
Chapter 1

Experimental facts

1



CHAPTER 1. EXPERIMENTAL FACTS 2

1.1 The principles of relativity and determinacy

1.2 The galilean group and Newton’s equations

Exercise 1.1 y²�mR × R3�z�\|ÑC�Ñ����L«���^=, ��²£, ��
!�$Ä�|Ü(g = g1 ◦ g2 ◦ g3 )(¤±, \|ÑC�+��ê´3 + 4 + 3 = 10)

Proof : é?¿\|ÑC�g, k�Äg(t,0)dg´�5�, ��, kv, a,s, ¦�g(t,0) =
(t− s,a + tv) ∈ R× R3. e¡�ÄR3¥�IO��Äe1, e2, e3. -g(t, ei)− g(t,0) = (t− s,ui).
duÓ�¯��m��´��3��5�m(½Â).

¤±g(t, (a, b, c)) − g(t,0) = (t − s,G(a, b, c)T ), Ù¥G = (u1,u2,u3). -g3(t, x) = (t, Gx),
g2(t, x) = (t, tv + x), g1(t, x) = (t− s,a + x). Kg = g1 ◦ g2 ◦ g3, =�¤¦.

Exercise 1.2 y²��\|Ñ�mþp�Ó�, 
AO´Ó�u�I�mR× R3.

Proof : dut : R4 → R, ´��Hilbert �mþ��5�¼, kXe©):R4 = Ker t⊕Ker t⊥,
�Ker t��ê´3. �P,Q�éA�ÝKN�, ¦x = Px + Qx, Ù¥Px ∈ Ker t, Qx ∈ Ker t⊥.
q-R�Ker t�R3����åÓ�.

?�A4¥�:x0. ��F : A4 → R× R3, Ù¥F (x) = (t(x− x0), R Px). =�¤¦Ó�.

Exercise 1.3 ²¡þ����$Ä�;,´Äkã3/G? Ù\�Ý·þ´Äkãþ¤«��?

Solution : �U, Xx(t) = (t3, t2); Ø�Uẍ ��­�]?.

Exercise 1.4 e�åÆX�d�:|¤, y²§3.5ë�X¥�\�Ý�".

Proof : d~1,~2,\�ÝØ�6ux, ẋÚt, ¤±F (x, ẋ, t) = v, qd^=ØC5é?¿G,
v = F (Gx, Gẋ, t) = GF (x, ẋ, t) = Gv ¤±�Ukv = 0. =\�Ý�".

Exercise 1.5 ���åÆXdü:|¤, 3Ð©��Ù�Ýþ�", y²¦�òÊ33Ð©�
�é(¦����þ.

Proof : ��y²ẍi²1ux1 − x2. w,x1 − x2�", �-u = (x1 − x2)/ ‖x1 − x2‖, é
?¿�uR��ü �þv,-w = u × v -G = (u,v,w)T , ���^=C�. d~3��Ó�
{,��F = ẍ = (ẍ1, ẍ2) ��6ux1 − x2Úẋ1 − ẋ2. KGẍ = G F (x1 − x2, ẋ1 − ẋ2, t) =
F (Gu, G0, t) ≡ F ((‖u‖, 0, 0)T ,0, t). dv�?¿5, ẍiR�uv. q�Ä�x1 = x2 = 0 ¤

±xi(t)©ª3¦��ë�þ.

Exercise 1.6 ���åÆXdn:|¤, 3Ð©��Ù�Ýþ�", y²§�o uÐ©��
�¹§��²¡þ.

Proof : aqc�K, �E��C�G. -u´R�ux1−x2,x1−x3��þ. v²1ux1−x2,
w = u×v, G = (u,v,w),G′ = (−u,v,w),x = (ẍ1, ẍ2, ẍ3). dÖ¥~, F��x1−x2,x1−x3k
'. K(?¥Ü©Ø7�ÄäN/ª)

Gẍ = F (G(x1 − x2,x1 − x3), G(ẋ1, ẋ2, ẋ3), t) = F ((0, 0, 0; ?),0, t) = G′ẍ

, �uẍ = 0, ÓþK�y.
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Exercise 1.7 ���åÆXdü:|¤, y², é?¿Ð©^�Ñ�3��.5ë�X, ¦�Ù

¥ùü�:o u���½²¡þ.

Proof : �ü:Ð©�� �Ú�Ý©O�x1,x2Úẋ1, ẋ2, �Ä��±ẋ1$Ä�ë�X, 3
Ù¥ẋ1 = 0. �Äü �þuÓ�R�ux1 − x2Úẋ2. ,�ü �þv,w, ¦§�¤�üü��

þ. -G = (u,v,w), G′ = (−u,v,w). ẍ = (ẍ1, ẍ2). Ó�, F ��x1 − x2, ẋ1,ẋ2k'. u´

Gẍ = F (G(x1 − x2), Gẋ1, Gẋ2) = F ((0, ?)T ,0, (0, ?)) = F (G′(x1 − x2), G′ẋ1, G
′ẋ2) = G′ẍ

u´ẍÚuR�, (Üẋ1, ẋ2ÚuR�=�, $Ä©ª3ÚuR��²¡S.

Exercise 1.8 y²ºfp�åÆÚ·��åÆ´���

Proof : -

G =

 −1 0 0
0 1 0
0 0 1


=�.

Exercise 1.9 .5ë�Xa´Ä��

Proof : ò.5ë�Xan)�, eü�ë�X�Ó�a, K§��mk��\|ÑC�. @
oUC�mm�½ö�m���ü�.5ë�X�m´vk\|ÑC��. ek, Kù�C�Ø

�±�mm�êt, ¤±Ø´\|ÑC�.

1.3 Examples of mechanical systems
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2.1 Systems with one degree of freedom

Exercise 2.1 Draw the phase curves for the “equation of a pendulum one a rotating axis”:
ẍ = − sinx + M

Exercise 2.2 Find the tangent lines to the branches of the critical level corresponding to max-
imal potential energy E = U(ξ)

Solution : dudx/dt = y, dy/dt = − sinx + M . dy/dx = (− sin x + M)/y. )~�©�§
�. y2/2 = E + cos x + Mx. ¤±�ãXe(M = 0.15).

Solution : By U(x) + y2/2 = E, dy/dx = −U ′(x)/y (Since E = U(ξ) > U(x),y 6= 0). By
L’Hospital’s Rule

lim
x→ξ

dy/dx = −U ′′(x)/y′

. So y′(ξ) = ±
√
−U ′′(ξ). Then tangent lines are y = ±

√
−U ′′(ξ)(x − ξ). ps ·��{´

éU(x) + y2/2 = E¦üg�ê"

Exercise 2.3 Let S(E) be the area enclosed by the closed phase curve coresponding to the
energy level E. Show that the period of mothion along this curve is equal to

T =
dS

dE

.

Proof : d��5½n, Äk��ù���­��x¶�Ukü��:��x1 < x2 (ÄKX

Jk��¥m:, @o�­�7,3@>äm
,ïÆxúãw�e). ,	��éz��²¡(þ
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e), x�y´��éA�(ÄK, k��=ò:,u´Òkẋ = 0,ùuy = ẋ 6= 0=3þ, e�²¡S
gñ). §��U?Ek'. �Ä�­��¤�¡È

S =
∫ x2

x1

ydx +
∫ x1

x2

ydx.

(5¿�¡���È©��). (Üy = ±
√

2(E − U). ¤±

dS/dE =
∫ x2

x1

dx√
2(E − U)

+
∫ x2

x1

dx√
2(E − U)

+ ydx/dE

x2

x1

+ ydx/dE

x1

x2

5¿�y3x1, x2?�", þª1��Ò´$Älx1�x2��m, ���´x2�x1��m, Ú=�

��±Ï�$Ä�m. ¤±T = dS/dE.
ps dúªU(x)+y2/2 = E�±w��­�´'ux¶é¡�§ ¤±T/2 =

∫ x2

x1

dx√
2(E−U)

dGreenú

ª§S/2 =
∫ x2

x1
ydx¦�=�(Ø"

Exercise 2.4 Let E0 be the value of the potential function at a minimum point ξ. Find the
period T0 = limE→E0 T (E) of small oscillations in a neighborhood of the point ξ.

Exercise 2.5 Consider a periodic motion along the closed phase curve corresponding to the
energy level E. Is it stable in the sense of Liapunov?

Solution : The Definition of Liapunove stability: (By Nonlinear Ordinary Differential Equa-
tions: nonlin Ordinary Diff Equat 3e P286)

Let x∗(t) be a given real or complex solution vector of the n-dimentional system ẋ = X(x, t).
Then x∗ is Liapunov stable for t ≥ t0 if and only if, to each value of ε > 0, however small, there
corresponds a value of δ > 0 (where δ may depend only on ε and t0) such that

‖x(t0)− x∗(t0)‖ < δ ⇒ ‖x(t)− x∗(t)‖ < ε

for all t > t0, where x(t) represents any other neighbouring solution.
Example:

Exercise 2.6 Draw the imaage of the circle x2+(y−1)2 < 1
4 under the action of a transformation

of the phase flow for the equations (a) of the “inverse pendulum”, ẍ = x and (b) of the “nonlinear
pendulum”, ẍ = − sin x.

Solution : �ÄgÈ©, dẍ = x �dy/dx = x/y, ¤±y2 − x2 = E. �Ä�|ẋ = y =√
E + x2. )�x =

√
E sinh (t + C), u´y = ẋ =

√
E cosh (t + C). Ù¥E = y2 − x2, C =

arc sinh (x/
√

E). u´���6gt(x, y) = (
√

E sinh (t + C),
√

E cosh (t + C)). Xã:
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(b) Ó�kÄgÈ©, ^ê�){, �Ñ
ãXe:

2.2 Systems with two degrees of freedom
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3.1 Legendre transformations

Exercise 3.1 Legendre transformation takes convex functions to convex functions.

Proof : dd(px − f(x))/dx = 0�, p = f ′(x), ¤±dg/dp = x + pdx/dp − f ′(x)dx = x. u
´d2g/dp2 = dx/dp. ,��¡ddp/dx = f ′′(x), dx/dp = 1/f ′′(x) > 0 ¤±g�´à�.

Exercise 3.2 The Legendre transformation is involutive.

Proof : �Äg(p)�LegendreC�. �¼êG(x, p) = px− g(p). @o��y²maxp G(x, p) =
f(x). Äk, e�x = x(p)(�LegendreC�,=f → g,¥����:), K|^�C�¥��ª, �
�maxp G(x, p) ≥ px(p)−g(p) = f(x). ,��¡, �LegendreC�¥ké?¿p, px−f(x) ≤ g(p),
u´k, maxp G(x, p) = maxp px− g(p) ≤ f(x). (Ü±þ, �(Ø.

3.2 Liouville’s theorem

Exercise 3.3 Prove Liouville’s formula W = W0e
R

tr Adt for the Wronskian determinant of the
linear system ẋ = A(t)x.

Proof :

Exercise 3.4 Show that in a hamiltonian system it is impossible to have asymptotically stable
equilibrum positions and asymptotically stable limit cycles in the phase space.

Proof : ek, éu,«�DÙNÈòªu0, ù�Liouville½ngñ.

Exercise 3.5 Consider the first digits of the numbers 2n: 1, 2, 4, 8, 1, 3, 6, 1, 2, 5, 1, 2, 4, . . .
Dose the digit 7 appears in this sequence? Which digit appears more often, 7 or 8? How

many times more often?
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4.1 Holonomic constraints

4.2 Differentiable manifolds

Exercise 4.1 Show that SO(3) is homeomorphic to three-dimensional real projective space.

4.3 E. Noether’s theorem

Exercise 4.2 Suppose that a particle moves in the field of the uniform helical line x = cos φ,
y = sinφ, z = cφ. Find the law of conservation corresponding to this helical symetry.

Solution : ?��:eNN3Ú�þ$Ä, �L3ÙþØCu´kNNN�h, �x =
(cos φ, sinφ, cφ). Khsx = (cos(φ + s), sin(φ + s), c(φ + s)). u´

dhsx/ds


s=0

= (− sinφ, cos φ, c) = (−y, x, c)

. qM3 = ([x,mẋ], e3) = (mx, [x, e3]) = (m(ẋ, ẏ, ż), [(x, y, z), (0, 0, 1)]) = −mẋy + mẏx u
´I = mżc + mẋ(−y) + mẏx = cP3 + M3Åð.

Exercise 4.3 Suppose that a rigid body is moving under its own inertia. Show that its center of
mass moves linearly and uniformly. If the center of mass is at rest, then the angular momentum
with repect to its is conserved

Proof :

Exercise 4.4 What quantity is conserved under the motion of a heavy rigid body if it is fixed
at some point O? What if, in addition, the body is symmetric with respect to an axis passing
through O?

Exercise 4.5 Extend Noether’s theorem to non-autonomous lagrangian systems.

Solution : -M1 = M × R�ÿ2��/�m. ½Â¼êL1 : TM1 → R�L dt
dτ . ÛÜ�Ie:

L1

(
q, t,

dq

dτ
,
dt

dτ

)
= L

(
q,

dq/dτ

dt/dτ
, t)dt

)
,
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5.1 Exterior multiplication

Exercise 5.1 Find the exterior k-th power of ω2.

Solution : (ω2)k = (
∑n

i=1 pi ∧ qi)k =
∑

i1···ik pi1 ∧ qii ∧ · · · ∧ pik ∧ qik .
�ÄÙ¥��pi1 ∧ qii ∧ · · · ∧ pik ∧ qik , ei1 · · · ik ¥k­E, K�". eØ¿©, òÙC�/ª:

pi1 ∧ · · · ∧ pik ∧ qi1 ∧ · · · ∧ qik . ùI�²L1 + 2 + · · ·+ (k− 1)gé�, ¤±ÙÎÒ�(−1)k(k−1)/2

2ò{ik}U��^Sü�, d�dup, qÑ�Ó����, ¤±ù«��7´ó�. �½{ik}�Ä

�kõ�ù���?ù´lk�ω2¥�Ñik|¤ü���ê, ��kk!�. nÜ±þ, �

(ω2)k = (−1)k(k−1)/2
∑

i1<···<ik

pi1 ∧ · · · ∧ pik ∧ qi1 ∧ · · · ∧ qik

.

Exercise 5.2 Show that every differential 1-form on the line is the differential of some function.

Proof : Rþ�1-�©/ªω : TR → R, 3z�:x?, �½Â¼êf(x) = df(x, 1). w,f´
ëY�, -F (x) =

∫ x
0 f(t)dt. KF�1-�©/ª�df = f dx, �ω�Ó.

Exercise 5.3 Find differential 1-forms on the circle and the plane which are not the differential
of any function.

Solution : ½Â1�©/ªω : TS → R, Ù¥ω(x, tw) = t Ù¥w���m¥��±��, ¤
_�����ü �¥þ.

dØ�U�,¼ê��©, Ï��±þëY¼ê7k���:, 3d:¼ê�ê�", Ù1-/
ª�7L�".

Exercise 5.4 Show that every closed form on a vector space in an exterior derivative.

Proof : y²UJ«, I�y²(k − 1)-/ªpωk�3��, Ù��

(pω)x(ξ1, · · · , ξk−1) =
∫ 1

0
ωtx(x, tξ1, · · · , tξk−1)dt

�éü/y²=�, �ü/ck−1 =
{∑k−1

i=1 siξi : 0 ≤ si ≤ 1,∀i
}

, K

pck−1,x =

{
t(x +

k−1∑
i=1

siξi) : 0 ≤ si ≤ 1,∀i, 0 ≤ t ≤ 1

}

du ∫
ck−1

pωk =
∫

ck−1

pωk(ξ1, · · · , ξk−1)ds1 · · · , dsk−1,

∫
pck−1

ωk =
∫

pck−1

ωk(x +
k−1∑
i=1

siξi, tξ1, · · · , tξk−1)dt ds1 · · · dsk−1.
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3si = 0?¦�, u´d½Â=�þª.
¯¢þ���½Âþª�¤¦k − 1-/ª.
�Iy²d ◦ p + p ◦ d = 1. 3Rmþ�Äk/ª.
�I�Äωk = φ(x)dx1 ∧ · · · ∧ dxn. O�pωk¥�dxi1 ∧ dxik−1

�Xê.
e¡îL«�K�Ii.
òei��|Ü�\�,

pωk =
∑

i

(
(−1)i+1

∫ 1

0
tk−1φ(tx)xidt

)
dx1 ∧ · · · ∧ ˆdxi ∧ dxk

e¡O�dpω. U$�5K. �dxs ∧ dx1 ∧ · · · ∧ ˆdxi · · · ∧ dk c�Xê�. es 6= 1, · · · , k.

a(s,1,·,̂i,··· ,k) = (−1)i+1

∫ 1

0
tk

∂φ

∂xs
(tx)xidt

es31, · · · , k¥,��i, K¬�)�(
(−1)i+1

∫ 1

0
tk

∂φ

∂xi
(tx)xidt + (−1)i+1

∫ 1

0
tk−1φ(tx)dt

)
dxi ∧ dx1 ∧ · · · ∧ ˆdxi ∧ · · · ∧ dxk

2O�dωk. w,

dωk =
∑

s 6=1,··· ,k

∂φ

∂xs
(x)dxs ∧ dx1 ∧ · · · ∧ dk

.
�Äpdω¥�dxs ∧ dx1 ∧ · · · ∧ ˆdxi ∧ · · · ∧ dk) �Xêes 6= 1, · · · , k.
KXê�

(−1)i+2

∫ 1

0
tk

∂φ

∂xs
(tx)xidt


dx1 ∧ · · · ∧ dk �Xê� ∑
s 6=1,··· ,k

∫ 1

0
tk

∂φ

∂xs
(tx)xsdt

Ü��

dpωk + pdωk =

∫ 1

0
ktk−1φ(tx)dt +

∑
s=1,··· ,m

∫ 1

0
tkφ(tx)xsdt

 dx1 ∧ · · · ∧ dxk

=
(∫ 1

0
ktk−1φ(tx)dt +

∫ 1

0
tkdφ(tx)

)
dx1 ∧ · · · ∧ dxk

=

(∫ 1

0
ktk−1φ(tx)dt + tkφ(tx)

1

0

−
∫ 1

0
ktk−1φ(tx)dt

)
dx1 ∧ · · · ∧ dxk

= φ(x)dx1 ∧ · · · ∧ dxk

(5.1)

�y.

Exercise 5.5 Prove the homotopy formula iXd + diX = Lx.

Proof :


