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1.1 The principles of relativity and determinacy

1.2 The galilean group and Newton’s equations

Exercise 1.1 iEW AR x R3[FIEEAN I0A s AR 45 0T M —£5 Ro oh —ANEss, — AP, —4
SJHISEN I (g = g1 0 g2 0 g3 )(ITLL, INFINE B HAEFI4EHOE3 + 4 + 3 = 10)

Proof :  XEE AN AL g, 565 1&g(t,0)HgR LM, W51, v, a,s, fifHg(t,0) =
(t—s,a+tv) € R x R, FHIFZIER P FRIE L e, e, e3. 2g(t,e;) — g(t,0) = (t — s, u;).
FH 3 [ IR A % ] 1 22— AN 3YE L 1t 2 18] (5 ).

Filhg(t, (a,b,¢)) — g(t,0) = (t — 5,G(a,b,c)T), HHG = (u1,uz,u3). 2g3(t,x) = (t,Gzx),
g(t, @) = (t,tv + ), gi(t,x) = (t — s,a +x). Wg = g1 0 g0 g3, HAPK.

Exercise 1.2 UFE W]V InR g 7= [0 35 5 AH [ A4, 104 A (R A A AR ¥ AR x R3.

Proof : BTt R = R, J&—NHilbert 458 LML, G0 R0 RY = Kert @ Ker t-,
HEKer ti4ER0E3. WP, QX N IEGEM, fxz = Pz + Qx, HH Pz € Kert, Qx € Kert™.
VA RN Ker tFIR3 ) — AN [F] 1.

fEEL A — g, WEF : A* - R x R3, HiF F(x) = (t(x — o), R Px). R NFTRIA.

Exercise 1.3 “V-[f_t— N30z 3 (P02 & A EI3TEAR? FOmId B &2 54 B B r1E?
Solution :  H[HE, Wix(t) = (13,12); ANu[Hed $5 1 HhLE1I4L.
Exercise 1.4 #—J1%Z HH— S48k, IEEAETESHE R R INERE N 2.

Proof : FH 51 1,451 2, I s s AN T, 2 F1e, T CAE (2, &, 1) = v, X H AT EG,
v=F(Gz,Gi,t) = GF (x,2,t) = Gv JTLLHfEHv = 0. RUIIEE .

Exercise 1.5 B2 R g s 4L, 7EHT4A I 2 JL REY 00 Z, Gk W ABAT TR 452 B A2 40 4 I
ZIREG AT H £k L.

Proof : HEAEE AT Ty — 2. BT — AR, W 2u = (21 — x2)/ |1 — T2, X
EEHulE H AL o, 2w = u x v G = (u,v,w), H—ABeFEA 3. @3 A A 7
ETHIE = & = (&1, 82) BT o — 2oflley — &y, WGE = GF(xy — @2, &1 — &2, 1) =
F(Gu,G0,t) = F((||ul,0,0)T,0,t). Hof EEMYE, &EHTv. XHESz, = 20 = 0
Plag; () U 2 AEABATI ) 26 |

Exercise 1.6 B MRl = sl 4L, EAIAIN ZIHGE 3 08 %, Uk W EAT S AL TR 4R I %)
(=S NN T

Proof :  FULET—, MIEIEZLHG. LutBEH T o —xo, @1 — s E. v AT T o — o,
w=uXv, G= (’U,,’U,’U}),G/ = (—u,v,’w),:c = (ilai%féi’))' HH:FBEP@[L F/[:l'%ml — 2,1 _m3ﬁ

R M GrPFB  A 2% 18 B A TE )
G& = F(G(xl — L2, T1 — w3)7 G(w.b w.Q’w.:i)vt) = F((O>O>0;*)7 07t) = le

, Fud = 0, [7]_EBFFE.
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Exercise 1.7 M2 Z W S 4L, WEH, SHTEREWIGAMEAEAE— DM YES % &, 55

HRIX AN SR T — AN L

Proof : &P sSWIUR I 2007 B RN SE 5300 Ry, woflldy, &0, HIE—ALla BN S % R, 16

Hrhg, = 0. HIEHRA M BuFNEE To — el JITERAL N B, w, SNSRI IE R

H. A0 = (u,v,w), G' = (—u,v,w). &= (&1,%). AN, F HE5xz — xo, 1,220 K. T2
G# = F(G(z1 — x2), GE1,Gd2) = F((0,%)7,0,(0,%) = F(G'(z1 — x2), G'd1,G'd2) = G'#

TRENUIER, 4562, ToMuE H RS, 12300 & A flu T B 11w .

Exercise 1.8 {FB&E 1 BL A 722 FIRAT I 1282 —HE )

Proof : 2>

Ri45.
Exercise 1.9 WitES% RS2 Mt
Proof :  WWMES RKHME N, 27 ADZ2 2R3, WEATZ A — A A ng Az . T8

O VAU I T ] o 250 I 1) 75 1) P A MBI 255 AR L IR B A A e iy, AT, ISR A
DRI ] [m) B e, I LAAS R s 22 e

1.3 Examples of mechanical systems
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Investigation of the equations of
motion
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2.1 Systems with one degree of freedom

Exercise 2.1 Draw the phase curves for the “equation of a pendulum one a rotating axis”:
¥ =—sine+ M

Exercise 2.2 Find the tangent lines to the branches of the critical level corresponding to max-
imal potential energy E = U(§)

Solution : W Tdz/dt =y, dy/dt = —sinx + M. dy/dzx = (—sinx + M) /y. fEFW T
3. y?/2 = E + cosx + Mz. FrUAHE W (M = 0.15).
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Solution: By U(z) +y?/2 = E, dy/dx = —U'(z)/y (Since E = U(¢) > U(x),y # 0). By
L’Hospital’s Rule
linédy/dx =-U"(x)/y

. So (&) = £/-U"(€). Then tangent lines are y = 4+/—U"(&)(x — £). ps FAIM LR
XU () + y2/2 = ESRFERCSAL

Exercise 2.3 Let S(E) be the area enclosed by the closed phase curve coresponding to the
energy level E. Show that the period of mothion along this curve is equal to

as

T:diE

Proof : M PEE B, 15 SuAIEIXFE AT 4 Skl LB WA AZ R By < oo (R0
FAT AL AL, B2 A 2 b RAEASTAWTIT 1 W RE G 1 ). ANl R A1 (-
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), aBlyi RN (N, AN L TR E = 0, X Ty = & # OBIfE L, R
FIE). CAEREHNEA K. 5 RS e F R i AR

x9 1
5':/ yda:—l—/ ydx.
T o

(ERJG IS W), 4ty = £/2(E —U). Frbh

z2
+ydz/dE

1

1

dS/dE = / + ydx/dE

\/TU/\/i

H R By, 2o, b S — T 218 3 ay Bao IR, J5 — T2 mo Bl (K R, FHRI N
—A AW shi e, PrUAT = dS/dE.
ps HARU (2)+y?/2 = EW LR BIAH 202 0¢ Tafloa #R 1%, FrLAT/2 =

K, 5/2 = [ ydasR FUIFFL L

z2

f$1 \/ﬁ EEGI'GGH/\

Exercise 2.4 Let Ejy be the value of the potential function at a minimum point £. Find the
period Ty = limg_. g, T'(E) of small oscillations in a neighborhood of the point §.

Exercise 2.5 Consider a periodic motion along the closed phase curve corresponding to the
energy level E. Is it stable in the sense of Liapunov?

Solution : The Definition of Liapunove stability: (By Nonlinear Ordinary Differential Equa-
tions: nonlin Ordinary Diff Equat 3e P286)

Let *(t) be a given real or complex solution vector of the n-dimentional system & = X (x, t).
Then x* is Liapunov stable for ¢ > ¢y if and only if, to each value of € > 0, however small, there
corresponds a value of § > 0 (where ¢ may depend only on € and ty) such that

l&(to) — 2" (to)|| < & = [la(t) -2 ()] <e

for all t > to, where x(t) represents any other neighbouring solution.
Example:

Exercise 2.6 Draw the imaage of the circle 22+ (y—1)? < i under the action of a transformation
of the phase flow for the equations (a) of the “inverse pendulum”, & = = and (b) of the “nonlinear
pendulum”, & = —sinz.

Solution : XM, Hi = o fdy/de = x/y, Fibly? — 22 = BE. HE—Fi =y =
VE + 22 ffffe = \/Esinh(t—i—C) Fity =4 = VEcosh(t+C). HFE =y — 22 C =
arcsinh (z/VE). TRAEM (x,y) = (VEsinh (t + C),VEcosh (t + C)). WK:
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T
line 4
line
line & ——
ling' 7

=3 -2 -1 a 1 2 3

(b) [RIFESETE ARGy, RIBUE RS, SEd Tk

=-8.5 -

-1

2.2 Systems with two degrees of freedom
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Variational principles
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3.1 Legendre transformations

Exercise 3.1 Legendre transformation takes convex functions to convex functions.

Proof :  thd(pz — f(x))/dz = 018, p = f'(x), Pibtldg/dp = x + pdz/dp — f'(z)dx = z. T
Ed’g/dp? = dx/dp. 53— Tititdp/de = f"(x), dx/dp =1/ f"(x) > 0 FrLhgti 2 K.

Exercise 3.2 The Legendre transformation is involutive.

Proof :  #%&g(p)HILegendre L4, 1EREG (2, p) = px — g(p). M4 HEUEHmax, G(z,p) =
f(z). H5, H e = z(p)(Jilegendre”L e Bl f — g,/ ) E RAE A), WA B AR 4 (1) 55 K, mf
Hlmax, G(x,p) > px(p)—g(p) = f(x). J3—J7l, JiLegendre L 50T Ep, pr— f(z) < g(p),
TRAT, max, G(z,p) = max,pr — g(p) < f(x). GiFLE, (3458,

3.2 Liouville’s theorem

Exercise 3.3 Prove Liouville’s formula W = Wyel ™44t for the Wronskian determinant of the
linear system & = A(t)x.

Proof :

Exercise 3.4 Show that in a hamiltonian system it is impossible to have asymptotically stable
equilibrum positions and asymptotically stable limit cycles in the phase space.

Proof : A, AT RHXBDHAABIGE T0, X 5HLiouvilles P J§ .

Exercise 3.5 Consider the first digits of the numbers 2": 1,2,4,8,1,3,6,1,2,5,1,2,4, ...
Dose the digit 7 appears in this sequence? Which digit appears more often, 7 or 87 How
many times more often?
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Lagrangian mechanics on manifolds
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4.1 Holonomic constraints

4.2 Differentiable manifolds

Exercise 4.1 Show that SO(3) is homeomorphic to three-dimensional real projective space.

4.3 E. Noether’s theorem

Exercise 4.2 Suppose that a particle moves in the field of the uniform helical line x = cos ¢,
y = sin ¢, z = c¢. Find the law of conservation corresponding to this helical symetry.

Solution : AL — JFimi A VPR Fizg), HLAEL EAR T2 A0 KVFRETL, Ke =
(cos ¢, sin ¢, cd). Mhsx = (cos(¢ + s),sin(¢ + s),c(p + 5)). T

dh’x/ds = (—sin¢,cosp,c) = (—y,x,c)
s=0

MMs = ([xz,m], e3) = (mz, [z, e3]) = (m(,9,2),[(z,y,2),(0,0,1)]) = —miy + myz T
I = mic+ mi(—y) + myx = cP3 + M35Fa.

Exercise 4.3 Suppose that a rigid body is moving under its own inertia. Show that its center of
mass moves linearly and uniformly. If the center of mass is at rest, then the angular momentum
with repect to its is conserved

Proof :

Exercise 4.4 What quantity is conserved under the motion of a heavy rigid body if it is fixed
at some point O7 What if, in addition, the body is symmetric with respect to an axis passing
through O?

Exercise 4.5 Extend Noether’s theorem to non-autonomous lagrangian systems.

Solution : &M, = M x RA MBI, 2 RHEL, : TMy — RALGE. AR T

dg dt\ dq/dr
Ll (q)ta E7 d’7'> =L <q) dt/d’r 7t)dt>
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Differential forms
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5.1 Exterior multiplication

Exercise 5.1 Find the exterior k-th power of w?.

Solution :  (W)* = piAg)F = D gy Pin N Gis N+ N piy N G-

HREH i, A qi; N Apiy, Ay, Fiin - PAHES, WE. AR, FHA N
Piy Ao ADi NGy Ao A Giy o XTTELIET + 24 4 (k — DU, FT DAL 5y (—1)k(kE-1)/2
PR i HEONUFHESY, BEI 1 Tp, oM RIAE BB e, B LLX A E e 2 5 . 58 (i, } 5 18
A 2 DX RIS NN w? T A SCHE AN B, — 3R RIS, 226 0L, 13

i1 <o <ip,

Exercise 5.2 Show that every differential 1-form on the line is the differential of some function.

Proof : REMI-MAIEAw : TR — R, /58— ik, 7€ XRE f(z) = df (z,1). 2R [
HEE), & F (@) = [ f(t)dt. WFIR-B R A = fde, SwilF.

Exercise 5.3 Find differential 1-forms on the circle and the plane which are not the differential
of any function.

Solution :  EX1WMAERw : TS — R, Hrhw(z, tw) = t Hrhw U1 55 R R D), %
TS T 1o FR) B D) R

AT B8 O S eR B oy, BRI R (58 )3 28 R B A7 B K AE R, 7R R B B O %, H1-18
A2 %

Exercise 5.4 Show that every closed form on a vector space in an exterior derivative.
Proof :  UFHIFAER, TEUEH (k — 1)- B pwPFE7EmE—, HAH N
1
(pw)$(§17 e 75[’671) = / wtx (x7 t£17 e 7t§k*1)dt
0

SO R E BT, B ey 1 = {5 sigi 0 < s < 1, vi),

k—1
P10 = {t(w+Zsi§i> 0S5 <LVi,0<t< 1}
i=1
FENN
/ pu* =/ pF(&ry- o Epmr)dst - dsgn,
Ck—1 Ck—1

k—1
/ wk = / wk(:l?—l—zsifi,tfl,”- ,tfkfl)dtdsl'”dskfl.
PCr—1 PCr—1 i=1
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{Es; = 04bsKk, T e CHPPG B
Heg bl EEw X ERAPrkE — 1-7ER
WFHIFHdop+pod=1. fFR™ L ELEA.
R EWr = ¢(x)dxy A -+ A day. W EpOF P Iide;, A dr;, _, PR
N R R R b
Bre; 5 A5 RNTE,

1
pt =" <(_1)i+1/ tk_lgb(ta:)z:idt) dry A -+ Adx; A day,
0

T Rdpw. 2GRN, Wides Adoy A -+ A d&;i Ay WTTIRECH. s £ 1,
1
A1, 5, k) — (—1)i+1/0 tkg(b(tm)xidt

Ts
HistEL, -+ kB, e AT

14

1 1
<(—1)i+1 / tk%(tw)xidt + (=1)"H / tk_lqﬁ(ta:)dt) de; Ndxy A -+ Ndx; A -+ - AN dxy,
0

Ox; 0
Pt fdwk. B

)
dwk = Z ai(w)dms/\dm Ao Ndy
5L,k
F & pdwh ide, Aday A Adag A ANdy) FRIRECEs #£1,--- k.

ES 9]

, L 0
_1)i+2 k .
(1) /0 t axs(tw)a:zdt
Mdxy A - Ady RECH

1
/ tk%(tw)xsdt
0 Ts
s#1, k
21
1 1
dpw® + pdw® = / kt* L o(tm)dt + ) / tho(tx)zedt | dzy A--- A day,
0 s=1,--,m 0
1 1
= (/ ktk_1¢(t:c)dt+/ tkdgb(tm)) dxy A -+ Aday,
0 0
1 1 1
= / ktFLo(tx)dt + tho(tx) | — / kt*=Yp(te)dt | day A --- A day,
0 0 0
= ¢(x)dxy N\ - Ndxy
FHIE.

Exercise 5.5 Prove the homotopy formula ixd + dix = L.

Proof :



