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Sylvester-like equations

AX+XD=E (Sylvester)

AX+X*D=E (x-Sylvester) * ,
(Special attention to AX + X*A=0)
AXB+CXD=E (generalized Sylvester)
AXB+CX*D=E (generalized x-Sylvester)

I
-
*

Systems of all previous equations:

AXiBi+CiXg¢Di=E;,  ij,k  A=1Tx
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l am going to talk abouit...

e Large scale systems.
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l am going to talk abouit...

e Large scale systems.
e Explicit (closed-form) formulas for the solution.

e Structured coefficients/solutions (symmetric, hermitian,
centro-symmetric, centro-hermitian,...).

e Numerical methods...Well, just a little bit.
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Then...what am | going to talk about?

e Necessary and sufficient conditions for consistency.
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e Necessary and sulfficient conditions for uniqueness of
solution.

e Connection with applied issues.
o Orbit theory.

@ Block (anti-)diagonalization of block (anti-)triangular matrices.
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Then...what am | going to talk about?

e Necessary and sufficient conditions for consistency.

e Necessary and sulfficient conditions for uniqueness of
solution.

e Connection with applied issues.
o Orbit theory.

@ Block (anti-)diagonalization of block (anti-)triangular matrices.

e Dimension and expression (not closed-form) of the solution
space.
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0 Framework

e Existence and uniqueness
@ Sylvester AX+XD=E
@ Generalized Sylvester AXB+ CXD = E
@ x-Sylvester AX+X*D=E
@ Generalized x-Sylvester AXB+ CX*D=E

@ Dimension and expression for the solution
e Some applications

e Systems of equations
@ Consistency
@ Uniqueness

@ Summary
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Framework

ANALYSE MATHEMATIQUE. — Sur U’équation en matrices pE = 24q;
par M. SyLvesTeg.

« Soient p et ¢ deux matrices de 'ovdre .

» Pour résoudre I'équation px = xq, on obtiendra w* équations homo-
génes linéaires entre les ? élé s de i e @ el les élé de
et de ¢, de sorte que, afin que I'équation dounée soit résoluble, les élé-
ments de p et de g doivent étre liés ensemble par une et une seule équa-
tion,

» Mais, si I'équation identique en p est éerite sous la forme

PP+ Bpo 4 Cpotpe. ot L= o,

Comptes Rendus Acad. Sci. 99 (1884)

James Joseph Sylvester
(London, 1814—-1897)
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Framework

(68)

on aura apparemment, en vertu de 'équation|p

xq*a! + Bag a4 Cx g tat 4+ L= o
ou bien
¢2+Bg* '+ Cg*? 4. . .+ L =03
donc les « racines de ¢ seront identiques avec celles de p et, au lieu d’une
seule équation, on aura en apparence (au moins) » équations entre les é1é-
ments de p et degq.

Comptes Rendus Acad. Sci. 99 (1884)

James Joseph Sylvester
(London, 1814—-1897)
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Framework

(68)

ou aura apparemment, en vertu de I'équation p = xqa—',

x2¢*x™ + By + Cx ¢t . .+ L=o

ou bien
¢2+Bg* '+ Cg*? 4. . .+ L =03

donc les « racines de ¢ seront identiques avec celles de p et, au lieu d’une
seule équation, on aura en apparence (au moins) » équations entre les é1é-
ments de p et degq.

Comptes Rendus Acad. Sci. 99 (1884)

James Joseph Sylvester
(London, 1814—-1897)
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Framework

(69)

des racines latentes de p est égale 2 une deql I'équation px = xq est
ble et de plus, sans que cette condition soit satisfaite, V'équation
irrésoluble. Soient done A,y Aa, ...y Ao les racines latentes de f3 et p,,
Payor 4y fhp de q et supposons que A, == 1, alors

(p—=2)x=x(g—p)

Comptes Rendus Acad. Sci. 99 (1884)

James Joseph Sylvester
(London, 1814-1897)

Fernando De Teréa

Solution of Sylvester-like equations ILAS2016



Framework

Some recent activity about Sylvester equations (ILAS)

e ILAS 2014 (Korea): MS on Solution of Sylvester-like
equations and canonical forms (co-organized by Stefan Johansson
and F. DT.)

o Related talks in this meeting:

e M. Karow, Mon 11:30-12:00

e J. E. Roman, Mon 12:00-12:30

o D. Kressner, Tue 10:30-11:00

E. Jarlebring, Tue 16:30—17:00

o D. Palitta, Tue 14:30-15:00

F. Uhlig, Tue 15:00-15:30

K. Meerbergen, Thu 10:30-11:00, Room AV 04.17
E. Ringh, Thu 14:30-15:00, Room AV 00.17 (@i
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We will pay attention to...

e Size of the matrices:
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e Size of the matrices:

e In most cases, the only requirement is the product to be well-defined, but...

o Not always (regarding uniqueness)!
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e Size of the matrices:

e In most cases, the only requirement is the product to be well-defined, but...

o Not always (regarding uniqueness)!

e Base field: Desideratum: F arbitrary field, but...

@ FF = C mostly (for x = * and uniqueness issue).
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We will pay attention to...

e Size of the matrices:

e In most cases, the only requirement is the product to be well-defined, but...

o Not always (regarding uniqueness)!

e Base field: Desideratum: F arbitrary field, but...

@ FF = C mostly (for x = * and uniqueness issue).

e char(F) # 2 in some instances (regarding consistency).
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The vec approach

vec (AXB+ CXAD) = vec(E) leads to
° : [B' @A+ (C®D")|vec(X) = vec(E)
olA=T[ BT @ A+N(C®D")]vec(X) = vec(E)

o [A=x] (BT ®A)vec(X)+N(C@D")vec(X) = vec(E)
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The vec approach

vec (AXB+ CXAD) = vec(E) leads to
° : [B" @A+ (C®D")|vec(X) = vec(E)
olA=T[ BT @ A+N(C®D")]vec(X) = vec(E)
Linear over I v
o [A=x] (BT ®A)vec(X)+N(C@D")vec(X) = vec(E)
Linear over R v~ vec(X) = [vec(Re X); vec (Im X)]

I"AXB -+ CXAD = E can be written as a linear system MY = b:

_ ] vee(X), if A =T,1
Y_{ [vec (Re X); vec(Im X)], if o =x e
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Framework

The vec approach (cont.)

| AXB+ CXAD = E < MY = b (all nx n, for simplicity)

Ve Frexr ifa=1,T,
R(RP)x(2r%) i & = %
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Framework

The vec approach (cont.)

| AXB+ CXAD = E < MY = b (all nx n, for simplicity)

Ve { FrPxr it a=1T,

RRP)x(2%) i & = %

®Too large!
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Framework

The vec approach (cont.)

| AXB+ CXAD = E < MY = b (all nx n, for simplicity)

yed ETTL o ifa=1T,
RRP)x(2%) i & = %

®Too large!
® Not easy to handle with
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Framework

The vec approach (cont.)

| AXB+ CXAD = E < MY = b (all nx n, for simplicity)

Ve { FrPxr it a=1T,

RRP)x(2%) i & = %

®Too large!
® Not easy to handle with
Combined with:

o Appropriate permutation of rows.
e Periodic Schur decomposition (F =R, C).

© It will be useful!! e
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Linearity and uniqueness of solution

A,'le.B,'—I— C,'Xk‘I_D,' =E < MY=b
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A,'le.B,'—I— C,'Xk‘iD,' =E < MY=b

» If M is square:
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Linearity and uniqueness of solution

A,'le.B,'—I— C,'Xk‘iD,' =E < MY=b

» If M is square:

AiX; B+ C/XkA,- D; = E; has a unique solution

AiX; B+ C,-Xk‘iD, = 0 has a unique solution
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Linearity and uniqueness of solution

A,'le.B,'—I— C,'Xk‘iD,' =E < MY=b

» If M is square:

AiX; B+ C/XkA,- D; = E; has a unique solution

AiX; B+ C,-Xk‘iD,- = 0 has a unique solution

=~ We only need to look at the homogeneous equation!
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Existence and uniqueness

Outline

e Existence and uniqueness
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Existence and uniqueness Sylvester AX+ XD = E

Outline

e Existence and uniqueness
@ Sylvester AX+XD=E
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Existence and uniqueness Sylvester AX+ XD = E

AecFm<m pDe N E e F™N F an arbitrary field.
Existence:

Theorem [Roth, 1952], [Flanders-Wimmer, 1977]
AX + XD = E is consistent iff

e

A O —1 ’ . q
0 D } P (Roth’s criterion)

for some invertible P.

Uniqueness (F = C):

AX — XD = 0 has a unique solution iff A(A)NA(D) =0
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Existence and uniqueness Sylvester AX+ XD = E

AecFm<m pDe N E e F™N F an arbitrary field.
Existence:

Theorem [Roth, 1952], [Flanders-Wimmer, 1977]
AX + XD = E is consistent iff

e

A 0| e
0 D]P (Roth’s criterion)

for some invertible P.

Uniqueness (F = C):

AX — XD = 0 has a unique solution iff A(A)NA(D) =0

X e Fmxn
I¥” Size: Most general setting. (il

Fernando De Teran (UC3M) Solution of Sylvester-like equations ILAS2016 12/37



Existence and uniqueness Generalized Sylvester AXB+ CXD = E

Outline

e Existence and uniqueness

@ Generalized Sylvester AXB+ CXD = E
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Existence and uniqueness Generalized Sylvester AXB+ CXD = E

Existence: Will be provided later.
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Existence and uniqueness Generalized Sylvester AXB+ CXD = E

Existence: Will be provided later.

Uniqueness: A,C € C™™M B D e C"™".

Theorem [Chu, 1987]

AXB -+ CXD = E has a unique solution iff the pencils A—1C
and D — A B are regular and have disjoint spectra.

X e Ccmxn
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Existence and uniqueness Generalized Sylvester AXB+ CXD = E

Existence: Will be provided later.

Uniqueness: A,C € C™™M B D e C"™".

Theorem [Chu, 1987]

AXB -+ CXD = E has a unique solution iff the pencils A—1C
and D — A B are regular and have disjoint spectra.

X e Ccmxn

=" Size: Not the most general setting. It could be

A CecCP*™ B DeC"™4
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Existence and uniqueness +-Sylvester AX + X*D=E

Outline

e Existence and uniqueness

@ x-Sylvester AX+X*D=E
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Existence and uniqueness +-Sylvester AX + X*D=E

Existence of solution

F a field with charF £ 2, A € F™*M B ¢ F™N G ¢ Fm*m

Theorem [Wimmer 1994], [DT-Dopico 2011]

AX + X*B = C is consistent iff

[C Al, [0 A
#lasl-la 5]

for some nonsingular P.

m:
CIll

Fernando De Teran (UC3M) Solution of Sylvester-like equations ILAS2016 14/37



Existence and uniqueness +-Sylvester AX + X*D=E

Existence of solution

F a field with charF £ 2, A € F™*M B ¢ F™N G ¢ Fm*m

Theorem [Wimmer 1994], [DT-Dopico 2011]

AX + X*B = C is consistent iff

[C Al, [0 A
#lasl-la 5]

for some nonsingular P.

X c men

m:
CIll

Fernando De Teran (UC3M) Solution of Sylvester-like equations ILAS2016 14/37



Existence and uniqueness +-Sylvester AX + X*D=E

Existence of solution

F a field with charF £ 2, A € F™*M B ¢ F™N G ¢ Fm*m

Theorem [Wimmer 1994], [DT-Dopico 2011]

AX + X*B = C is consistent iff

[C Al, [0 A
#lasl-la 5]

for some nonsingular P.

X e Fmxn
I¥” Size: Most general setting.

Fernando De Teran (UC3M) Solution of Sylvester-like equations ILAS2016 14/37



Existence and uniqueness +-Sylvester AX + X*D=E

Existence of solution

F a field with char F £ 2, A € F'*™M B € F™N G ¢ Fm*m

Theorem [Wimmer 1994], [DT-Dopico 2011]

AX + X*B = C is consistent iff

[C Al, [0 A
#lasl-la 5]

for some nonsingular P.

X e Fmxn
I¥” Size: Most general setting.

m:
CIll
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Existence and uniqueness +-Sylvester AX + X*D=E

Uniqueness of solution

Definition: .7 € CU {0} is:
(a) reciprocal free if Au #1, forany A,u € ..
(b) «-reciprocal free if AL £ 1, forany A,u € <.
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Existence and uniqueness +-Sylvester AX + X*D=E

Uniqueness of solution

Definition: .7 € CU {0} is:
(a) reciprocal free if Au #1, forany A,u € ..
(b) «-reciprocal free if AL £ 1, forany A,u € <.

A DeC™"

Theorem [Byers-Kressner 2006], [Kressner-Schréder-Watkins, 2009]

AX + X*D = E has a unique solution iff A+ AD* is regular, and
@ x=x: A(A+AD*) is x-reciprocal free.
@ x=T:AN(A+AD")\ {1} is reciprocal free and my(A+AD") < 1.
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Existence and uniqueness +-Sylvester AX + X*D=E

Uniqueness of solution

Definition: .7 € CU {0} is:
(a) reciprocal free if Au #1, forany A,u € ..
(b) «-reciprocal free if AL £ 1, forany A,u € <.

A, D* c C™M

Theorem [Byers-Kressner 2006], [Kressner-Schréder-Watkins, 2009]
AX + X*D = E has a unique solution, for any E, iff A+ AD* is regular, and
@ x=x: A(A+AD*) is x-reciprocal free.
@ x=T:AN(A+AD")\ {1} is reciprocal free and my(A+AD") < 1.

I¥” Size: Most general setting.
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Existence and uniqueness Generalized x-Sylvester AXB+ CX*D = E

Outline

e Existence and uniqueness

@ Generalized x-Sylvester AXB+ CX*D=E
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Existence: Will be provided later.
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Existence and uniqueness Generalized x-Sylvester AXB+ CX*D = E

Existence: Will be provided later.
Uniqueness: A,B,C,D € C™",

Theorem [DT-lannazzo, 2016]
AXB-+ CX*D = E has a unique solution iff the pencil

AD* B*
A AC

P(A) =

is regular and:
o x =x: A\(Z?) is x-reciprocal free.
o x=T: AN(ZL)\{£1} is reciprocal free and m1(2?) < 1.

XeCcnmn
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Existence and uniqueness Generalized x-Sylvester AXB+ CX*D = E

Existence: Will be provided later.
Uniqueness: A,B,C,D € C™",

Theorem [DT-lannazzo, 2016]
AXB-+ CX*D = E has a unique solution iff the pencil

{AD* B* 1

ZM)=|"a ac

is regular and:
o x =x: A\(Z?) is x-reciprocal free.

o x=T: AN(ZL)\{£1} is reciprocal free and m1(2?) < 1.

X c Can

2" Size: Not the most general setting. It could be
XeC™nN AcCP*™ Be C™9 CecCP" DeC™4q
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Dimension and expression for the solution

Outline

e Dimension and expression for the solution
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Dimension and expression for the solution

Sylvester AX — XD = 0: Dimension of solution

& ={X: AX—XD =0} (solution space)

Jy = Jordan canonical form of M,
A1

Jk(A) =

kxk
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Dimension and expression for the solution

Sylvester AX — XD = 0: Dimension of solution

& ={X: AX—XD =0} (solution space)

Jy = Jordan canonical form of M,
A1

Jk(A) = R
k(2) 2
A d ek
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Dimension and expression for the solution

Sylvester AX — XD = 0: Dimension of solution

& ={X: AX—XD =0} (solution space)

Jy = Jordan canonical form of M,
A1

Jk(A) = R
k(2) 2
A d ek

dim. =YY min{p;z.qj2}
Py
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Dimension and expression for the solution

Sylvester AX — XD = 0: Dimension of solution

& ={X: AX—XD =0} (solution space)

Jy = Jordan canonical form of M,
A1

Jk(A) = R
k(2) 2
A d ek

dim. =YY min{p;z.qj2}
Py
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP = J,, Q'DQ = Jp
AX—-XD=0
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp
(PTAP)(PT'XQ)— (P'XQ)(Q'DQ) =0
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp

|JaY—YJp=0]
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp

|JaY—YJp=0]
p q
Ja=PJ,(h),  Ip=EP k(W)
i=1 j=1
Then Y =[Yj|,1<i<p, 1<j<q,with
( 04, x k; it A # 1
Otk kg
& & . & ai a ... akj
Yi= Ot (tg-y) & : ) a . if A =y
: as ..
a - @
\ ay
m:::
[CIll}
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp

|JaY—YJp=0]
p q
Ja=PJ,(h),  Ip=EP k(W)
i=1 j=1
Then Y =[Yj|,1<i<p, 1<j<q,with
( O, xk;
0(i—k)xk;
& & . & ai a ... akj
\/’/ - Of‘ix(kj*fi) & ’ a
as ..
a - @
\ a

it A # 1

if 7L,' = U

Fernando De Teran (UC3M) Solution of Sylvester-like equations

ILAS2016 18/37



Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp

|JaY—YJp=0]
p q
Ja=PJ,(h),  Ip=EP k(W)
i=1 j=1

Then Y =[Yj|,1<i<p, 1<j<q,with

) .
04, x; if A # U
a a a O k)<ig
v T’ G a @ ... ay
i= a . o :
/ Orix(-17) t ) a . if A =y
: as .
ai : a
\ a

X=PYQ' ® Depends on P, Q !!!
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Dimension and expression for the solution

Sylvester AX — XD = 0, expression of solution
P1AP=J,, Q'DQ=Jp

|JaY—YJp=0]
p q
Ja=PJ,(h),  Ip=EP k(W)
i=1 j=1
Then Y =[Yj|,1<i<p, 1<j<q,with
( 04, x k; it A # 1
Otk kg
& & . & ai a ... Qg
Y. — o g _
v Ot (tg-y) & o ) a . if A =y
: as .
a a a2
\ ay
X=PYQ' ® Depends on P, Q !!! o

(See [Gantmacher, 1959])
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Dimension and expression for the solution

*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Chronicle canonical form of A+ 2 D)
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Dimension and expression for the solution

*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

AX+X*D=0
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

(PAQ)(Q ' XP*) + (PX*Q*)(Q*DP*) =0
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]

P . .
If Ka+AKp = DK +A(Kp)")
i=1
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]

P . .

If K+ AKp = DK +A(Kp)? 4 different types of blocks
i=1

Set Y = [Yj], 1 <i,j < p. The equation decouples into:

i=j Kj\?’)Yﬁ Yi(Kp)® =0
I * *\(J

e [ ik o

K{Yi+ Vi (Kp) D =0
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]

p . .
If K+ AKp = DK +A(Kp)? 4 different types of blocks
i=1
Set Y = [Yj], 1 <i,j < p. The equation decouples into:
i=j: KVt Yi(Kp) D =0
l7éj { K/E\I)YI/—FY/T(KB)U) =0
K Y+ Y (Kp)D =0

» We have solved each equation/system (14 different ones!!).
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]

p . .
If K+ AKp = DK +A(Kp)? 4 different types of blocks
i=1
Set Y = [Yj], 1 <i,j < p. The equation decouples into:
i=j: KVt Yi(Kp) D =0
l7éj { K/E\I)YI/—FY/T(KB)U) =0
K Y+ Y (Kp)D =0

» We have solved each equation/system (14 different ones!!).
> X =QYP™ ® Depends on P,Q Il
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Dimension and expression for the solution
*-Sylvester: AX+ X*D =0

P(A+AD*)Q = Ka+ AK} (Kronecker canonical form of A+ D~)

|KaY +Y*Kp=0]

p . .
If K+ AKp = DK +A(Kp)? 4 different types of blocks
i=1
Set Y = [Yj], 1 <i,j < p. The equation decouples into:
i=j: KVt Yi(Kp) D =0
l7éj { K/E\I)YI/—FY/T(KB)U) =0
K Y+ Y (Kp)D =0

» We have solved each equation/system (14 different ones!!).
> X =QYP™ ® Depends on P,Q Il
[DT-Dopico-Guillery-Montealegre-Reyes, 2011] [gm
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Dimension and expression for the solution

*-Sylvester AX + X*D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]
The dimension of the solution space of AX + X' B=0is:

dim.~ (A, B):f + ) [ki/2]+ Y [k/2]+

i=1 pi=1 p=—1

a

Y (ei+g)+ ) min{ki, K}
ij=1 i<f

i<j pip=1

+Y (nj—&+1)+

i.f
c d
ay ui+a) ki+ Y min{u;,k;}
i=1 i=1 ij
=0
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Dimension and expression for the solution

*-Sylvester AX + X*D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]
The dimension of the solution space of AX + X' B=0is:

dim.~(A, B) Z g + Y Lk/2)+ Y [ki/21+

ui=1 /4]—*1
Z (& + &)+ Y, min{k, Kk}
ij=1 i<j
i<j Hip=1

+%;(n/— & +1)+

@ d
a) ui+a) k+ ) min{u;k;}
i— i

i=1

K=0

Sizes of the right singular blocks in KCF(A+AB") il
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Dimension and expression for the solution

*-Sylvester AX + X*D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]
The dimension of the solution space of AX + X' B=0is:

dleAB)_Zs,-l- Z kij2]+ ). Tki/2]+

=1 =1 Hj==1

a

Y (ei+g)+ ) min{ki, K}
ij=1 i<j

i<j pip=1

+§’(._8i+1)+

@ d
aY ui+a) k+ ) min{u;k;}
i= i

i=1

ui=0

Sizes of the [Ieft SingUlarbIoeks| in KCF(A+AB7) m
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Dimension and expression for the solution

*-Sylvester AX + X*D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]
The dimension of the solution space of AX + X' B=0is:

dim.7(A, B) Z£,+ZLK,/2J+Z ki/2 1+

wi=1 .u]—*‘1
a
Y (e+g)+ ) min{k, Kk}
ij=1 i<j
i<j Hip=1
+Z —g+1)+

aZu,-+aZ ki + Y min{u;, K }
i—1 i—1 i

u=0

Sizes of |Jordan blocks in KCF(A+AB') m:
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Dimension and expression for the solution

*-Sylvester AX + X*D = 0: Dimension of the solution

Theorem [DT-Dopico-Guillery-Montealegre-Reyes, 2011]
The dimension of the solution space of AX + X' B=0is:

dim.7(A, B) Ze,+ Z lki/2l+ Y, [ki/2]+

ui=1 #]—*1
a
Y (ei+g)+ ) min{ki, K}
=1 i<j
i<j Hip=1
+Z —g+1)+

az u; +aZk,-+ Y min{f@7, £}
i—1 i—1 i
;=0

Sizes of |infinite Jordan blocks in KCF(A+AB'") m::
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The other equations

With similar techniques, we get expressions for the solution (and its
dimension) of:

@ AXB+ CXD = 0: Depends on KCF(A—AC) and KCF(D — AB)
[Hernandez-Gasso, 1989]

@ AX+ X*A=0: Depends on the Canonical form for congruence of A
[DT-Dopico, 2011]

@ AX+ CX* =0: Depends on KCF(A—AC)
[DT, 2013]
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The other equations

With similar techniques, we get expressions for the solution (and its
dimension) of:

@ AXB+ CXD = 0: Depends on KCF(A—AC) and KCF(D — AB)
[Hernandez-Gasso, 1989]

@ AX+ X*A=0: Depends on the Canonical form for congruence of A
[DT-Dopico, 2011]

@ AX+ CX* =0: Depends on KCF(A—AC)
[DT, 2013]

I¥” |n all cases:

@ The expression for the solution depends on the change matrices. ®

@ [F = C (for other fields, it would require to have appropriate versions of
canonical forms)
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The other equations

With similar techniques, we get expressions for the solution (and its
dimension) of:

@ AXB+ CXD = 0: Depends on KCF(A—AC) and KCF(D — AB)
[Hernandez-Gasso, 1989]

@ AX+ X*A=0: Depends on the Canonical form for congruence of A
[DT-Dopico, 2011]

@ AX+ CX* =0: Depends on KCF(A—AC)
[DT, 2013]

I¥” |n all cases:

@ The expression for the solution depends on the change matrices. ®

@ [F = C (for other fields, it would require to have appropriate versions of
canonical forms)

@ Size: Most general situation, exceptin @: A,C € C™ ™ B D,c C™"
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Some applications

e Some applications
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Some applications

Block (anti)-diagonalization

p-1 P
—N— —_———

[Xn Xi2 ]1[/\11 Aq2 ] [ X1 Xi2 }_[An 0 }
Xo1 Xo2 0 Ax Xog Xo2 0 Ax
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Some applications

Block (anti)-diagonalization

p-1 P

—_—~ —_—~
I X[ Aq Ax]T 1 -X7T _[A4 O
0 / 0 A22 0 / B 0 A22

< A1 X — XAoo = Aqo ~~ Sylvester equation
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Some applications

Block (anti)-diagonalization

p-1 P
—_—~ —_—~
I X A1 Ao I =X| [An1 O
o |/ 0 A o | 0 Ax
< A1 X — XAoo = Aqo ~~ Sylvester equation

Analogously:
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Some applications

Block (anti)-diagonalization

p-1 P

—_—~ —_—~
I X[ Aq Ax]T 1 -X7T _[A4 O
0 / 0 A22 0 / B 0 A22

< A1 X — XAoo = Aqo ~~ Sylvester equation

Analogously:
P+ P
—_—~— ——~
KRl S P
X X5 Axy A Xor X2 Ay O
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Some applications

Block (anti)-diagonalization

p-1 P
—_—~ —_—~
I X A1 Aqo I -X 1| Ay O
o |/ 0 A o I | 0 Ax
< A1 X — XAoo = Aqo ~~ Sylvester equation
Analogously:
P P
— —_——~
/ 0 0 Ap I =X 1 _ | 0 Ajp
(=X)~ 1 Aoy A o I | Ay O

< A1 X+ X*Aqo = Aoo ~» x-Sylvester equation

Fernando De Teran (UC3M) Solution of Sylvester-like equations

ILAS2016

22/37



Orbit theory

Set:

Oc(A) = {PAP" : Pnonsingular} Congruence orbit of A
Os(A) = {PAP~!: P nonsingular} Similarity orbit of A
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Orbit theory

Set:

Oc(A) = {PAP" : Pnonsingular} Congruence orbit of A
Os(A) = {PAP~!: P nonsingular} Similarity orbit of A

Then:

Toum(A) = {XA+AX" : XeC™"} Tangent space of 0(A) at A
Toya)(A) ={XA—AX : X e C"™"} Tangent space of 05(A) at A
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Orbit theory

Set:

Oc(A) = {PAP" : Pnonsingular} Congruence orbit of A
Os(A) = {PAP~! : P nonsingular} Similarity orbit of A

Then:

T@;(A)(A) = {)(A—i—A)(T - Xe Cnxn}

Tangent space of 0;(A) at A

Toya)(A) ={XA—AX : X e C"™"} Tangent space of 05(A) at A

XA

O(A)

(A)(A)

Solution of Sylvester-like equations
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Orbit theory

Set:

Oc(A) = {PAP" : Pnonsingular} Congruence orbit of A
Os(A) = {PAP~!: P nonsingular} Similarity orbit of A

Then:

Toum(A) = {XA+AX" : XeC™"} Tangent space of 0(A) at A
Toya)(A) ={XA—AX : X e C"™"} Tangent space of 05(A) at A

(a) codim O¢(A) = codim T, (a)(A) =dim(X : XA+AXT =0)

(b) codim O5(A) = codim Ty, (4)(A) = dim(X : XA—AX =0)

Solution of Sylvester-like equations ILAS2016 23/37



Systems of equations

e Systems of equations
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Systems of equations Consistency

Outline

e Systems of equations
@ Consistency
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Systems of equations Consistency

A necessary condition...

Let

A,'Xk—)(jD,' = E,' i:1,...,n1
,:i/Xk’+)(;l<i’ = L,‘/ i’:1,...,n2

forj k,j/ k' € {1,...,m}.

Fernando De Teran (UC3M) Solution of Sylvester-like equations ILAS2016 24/37



Systems of equations Consistency

A necessary condition...

Let

A,'Xk—)(jD,' = E,' i:1...,n1
,:i/Xk’+)(;l<i’ = L,‘/ i’:1,...,n2

forj k,j/ k' € {1,...,m}.
If the system is consistent, set

Pz—[é _f‘} ¢=1,...,m
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Systems of equations Consistency

A necessary condition...

Let

A,'Xk—)(jD,' = E,' i:1,...,n1
,:i/Xk’+)(;l<i’ = L,‘/ i’:1,...,n2

forj k,j/ k' € {1,...,m}.
If the system is consistent, set

Then: A E A 0
—1 i | _ |
P [ 0 D ]P k=| 0o p
0 Gy 0 Fy
PF[K,-, L,,}Pk’— K, 0
m:::
CIl

ILAS2016

Solution of Sylvester-like equations

Fernando De Teran (UC3M)



Systems of equations Consistency

A necessary condition...

Let

A,'Xk—)(jD,' = E,' i:1,...,n1
,:i/Xk’+)(;l<i’ = L,‘/ i’:1,...,n2

forj k,j/ k' € {1,...,m}.
If the system is consistent, set

Then: pt A E p_ A 0O
i 1o D|'*k 0 D
0 Gy 0 F;
AR LS P
Is the converse true?? e
m

ILAS2016
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Systems of equations Consistency

...and sufficient as well

Ai,Di, Ej, Fi, Ky, Ly matrices over F, with charlF £ 2

Theorem [Dmytryshyn-Kagstrém, 2015]

The system

AXc—XD = E  i=1,..
/:I'/Xk/—i—)(j’ﬂ(i/ = L,’/ //:1,...

for j,k € {1,...,m} is consistent iff

A El, [A 0
F [o o |P=] 0 b

0 Gy | 0 Fp
PF[K,, L,-,}Pk/_ K, 0

for some invertible Ps,..., Pn.

» [DT, arXiv, 2014] for just one unknown.
» Strongly based on [Wimmer, 1994].

ILAS2016
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Systems of equations Consistency

Relevant features of this result

pi[ A Elp _[A O
AXe—XiD = E consistent & 0 b |'* 0D,
F,-/Xk/—l—)(/fK,‘/ = L,‘/ P*|: 0 G,'r :|P - [ 0 F,'/ ]

'K L |"KT| K0
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Systems of equations Consistency

Relevant features of this result

pi[ A Elp _[A O
AXe—XiD = E consistent & 0 b |'* 0D,
F,-/Xk/—l—)(/fK,‘/ = L,‘/ P*|: 0 G,'r :|P _ [ 0 F,'/ ]

'K L |"KT| K0

@ Extends nicely and directly the result for one single equation (both
Sylvester and x-Sylvester).

@ The only if part is true for arbitrary F.

m:
CIll
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Systems of equations Consistency

Relevant features of this result

pi[ A Elp _[A O
AXe—XiD = E consistent & 0 b |'* 0D,
F,-/Xk/—l—)(/fK,‘/ = L,‘/ P*|: 0 G,'r :|P _ [ 0 F,'/ ]

'K L |"KT| K0

@ Extends nicely and directly the result for one single equation (both
Sylvester and x-Sylvester).

@ The only if part is true for arbitrary F.

@ Size: Most general setting (only restriction: the products must be
well-defined).

m:
CIll
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Systems of equations Consistency

Relevant features of this result

pi[ A Elp _[A O
AXe—XiD = E consistent & 0 b |'* 0D,
F,-/Xk/—l—)(/fK,‘/ = L,‘/ P*|: 0 G,'r :|P _ [ 0 F,'/ ]

'K L |"KT| K0

@ Extends nicely and directly the result for one single equation (both
Sylvester and x-Sylvester).

@ The only if part is true for arbitrary F.

@ Size: Most general setting (only restriction: the products must be
well-defined).

@ Unknowns: Most general setting (k,j, k’,j’ can be equal or different).

m:
CIll
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Systems of equations Consistency

More relevant features

Moreover...
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Systems of equations Consistency

More relevant features

Moreover... Since AXB+ CXAD = E is equivalent to
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Systems of equations Consistency

More relevant features

Moreover... Since AXB+ CXAD = E is equivalent to

AZ+YD=E,
CX— YA =0,
Z-XD=0,
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Systems of equations Consistency

More relevant features

Moreover... Since AXB+ CXAD = E is equivalent to

AZ+YD=E,
CX— YA =0,
Z-XD=0,

5" The result can be extended to systems of coupled
generalized Sylvester and x-Sylvester equations ©©0© !l
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Systems of equations Consistency

More relevant features

Moreover... Since AXB+ CXAD = E is equivalent to

AZ+YD=E,
CX— YA =0,
Z-XD=0,

5" The result can be extended to systems of coupled
generalized Sylvester and x-Sylvester equations ©©0© !l

SIAM Student Paper Prize, 2015 (A. Dmytryshyn)
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Systems of equations Uniqueness

Outline

e Systems of equations

@ Uniqueness
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Systems of equations Uniqueness

Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and x-Sylvester
equations (over C).
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Systems of equations Uniqueness

Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and x-Sylvester
equations (over C). However...

We focus on the case where:

@ All unknowns are m x n.
@ The matrix of the associated linear system is square.
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Systems of equations Uniqueness

Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and x-Sylvester
equations (over C). However...

We focus on the case where:

@ All unknowns are m x n.
@ The matrix of the associated linear system is square.

In this setting, we can restrict ourselves to “periodic systems":

Akakacka+1Dk: Ek, k= 1,...,[’71
ArXrBr - CrX1A Dr - Er,

7

with A =1 *.
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Systems of equations Uniqueness

Restrictions on the size and number of unknowns

We consider coupled systems of generalized Sylvester and x-Sylvester
equations (over C). However...

We focus on the case where:

@ All unknowns are m x n.
@ The matrix of the associated linear system is square.

In this setting, we can restrict ourselves to “periodic systems":

AkakaCkaHDk:O, k:‘],...,l’f‘l7
ArXrBr - Cr)(.1A Dr = O,

with A =1 *.
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Systems of equations Uniqueness

The case A = x: reductionto A =1

Lemma

The system

(1) AkaBk—Cka+1Dk=O, k=1,...,f—1,
ArXrBr_ CrX.ikDr :0,

has a unique solution iff the system

AkaBk—Cka+1Dk=0, k=1,...,f—1,
ArXr-Br — CrXr+1 Dr =0,

Bi X, kAi — Di Xriks1Ci =0, k=1,...,r—1
B; XorAr — D X1 C; =0

(@)

has a unique solution.
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Systems of equations Uniqueness

The case A = x: reductionto A =1

Lemma

The system

(1) AkaBk—Cka+1Dk=O, k=1,...,f—1,
ArXrBr_ CrX.ikDr :0,

has a unique solution iff the system
AkaBk—Cka+1Dk:0, k=1,...,l‘—1,
(2) ArXiBr — CrXr+1 Dy = 0,
B Xr kA — Dy Xrik+1Cp =0, k=1,...,r—1,
B Xo Ay — DiX1CF =0

has a unique solution.

Proof: <: If (1) has a nonzero solution (Xj,..., X;), then
(X1,..., X, X{,..., X}) is a nonzero solution of (2).
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Systems of equations Uniqueness

The case A = x: reductionto A =1

Lemma

The system

(1) AkaBk—Cka+1Dk=O, k=1,...,f—1,
ArXrBr_ CrX.ikDr :0,

has a unique solution iff the system

AkaBk—Cka+1Dk:0, k=1,...,l‘—1,

(2) ArXiBr — CrXr+1 Dy = 0,
B; X, kAi — Di Xriks1Ci=0, k=1,...,r—1,

B Xo A: — DX, C; =0

has a unique solution.

Proof: =: If (Xj,...,X¢, X;11,...,Xor) is @ nonzero solution of (2), then
(X1 + X745, Xr +X5,) is a solution of (1). If (X; + X} LSXr+X5,) =0,

r+1s°
then X,,;=—-X7,i=1,...,r,and then /—1(Xj,.... X;) is a nonzero solution m:
of (1).00 el
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Systems of equations Uniqueness

The case A = x: reductionto A =1

Lemma

The system

(1) AkaBk—Cka+1Dk=O, k=1,...,f—1,
ArXrBr_ CrX.ikDr :0,

has a unique solution iff the system

AkaBk—Cka+1Dk=0, k=1,...,f—1,

(2) ArXiBr — CrXr+1 Dy = 0,
B; X, kAi — Di Xriks1Ci=0, k=1,...,r—1,

B Xo A: — DX, C; =0

has a unique solution.

The result is FALSE replacing = by T:

X+x ' =0=x=0 but
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Systems of equations Uniqueness

The case A = x: reductionto A =1

Lemma

The system

(1) AkaBk—Cka+1Dk=O, k=1,...,f—1,
ArXrBr_ CrX.ikDr :0,

has a unique solution iff the system

AkaBk—Cka+1Dk=0, k=1,...,f—1,

(2) ArXiBr — CrXr+1 Dy = 0,
Bi X, kAi — Di Xriks1Ci =0, k=1,...

B Xo A: — DX, C; =0

)

has a unique solution.

2" The case A = * can be reducedto A = 1.
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Systems of equations Uniqueness

Characterization of the uniqueness of solution (A = 1)

Theorem [Byers-Rhee, 1995]

The system
AkaBk—Cka+1Dk=0, k= 1,...,[’—1,
ArXrBr - CrX1 Dr = 0

has a unique solution iff the pencils

AA, 0 ... 0 Cr AD, 0 ... 0 B:
Cr,‘] )&Ar71 0 O Br71 )b Dr71 0 0
0 L : and 0 ‘ >
: C, AA, O : B;, AD, 0
0 ... 0 Ci AA 0 ... 0 By AD;

are regular and have disjoint spectra.
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Systems of equations Uniqueness

Characterization of the uniqueness of solution (A = x)

Theorem [DT-lannazzo-Poloni-Robol, 2016]

The system:
AkaBk—Cka+1Dk =0, k= 1,...,r—1,
ArXrBr - CI'X‘TDI' = O

has a unique solution iff the pencil
[AA; —Cr i

AA, —Cr

. _Dr—1
|—D; ABr ]

is regular and

@ x=T:A(P)\{€¥™/": k=0:r—1} is reciprocal free and mmi/(2) < 1.
@ x =x: \(Z) is *-reciprocal free.
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Systems of equations Uniqueness

An O(rn3) algorithm

AkaBk—Cka+1Dk:O, k:1,...,r—1,
e For systems { A.X,B, — CrX1‘Dr ~0
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Systems of equations Uniqueness

An O(rn3) algorithm

AkaBk—Cka+1Dk:O, k:1,...,r—1,
e For systems { ArXrBr—CrXfDrZO

e Based on [D-Dopico’11] for AX + X*D = E, outlined in
[Chiang-Chu-Lin'12] for a single equation ~- (Bartels-Stewart).
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Systems of equations Uniqueness

An O(rn3) algorithm

AkaBk—Cka+1Dk:O, k:1,...,r—1,
e For systems { A-XB; — C:XAD, =0

e Based on [D-Dopico’11] for AX + X*D = E, outlined in
[Chiang-Chu-Lin'12] for a single equation ~- (Bartels-Stewart).

e Uses the periodic Schur decomposition [Bojanczyk-Golub-Van
Dooren, 1992] ~ O(rn®)
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Systems of equations Uniqueness

An O(rn3) algorithm

AkaBk—Cka+1Dk:O, k:1,...,r—1,
e For systems { ArXrBr—CrXfDrZO

e Based on [D-Dopico’11] for AX + X*D = E, outlined in
[Chiang-Chu-Lin'12] for a single equation ~- (Bartels-Stewart).

e Uses the periodic Schur decomposition [Bojanczyk-Golub-Van
Dooren, 1992] ~ O(rn®)

[DT-lannazzo-Poloni-Robol]
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Summary

Outline
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Summary

Existence and uniqueness (characterization)

Equation Consistency Uniqueness
AX+XD=E Roth, 1952 Gantmacher, 1959
) Byers-Kressner, 2006 (x =T)
Wimmer, 1994 (F = C) ) A .
AX 4+ X*D—E DT-Dopico, 2011 Kressner-Schroder-Watkins,
charF 2 2009 (x = *)
(F=C)
. Dmytryshyn-Kagstrom, 2016 -
AX+CX*=E charF £ 2 DT, 2013 (F=C)
AXB+CXD=E Dmytryshyn-Kagstrém, 2016 Chu, 1987

square coeffs.

AXB+CX*D=E

Dmytryshyn-Kagstrom, 2016
charfF # 2

DT-lannazzo, 2016
square coeffs (same size)

A,'XjB,‘ + C,XkA D;=E;
(systems, A =1,%)

Dmytryshyn-Kagstréom, 2016
charF #£ 2

DT-lannazzo-Poloni-Robol
2017
F=C

F=R,C ‘
square coeffs. (same size)
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.
I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.
I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CX*D =0 when A, B, C,D are rectangular (or square with
different size).

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

m:
CIll
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.
I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CX*D =0 when A, B, C,D are rectangular (or square with
different size).

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Find the dimension of the solution space of AXB+ CX*D = 0.

m:
CIll
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CX*D =0 when A, B, C,D are rectangular (or square with
different size).

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).
@ Find the dimension of the solution space of AXB+ CX*D = 0.
@ Find an expression for the solution of AXB+ CX*D = 0.

m:
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.
I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CX*D =0 when A, B, C,D are rectangular (or square with
different size).

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Find the dimension of the solution space of AXB+ CX*D = 0.
@ Find an expression for the solution of AXB+ CX*D = 0.

@ Necessary and sufficient conditions for the consistency of AX + XD = E
when charF = 2.
I¥” In progress (with R. Stowik).

m:
CIll
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Some open problems

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CXD = 0 when A, B, C, D are rectangular.
I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Necessary and sufficient conditions for the uniqueness of solution of
AXB+ CX*D =0 when A, B, C,D are rectangular (or square with
different size).

I¥” In progress (with B. lannazzo, F. Poloni, L. Robol).

@ Find the dimension of the solution space of AXB+ CX*D = 0.
@ Find an expression for the solution of AXB+ CX*D = 0.

@ Necessary and sufficient conditions for the consistency of AX + XD = E
when charF = 2.
I¥” In progress (with R. Stowik).

@ Necessary and sufficient conditions for uniqueness of solution for
arbitrary F. m
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Summary

Conclusions

@ Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.
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@ Elementary linear algebra techniques lead to beautiful and non-trivial
results.
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Conclusions

@ Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.

@ Elementary linear algebra techniques lead to beautiful and non-trivial
results.

@ Elementary characterization of the consistency and uniqueness of
solution in terms of the coefficient matrices (or spectral properties of
pencils/matrices constructed easily from them).
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Conclusions

@ Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.

@ Elementary linear algebra techniques lead to beautiful and non-trivial
results.

@ Elementary characterization of the consistency and uniqueness of
solution in terms of the coefficient matrices (or spectral properties of
pencils/matrices constructed easily from them).

@ Dimension and expression of the solution is known in some cases.
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Conclusions

@ Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.

@ Elementary linear algebra techniques lead to beautiful and non-trivial
results.

@ Elementary characterization of the consistency and uniqueness of
solution in terms of the coefficient matrices (or spectral properties of
pencils/matrices constructed easily from them).

@ Dimension and expression of the solution is known in some cases.

@ The base field and the size of the matrices deserves additional attention
(specially for uniqueness).
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Conclusions

@ Solution of Sylvester-like equations is an interesting problem from both a
theoretical and applied point of view.

@ Elementary linear algebra techniques lead to beautiful and non-trivial
results.

@ Elementary characterization of the consistency and uniqueness of
solution in terms of the coefficient matrices (or spectral properties of
pencils/matrices constructed easily from them).

@ Dimension and expression of the solution is known in some cases.

@ The base field and the size of the matrices deserves additional attention
(specially for uniqueness).
@ Many open problems.

m:
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