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The problem

Provide necessary and sufficient conditions for the equation
XTAX =B

being consistent, when B is either symmetric or skew-symmetric.
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The problem

Provide necessary and sufficient conditions for the equation
XTAX =B

being consistent, when B is either symmetric or skew-symmetric.

K" Ae C™", BeC™mM X e C™™ (unknown).

(-)": transpose.
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The problem

Provide necessary and sufficient conditions for the equation
XTAX =B

being consistent, when B is either symmetric or skew-symmetric.

K" Ae C™", BeC™mM X e C™™ (unknown).
(-)": transpose.

IE” A is not necessarily symmetric (or skew).
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The problem

Provide necessary and sufficient conditions for the equation
XTAX =B

being consistent, when B is either symmetric or skew-symmetric.

IZ" Ae C™N BeC™M X eC™™ (unknown).
(-)": transpose.
IZ” A is not necessarily symmetric (or skew). When A is symmetric (skew) the

result is well-known: rank B < rank A is a necessary and sufficient condition
(even when m # n).
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A remark

| XTAX =B, AcC™", B e C™"

% If X is invertible, then A must be symmetric. v/

Then...
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A remark

| XTAX =B, AcC™", B e C™"

% If X is invertible, then A must be symmetric. v/

Then...

The interesting case is when X is singular.
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A remark

| XTAX =B, AcC™", B e C™"

% If X is invertible, then A must be symmetric. v/
Then...
The interesting case is when X is singular.

We’ll see we can restrict ourselves to X having full (column) rank.
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A remark

| XTAX =B, AcC™", B e C™"

% If X is invertible, then A must be symmetric. v/

Then...
The interesting case is when X is singular.
We’ll see we can restrict ourselves to X having full (column) rank.

I¥" Then, n > m
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XTAX = B and bilinear forms

The problem is equivalent to

Given a bilinear form A : C" — C”, find the largest dimension of a subspace
V c C", such that Ay : V — V is symmetric (skew) and non-degenerate. J
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XTAX = B and bilinear forms

The problem is equivalent to

Given a bilinear form A : C" — C”, find the largest dimension of a subspace
V c C", such that Ay : V — V is symmetric (skew) and non-degenerate. J

(If Ais a matrix of A in some basis, and the columns of X are a basis of V,
then XTAX is a matrix for Ay.)
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Some references on this problem
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Some examples (B symmetric)

XTAX = Bwith ...

0 1 1 0]. . 10
oA—[O 0],8—[0 0] |sconS|stent(X—[1 O})
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Some examples (B symmetric)

XTAX = B with ...
0 1
SRR
010
e A=|0 0 1|,B
0 0O
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0 0] is consistent (X—[1 O})
1 00

=|0 1 O0fisconsistent (X =
0 0O
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Some examples (B symmetric)

XTAX = B with ...

[0 1 1 0f. . 10

0 A= 0 0], B= [O 0] is consistent (X = [1 O})
0 1 0 1 00 1 0 O

@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i O
0 1 0 O 1000
00 10 0 1 0 O0f. .

0 A= 00 0 1 ,B= 001 0 is NOT consistent
0 0 0 O 0 0 0O
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Some examples (B symmetric)

XTAX = Bwith ...
[0 1 1 0f. . 10
0 A= 0 0], B= [O 0] is consistent (X = [1 O})
0 1 0 1 00 1 0 0
@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i 0
0 1 0 O 1 0 00
0 010 01 0 0f. .
0 A= 00 0 1/ B = 00 1 0 is NOT consistent
0 0 0 O 0 00O
(B is symmetric in all cases, but A is not).

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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Some examples (B symmetric)

XTAX = B with ...
[0 1 1 0f. . 10
0 A= 0 0], B= [O 0] is consistent (X = [1 O})
0 1 0 1 00 1 0 O
@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i O
0 1 0 O 1000
00 10 0 1 0 O0f. .
0 A= 00 0 1/ B = 001 0 is NOT consistent
0 0 0 O 0 0 0O
2
ljl‘-
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Some examples (B symmetric)

XTAX = Bwith ...
[0 1 1 0f. . 10
0 A= 0 0], B= [O 0] is consistent (X = [1 O})
0 1 0 1 00 1 0 0
@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i O
0 1 0 O 1000
0 010 0 1 0 0f. .
0 A= 00 0 1/ B = 00 1 0 is NOT consistent
0 0 0 O 0 00O
XTJn(0)X = I, ® Osxs is consistent & n>2m-1, n> 1. J
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Some examples (B symmetric)

XTAX = Bwith ...
[0 1 1 0f. . 10
e A= 0 0], B= [O 0] is consistent (X = [1 O}) (m=1,n=2)
0 1 0 1 00 1 0 0
@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i O
0 1 0 O 1000
0 010 0 1 0 0f. .
0 A= 00 0 1/ B = 00 1 0 is NOT consistent
0 0 0 O 0 00O
XTJn(0)X = I, ® Osxs is consistent & n>2m-1, n> 1. J
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Some examples (B symmetric)

XTAX = Bwith ...
[0 1 1 0], . 10
0 A= 0 0], B= [O 0] is consistent (X = [1 O})
0 1 0 100
@ A=|0 0 1,B=|0 1 O0fisconsistent(X=|1 -i
0 0 0 0 0O 0 i
(m=2,n=23)
0 1 0 0 1 0 00
0010 0 1 0 0. .
e A= 00 0 1 B= 0010 is NOT consistent
0 0 0 O 0 00O

XTJn(0)X = I, ® Osys is consistent & n>2m-1, n> 1.

1 0 O

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

Fernando De Teran (UC3M) Consistency of XT AX = B, with B (skew-)symmetric Orebr6, May 13, 2022



Some examples (B symmetric)

XTAX = B with ...
[0 1 1 0]. . 10
°A:70 0],8—[0 0]|scon5|stent(X—[1 O}) (m=1,n=2)
0 1 0 1 00 1 0 O
@ A=(0 0 1|,B=|0 1 Ofisconsistent(X=|1 —-i 0f)
0 0 O 0 0O 0 i O
(m=2,n=23)
0 1 0 O 1 000
0010 0 1 0 Of, .
e A= 00 0 1,B: 0010 is NOT consistent (m = 3,n = 4)
0 0 0O 0 00O

XTJn(0)X = I, ® Osys is consistent & n>2m-1, n> 1.
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The Canonical form for congruence (CFC)

0 (_1)k+1
a1 G
1 -1 -1
11 0

Theorem (C FC) [Horn & Sergeichuk, 2006]

Each square complex matrix is congruent to a direct sum, uniquely
determined up to permutation of addends, of matrices of the form:

Type 0 Jk(0)
Type | Ik
Hox (1),
Type Il 0#pu# (-1)kt"
(u is determined up to replacement by u~1)

ue3m | Universidad Carlos il e Madrid
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The Canonical form for congruence (CFC)

0 (_1)k+1
a1 G
1 -1 -1
11 0

Theorem (C FC) [Horn & Sergeichuk, 2006]

Each square complex matrix is congruent to a direct sum, uniquely
determined up to permutation of addends, of matrices of the form:

Type 0 Jk(0)
Type | Ik
Hox (1),
Type Il 0#pu# (-1)kt"
(u is determined up to replacement by u~1)
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Reduction to CFC

Notation: Cy= CFC of M.
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Reduction to CFC

Notation: Cy= CFC of M.

XTAX = Bis consistent & XTCsX = Cg is consistent. )
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Reduction to CFC

Notation: Cy= CFC of M.

XTAX = Bis consistent & XTCsX = Cg is consistent. )

(If A= PTCaP and B= Q" CsQ, then XTAX = B & YTC4Y = Cg, with
Y = PXQ )

ue3m | Universidad Carlos il e Madrid
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Reduction to CFC

Notation: Cy= CFC of M.

XTAX = Bis consistent & XTCsX = Cg is consistent. )

(If A= PTCaP and B= Q" CsQ, then XTAX = B & YTC4Y = Cg, with
Y = PXQ )

B5” We can restrict ourselves to A and B given in CFC.

ue3m | Universidad Carlos il e Madrid
L y—

Fernando De Teran (UC3M) Consistency of XT AX = B, with B (skew-)symmetric Orebré, May 13, 2022



Some basic remarks

@ B symmetric = Cg = I ® Osxs
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Some basic remarks

K times
e e
Notation: M = M@ ---@ M

@ B symmetric = Cg = I ® Osxs

0 1

@k
_1 0} ® Osxs-

@ Bskew = Cg = Hz(—1)®k ® Osxs = [
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Some basic remarks

K times
e e
Notation: M = M@ ---@ M

@ B symmetric = Cg = I ® 0sxs = ([1)®" & Ogxs.

0 1

ek
_1 0:| @ OSXS'

@ Bskew = Cg = Hz(—1)®k ® Osxs = [
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Some basic remarks

K times
e e
Notation: M = M@ ---@ M

@ B symmetric = Cg = I ® 0sxs = ([1)®" & Ogxs.

0 1

@ Bskew = CB = H2(-1)®k @Osxs = [_1 0

@k
:| @03)(5.

@ XT(A® 0,/ )X = Bo0sys is consistent & XTAX = B is consistent.

(We can get rid of possible null diagonal blocks in the CFC of A and B, namely
blocks J;(0). In particular, B may be assumed to be invertible).

ue3m | Universidad Carlos il e Madrid
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A necessary condition

Let C4 consist of (exactly):

@ i Type-0 blocks with size 1;

@ J» Type-0 blocks with odd size at least 3;

@ ve Type-| blocks with even size;

Q@ h3,, Type-Il blocks of the form Hyx_2(~1), for any k > 1;
Q hj Type-Il blocks of the form Hy,(1), for any £ > 1; and

@ an arbitrary number of other blocks.
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A necessary condition

Let C4 consist of (exactly):

@ i Type-0 blocks with size 1;

@ J» Type-0 blocks with odd size at least 3;

@ ve Type-| blocks with even size;

Q@ h3,, Type-Il blocks of the form Hyx_2(~1), for any k > 1;
Q hj Type-Il blocks of the form Hy,(1), for any £ > 1; and

@ an arbitrary number of other blocks.

Set:

n—ji +jo+ve +2h; n—ji+jo+ve+2h;
paym(A) = > L puen(A) = > =
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A necessary condition

Let C4 consist of (exactly):

Jj1 Type-0 blocks with size 1;

Jo Type-0 blocks with odd size at least 3;

ve Type-| blocks with even size;

h3,, Type-Il blocks of the form Hyx_2(~1), for any k > 1;
hj Type-ll blocks of the form Hy,(1), for any ¢ > 1; and

an arbitrary number of other blocks.

$© 00660

n—ji +jo+ve +2h; n—ji+jo+ve+2h;
psym(A) = 2 > 4 5 pskew(A) = 2 > 20-

Theorem

@ XTAX = B consistent (B symmetric) = rank B < pym(A).
@ XTAX = B consistent (B skew) = rank B < pgew(A).
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A necessary condition

Let C4 consist of (exactly):

Jj1 Type-0 blocks with size 1;

Jo Type-0 blocks with odd size at least 3;

ve Type-| blocks with even size;

h3,, Type-Il blocks of the form Hyx_2(~1), for any k > 1;
hj Type-ll blocks of the form Hy,(1), for any ¢ > 1; and

an arbitrary number of other blocks.

$© 00660

n—ji +jo+ve+2h; n—ji+jo+ve+2h;
psym(A) = 2 > 4 5 pskew(A) = 2 > 20-

Theorem

@ XTAX = B consistent (B symmetric) = rank B < pym(A).
@ XTAX = B consistent (B skew) = rank B < pgew(A).
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A necessary condition

Let C4 consist of (exactly):

Jj1 Type-0 blocks with size 1;

Jo Type-0 blocks with odd size at least 3;

ve Type-| blocks with even size;

h3,, Type-Il blocks of the form Hyx_2(~1), for any k > 1;
hj Type-ll blocks of the form Hy,(1), for any ¢ > 1; and

an arbitrary number of other blocks.

$© 00660

n—ji+jo+ve+2h; n—ji+jo+ve+2h;,
psym(A) = 02 4 5 pskew(A) = 2 > 2)-

Theorem

@ XTAX = B consistent (B symmetric) = rank B < pym(A).
@ XTAX = B consistent (B skew) = rank B < pgiew (A).
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Some remarks on the necessary condition

@ XTAX = B consistent (B symmetric) = rank B < pgym(A).
@ XTAX = B consistent (B skew) = rank B < pgew (A)-
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Some remarks on the necessary condition

@ XTAX = B consistent (B symmetric) = rank B < pgym(A).
@ XTAX = B consistent (B skew) = rank B < pgew (A)-

BE” |t is valid for any A € C™".
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Some remarks on the necessary condition

@ XTAX = B consistent (B symmetric) = rank B < pgym(A).
@ XTAX = B consistent (B skew) = rank B < pgew (A)-

BE” |t is valid for any A € C™".

IZ” |t depends on (certain kinds of blocks in) the CFC of A.

ue3m | Universidad Carlos il e Madrid
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Is it sufficient (B symmetric)?
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Is it sufficient (B symmetric)?

The answer is NO.
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Is it sufficient (B symmetric)?

The answer is NO. (But there are just a few exceptions).
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Is it sufficient (B symmetric)?

The answer is NO. (But there are just a few exceptions).

0o 1

The condition is satisfied:

B=h=[1].

n=2, rankB=1, J :/'0:78:2h2'20,

so it reads
— 2
= —.

a8 dx=s

1 < psym(A)
However,

-
is not consistent.
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Is it sufficient (B symmetric)?

The answer is NO. (But there are just a few exceptions).

0o 1

The condition is satisfied:

B=h=[1].

n=2, rankB=1, J :j'o:%:2h2—20v

so it reads 5
1 < psym(A) = 3
However,
0 1y
X l_1 0 X=1

is not consistent (note that [701 g)J is skew and 1 is symmetric).
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Is it sufficient (B symmetric)?

The answer is NO. (But there are just a few exceptions).

Q@ A=Hi(1) =

Q A_Hg(—1)—[_01 1], B=h=1].

1 1
0 1

The condition is satisfied:
n=4, rankB=3, j1i=jo=v7.=0, 2h2' =2,

so it reads 442
3 < pym(A) = —
However,
0 1 0 0
e 1
0 1

ue3m | Universidad Carlos il e Madrid
L y—

is not consistent.
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Is it sufficient (B symmetric)?

The answer is NO. (But there are just a few exceptions).
0o 1
ch_Hz(—1)_[_1 0],5_/1_[1].
10 10 o
Q@ A=H,(1) = ,B=h={0 1 0|
1 1
0 1 0 0 1

5" When B is symmetric, the blocks H>(—1) and Hs(1) in Cx are problematic.
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Is it sufficient (B skew)?
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Is it sufficient (B skew)?

The answer is, again, NO.
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Is it sufficient (B skew)?

The answer is, again, NO. (But, again, there are just a few exceptions).
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Is it sufficient (B skew)?

The answer is, again, NO. (But, again, there are just a few exceptions).
o —1]* o 1%
ch_rg“_[1 1 ,19_/L/2(—1)e><’»_[_1 0

The condition is satisfied:

n=28, rankB=86, ji=jo=2h,=0,v. =4,

so it reads 844
6 Spskew(A) = 5
However,
4 @3
o -11*, [0 1
X [1 1 X= -1 0

is not consistent.
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Is it sufficient (B skew)?

The answer is, again, NO. (But, again, there are just a few exceptions).
o —1]* o 1%
QA== | ] , B_HQ(—1)G>3_[_1 0

0 1
Q A=T—1, 153:H2(-1):[_1 o]'

The condition is satisfied for n > 4:
rankB=2, ji=jo=7v:=2h,=0,
so it reads
2< pym(A) = 3.
However,

Ty Ty [0 1
XI,,X_XX_[_1 0]

is not consistent.
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Is it sufficient (B skew)?

The answer is, again, NO. (But, again, there are just a few exceptions).
o —1]* o 1%
QA== | ] , B_HQ(—1)G>3_[_1 0

0 1
Q A=T—1, 153:H2(-1):[_1 o]'

The condition is satisfied for n > 4:
rank B=2, ji=jo=1v.=2h,=0,

so it reads n
2 Spsym(A) = E
However,
. Ty |01
X' IhX=X X_L1 0

is not consistent (note that [P1 5] is skew).
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Is it sufficient (B skew)?

The answer is, again, NO. (But, again, there are just a few exceptions).
o —1]* o 1%
QA== | ] , B_HQ(—1)G>3_[_1 0

0 1
Q A=T—1, 153:H2(-1):[_1 o]'

IZ" When B is skew, the blocks 'y and 'z in C,4 are problematic.

ue3m | Universidad Carlos il e Madrid
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It is sufficient “in general”

Theorem (consistency of XTAX = B, with B symmetric).
If Ca does not contain blocks of the form H>(—1) and Ha(1), then

XTAX =B (B symmetric)

is consistent if and only if rank B < pgym(A).

ue3m | Universidad Carlos il e Madrid
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It is sufficient “in general”

Theorem (consistency of XTAX = B, with B symmetric).
If Ca does not contain blocks of the form Hx(—1) and Hy(1), then

XTAX =B (B symmetric)

is consistent if and only if rank B < pgym(A).

Theorem (consistency of XTAX = B, with B skew).
If C4 does not contain blocks of the form 'y and I',, then

XTAX =B (B skew)

is consistent if and only if rank B < pgew(A).
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When CFC(A) contains blocks Hx(—1): B symmetric

Set:
Usym(A) =n _j1 —./'o —Ye— 2h£0
(recall: pym(A) = 020
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When CFC(A) contains blocks Hx(—1): B symmetric

Set:
Usym(A) =n _j1 —./'o —Ye— 2h£0

—h +i 2h;
(recall: poym(A) := THHoTI0T e

If CFC(A) has no blocks of type Hx(—1) then pgym(A) < ogym(A).

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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When CFC(A) contains blocks Hx(—1): B symmetric

Set:
Usym(A) =n _j1 _jO —Ye— 2h§0
(recall: puym(A) = T tror2h,

If CFC(A) has no blocks of type Hx(—1) then pgym(A) < ogym(A). J

Theorem (consistency of XTAX = B, with B symmetric).
If Ca does not contain blocks of the form H>(—1) and Hs(1), then

XTAX =B (B symmetric)

is consistent if and only if rank B < pgym(A).

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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When CFC(A) contains blocks Hx(—1): B symmetric

Set:
O-Sym(A) =n —j1 _jO - Ve — 2h§0
— [ +
(recall: poym(A) 1= THHot 102l

If CFC(A) has no blocks of type Hx(—1) then pgym(A) < ogym(A). J

Theorem (consistency of XT AX = B, with B symmetric, improved).
If Ca does not contain blocks of the form Hs(1), then

XTAX =B (B symmetric)

is consistent if and only if rank B < min {pgm(A). Tym(A)}.

uuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu
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Generic case in terms of bilinear forms

Theorem

A : C" - R a bilinear form.
A € C™" a matrix representation of A.

If CFC(A) does not contain blocks H4(1), the largest dimension of a
subspace, V of C" such that A|y is a symmetric (non-degenerate ) is
min{psym(A)’ Usym(A)}-

ue3m | Universidad Carlos il e Madrid
L y—

Fernando De Teran (UC3M) Consistency of XT AX = B, with B (skew-)symmetric Orebr6, May 13, 2022



Generic case in terms of bilinear forms

Theorem
A : C" - R a bilinear form.
A € C™ a matrix representation of A.

If CFC(A) does not contain blocks H4(1), the largest dimension of a
subspace, V of C" such that A|y is a symmetric (non-degenerate ) is
min{psym(A)’ O—sym(A)}-

Theorem
A : C" — R a bilinear form.
A € C™" a matrix representation of A.

If CFC(A) does not contain blocks I'y and 'y, the largest dimension of a
subspace, V, of C" such that A|y is skew-symmetric (non-degenerate) is
pskew(A)-
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The generic case

The “generic” CFC in C™" is:

| He(u1)®--- & Ha(uk). if n = 2k,
CFCo(n) '_{ Ho(u1)@--- & Ho(uk) ® T, if n=2k+1

(1,.... g different to each other and to u7",..., ", +1).
@ FDT, F. M. Dopico.

The solution of the equation XA + AX" = 0 and its application to the theory of orbits.
Linear Algebra Appl., 434 (2011) 4467
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The generic case

The “generic” CFC in C™" is:

_ | He(ut) @ @ Ha(uk), if n = 2k,
CFCo(m) = { Ho(u1) ®--- @ Ho(uk) ® T4, if n=2k +1

(uq,...,ux different to each other and to /11_1,...,;1;1, +1).

@ FDT, F. M. Dopico.

The solution of the equation XA + AX" = 0 and its application to the theory of orbits.
Linear Algebra Appl., 434 (2011) 44—67

Theorem
If Ca = CFCy4(n), then

XTAX =B B symmetric or skew
y

is consistent if and only if rank B < n/2.
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Open questions

Analyze the consistency of:

@ XTAX = B, when C4 contains blocks Hs(1) (B symmetric) or I'y,I2 (B
skew).
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Open questions

Analyze the consistency of:

@ XTAX = B, when C4 contains blocks Hs(1) (B symmetric) or I'y,I2 (B
skew).

@ X*AX = B, with B Hermitian or skew-Hermitian.
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Open questions

Analyze the consistency of:

@ XTAX = B, when C4 contains blocks Hs(1) (B symmetric) or I'y,I2 (B
skew).

@ X*AX = B, with B Hermitian or skew-Hermitian.

@ XTAX = B with B symmetric/skew but A, B, X having real entries.
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Open questions

Analyze the consistency of:

@ XTAX = B, when C4 contains blocks Hs(1) (B symmetric) or I'y,I2 (B
skew).

@ X*AX = B, with B Hermitian or skew-Hermitian.
@ XTAX = B with B symmetric/skew but A, B, X having real entries.

@ (Hard) XTAX = B, with B arbitrary.
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Consistency of XT AX with B (skew-)symmetric



