)

(b) codimOs(A) = codimTOs(A)(A) = dim(X : XA−AX = 0)
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Systems of equations

Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Systems of equations Consistency

A necessary condition...

Let
AiXk −XjDi = Ei i = 1, . . . ,n1

Fi ′Xk ′ + X ?
j ′Ki ′ = Li ′ i ′ = 1, . . . ,n2

for j ,k , j ′,k ′ ∈ {1, . . . ,m}.
If the system is consistent, set

P` =

[
I −X`

0 I

]
` = 1, . . . ,m

Then:
P−1

j

[
Ai Ei
0 Di

]
Pk =

[
Ai 0
0 Di

]
P?

j ′

[
0 Gi ′

Ki ′ Li ′

]
Pk ′ =

[
0 Fi ′

Ki ′ 0

]
Is the converse true??
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Systems of equations Consistency

...and sufficient as well

Ai ,Di ,Ei ,Fi ′ ,Ki ′ ,Li ′ matrices over F, with charF 6= 2

Theorem [Dmytryshyn-Kågström, 2015]

The system
AiXk −XjDi = Ei i = 1, . . . ,n1

Fi ′Xk ′ + X ?
j ′Ki ′ = Li ′ i ′ = 1, . . . ,n2

for j ,k ∈ {1, . . . ,m} is consistent iff

P−1
j

[
Ai Ei
0 Di

]
Pk =

[
Ai 0
0 Di

]
P?

j ′

[
0 Gi ′

Ki ′ Li ′

]
Pk ′ =

[
0 Fi ′

Ki ′ 0

]
for some invertible P1, . . . ,Pm.

I [DT, arXiv, 2014] for just one unknown.
I Strongly based on [Wimmer, 1994].
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Systems of equations Consistency

Relevant features of this result

AiXk −XjDi = Ei
Fi ′Xk ′ +X ?

j ′Ki ′ = Li ′
consistent⇔

P−1
j

[
Ai Ei
0 Di

]
Pk =

[
Ai 0
0 Di

]
P?

j ′

[
0 Gi ′

Ki ′ Li ′

]
Pk ′ =

[
0 Fi ′

Ki ′ 0

]

Extends nicely and directly the result for one single equation (both
Sylvester and ?-Sylvester).

The only if part is true for arbitrary F.

Size: Most general setting (only restriction: the products must be
well-defined).

Unknowns: Most general setting (k , j ,k ′, j ′ can be equal or different).
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Systems of equations Consistency

More relevant features

Moreover...

Since AXB + CXND = E is equivalent to

AZ + YD = E ,
CX −YN = 0,
Z −XD = 0,

� The result can be extended to systems of coupled
generalized Sylvester and ?-Sylvester equations ,,, !!!

SIAM Student Paper Prize, 2015 (A. Dmytryshyn)
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Systems of equations Uniqueness

Outline

1 Framework

2 Existence and uniqueness
Sylvester AX + XD = E
Generalized Sylvester AXB + CXD = E
?-Sylvester AX + X ?D = E
Generalized ?-Sylvester AXB + CX ?D = E

3 Dimension and expression for the solution

4 Some applications

5 Systems of equations
Consistency
Uniqueness

6 Summary
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Systems of equations Uniqueness

Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and ?-Sylvester
equations (over C).

However...

We focus on the case where:

All unknowns are m×n.
The matrix of the associated linear system is square.
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Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and ?-Sylvester
equations (over C). However...

We focus on the case where:

All unknowns are m×n.
The matrix of the associated linear system is square.

In this setting, we can restrict ourselves to “periodic systems":

Ak Xk Bk −Ck Xk+1Dk = Ek , k = 1, . . . , r −1,
Ar Xr Br −Cr XN1 Dr = Er ,

with N= 1,?.
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equations (over C). However...

We focus on the case where:

All unknowns are m×n.
The matrix of the associated linear system is square.

In this setting, we can restrict ourselves to “periodic systems":

Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr XN1 Dr = 0,

with N= 1,?.
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Systems of equations Uniqueness

The case N= ∗: reduction to N= 1

Lemma
The system

(1) Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr X ∗1 Dr = 0,

has a unique solution iff the system

(2)

Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr Xr+1Dr = 0,

B∗k Xr+k A∗k −D∗k Xr+k+1C∗k = 0, k = 1, . . . , r −1,
B∗r X2r A∗r −D∗r X1C∗r = 0

has a unique solution.
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B∗k Xr+k A∗k −D∗k Xr+k+1C∗k = 0, k = 1, . . . , r −1,
B∗r X2r A∗r −D∗r X1C∗r = 0

has a unique solution.

Proof: ⇐: If (1) has a nonzero solution (X1, . . . ,Xr ), then
(X1, . . . ,Xr ,X ∗1 , . . . ,X

∗
r ) is a nonzero solution of (2).
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B∗k Xr+k A∗k −D∗k Xr+k+1C∗k = 0, k = 1, . . . , r −1,
B∗r X2r A∗r −D∗r X1C∗r = 0

has a unique solution.

Proof: ⇒: If (X1, . . . ,Xr ,Xr+1, . . . ,X2r ) is a nonzero solution of (2), then
(X1 + X ∗r+1, . . . ,Xr + X ∗2r ) is a solution of (1). If (X1 + X ∗r+1, . . . ,Xr + X ∗2r ) = 0,
then Xr+i =−X ∗i , i = 1, . . . , r , and then

√
−1(X1, . . . ,Xr ) is a nonzero solution

of (1).�
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The case N= ∗: reduction to N= 1

Lemma
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B∗k Xr+k A∗k −D∗k Xr+k+1C∗k = 0, k = 1, . . . , r −1,
B∗r X2r A∗r −D∗r X1C∗r = 0

has a unique solution.

The result is FALSE replacing ∗ by >:

x + x> = 0⇔ x = 0 but x + y = 0
y + x = 0 ⇔ y =−x
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The case N= ∗: reduction to N= 1

Lemma
The system

(1) Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr X ∗1 Dr = 0,

has a unique solution iff the system

(2)

Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr Xr+1Dr = 0,

B∗k Xr+k A∗k −D∗k Xr+k+1C∗k = 0, k = 1, . . . , r −1,
B∗r X2r A∗r −D∗r X1C∗r = 0

has a unique solution.

� The case N= ∗ can be reduced to N= 1.
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Systems of equations Uniqueness

Characterization of the uniqueness of solution (N= 1)

Theorem [Byers-Rhee, 1995]

The system
Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,

Ar Xr Br −Cr X1Dr = 0

has a unique solution iff the pencils
λAr 0 . . . 0 Cr
Cr−1 λAr−1 0 0

0
. . .

. . .
. . .

...
... C2 λA2 0
0 . . . 0 C1 λA1

 and


λDr 0 . . . 0 Br
Br−1 λDr−1 0 0

0
. . .

. . .
. . .

...
... B1 λD2 0
0 . . . 0 B1 λD1


are regular and have disjoint spectra.
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Systems of equations Uniqueness

Characterization of the uniqueness of solution (N= ?)
Theorem [DT-Iannazzo-Poloni-Robol, 2016]

The system:
Ak Xk Bk −Ck Xk+1Dk = 0, k = 1, . . . , r −1,

Ar Xr Br −Cr X ?
1 Dr = 0

has a unique solution iff the pencil

P(λ ) =



λA1 −C?
r

. . .
. . .

λAr −C?
r

λB?
1 −D1

. . .
. . .

. . . −Dr−1
−D?

r λB?
r


is regular and

? =>:Λ(P)\{e2πki/r : k = 0 : r −1} is reciprocal free and me2πki/r (P)≤ 1.
? = ∗: Λ(P) is ∗-reciprocal free.
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Systems of equations Uniqueness

An O(rn3) algorithm

For systems
{

AkXkBk −CkXk+1Dk = 0, k = 1, . . . , r −1,
Ar Xr Br −Cr XN1 Dr = 0

Based on [D-Dopico’11] for AX + X ?D = E , outlined in
[Chiang-Chu-Lin’12] for a single equation (Bartels-Stewart).

Uses the periodic Schur decomposition [Bojanczyk-Golub-Van

Dooren, 1992] O(rn3)

[DT-Iannazzo-Poloni-Robol]
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2 Existence and uniqueness
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Uniqueness
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Summary

Existence and uniqueness (characterization)

Equation Consistency Uniqueness
AX +XD = E Roth, 1952 Gantmacher, 1959

AX +X ?D = E
Wimmer, 1994 (F= C)

DT-Dopico, 2011
charF 6= 2

Byers-Kressner, 2006 (?=>)
Kressner-Schröder-Watkins,

2009 (?= ∗)
(F= C)

AX +CX ? = E Dmytryshyn-Kågström, 2016
charF 6= 2 DT, 2013 (F= C)

AXB+CXD = E Dmytryshyn-Kågström, 2016 Chu, 1987 F= R,C
square coeffs.

AXB+CX ?D = E Dmytryshyn-Kågström, 2016
charF 6= 2

DT-Iannazzo, 2016
square coeffs (same size)

Ai Xj Bi +Ci XNk Di = Ei
(systems, N= 1,?)

Dmytryshyn-Kågström, 2016
charF 6= 2

DT-Iannazzo-Poloni-Robol
201?
F= C

square coeffs. (same size)
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Summary

Some open problems

Necessary and sufficient conditions for the uniqueness of solution of
AXB + CXD = 0 when A,B,C,D are rectangular.
� In progress (with B. Iannazzo, F. Poloni, L. Robol).

Necessary and sufficient conditions for the uniqueness of solution of
AXB + CX ?D = 0 when A,B,C,D are rectangular (or square with
different size).
� In progress (with B. Iannazzo, F. Poloni, L. Robol).

Find the dimension of the solution space of AXB + CX ?D = 0.

Find an expression for the solution of AXB + CX ?D = 0.

Necessary and sufficient conditions for the consistency of AX + X>D = E
when charF = 2.
� In progress (with R. Słowik).

Necessary and sufficient conditions for uniqueness of solution for
arbitrary F.
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Summary

Conclusions

Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.

Elementary linear algebra techniques lead to beautiful and non-trivial
results.

Elementary characterization of the consistency and uniqueness of
solution in terms of the coefficient matrices (or spectral properties of
pencils/matrices constructed easily from them).

Dimension and expression of the solution is known in some cases.

The base field and the size of the matrices deserves additional attention
(specially for uniqueness).

Many open problems.
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The base field and the size of the matrices deserves additional attention
(specially for uniqueness).

Many open problems.
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