
By Nirvanacs------http://www.clanlu.net 
 

很抱歉,我太粗心了,应该是这样的.先看二元,不妨设a > ba > b,设
a

b
= 1 +x

a

b
= 1 +x,则x > 0x > 0,原不等

式等价于 
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等价于 
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利用一次均值不等式放缩,只需要证明 
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这个的证明不难求导及利用熟知的结果ln(1 +x) >
x

1 +x
ln(1 +x) >

x

1 +x
即可. 

再看nn元时,设xi = ln
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,则
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xi = 0,原不等式等价于 
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设f(x) = e
x

ex¡1f(x) = e
x

ex¡1 ,当x 6= 0x 6= 0时;f(x) = ef(x) = e,当x = 0x = 0时.可以验证f(x)f(x)在x = 0x = 0处二阶可导,且
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e
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2
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12
> 0f 00(0) =
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12
> 0.如果我们能证明f 00(x) > 0f 00(x) > 0恒成立且严格凸. 
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要证当x 6= 0x 6= 0时有f 00(x) > 0f 00(x) > 0,只需证明 

 e2x(x2 ¡ 2x + 5) + ex(x¡ 4) + e3x(x¡ 2) + 1 > 0e2x(x2 ¡ 2x + 5) + ex(x¡ 4) + e3x(x¡ 2) + 1 > 0 

为此设t = ext = ex,则t > 0t > 0且x = ln tx = ln t,下面考察函数 

 g(t) = t2(ln2 t¡ 2 ln t + 5) + t(ln t¡ 4) + t3(ln t¡ 2) + 1g(t) = t2(ln2 t¡ 2 ln t + 5) + t(ln t¡ 4) + t3(ln t¡ 2) + 1 

则 

 g0(t) = ¡3 + 8t¡ 5t2 + (1¡ 2t + 3t2) ln t + 2t ln2 tg0(t) = ¡3 + 8t¡ 5t2 + (1¡ 2t + 3t2) ln t + 2t ln2 t 
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设h(t) = 2t(3t +2)lnt¡ (t¡1)2h(t) = 2t(3t +2)lnt¡ (t¡1)2,则 
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易证h00(t) > 0h00(t) > 0.于是h0(t)h0(t)严格递增,而当t ¡! 0+t ¡! 0+时,h0(t) < 0h0(t) < 0,当tt足够大时,h0(t) > 0h0(t) > 0,所以

h0(t)h0(t)先小于0后大于0,即h(t)h(t)先递减后递增.因为h(0+) = ¡1h(0+) = ¡1,h(1) = 0h(1) = 0,所以h(t)h(t)在(0;1)(0;1)上

小于0,在(1;+1)(1;+1)上大于0.因此g(3)(t)g(3)(t)在(0;1)(0;1)上小于0,在(1;+1)(1;+1)上大于0.于是g00(t)g00(t)在(0;1)(0;1)

上递减,在(1;+1)(1;+1)上递增,而g00(1) = 0g00(1) = 0,所以g00(t) ¸ 0g00(t) ¸ 0恒成立,因此g0(t)g0(t)递增,而g0(1) = 0g0(1) = 0,
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所以g0(t)g0(t)在(0;1)(0;1)上小于0,在(1;+1)(1;+1)上大于0.因此g(t)g(t)在(0;1)(0;1)上递减,在(1;+1)(1;+1)上递增,而

g(1) = 0g(1) = 0,所以g(t)¸ 0g(t)¸ 0恒成立,且仅当t = 1t = 1时g(t) =0g(t) =0,从而当x 6= 0x 6= 0时,f 00(x) > 0f 00(x) > 0.(上面的

递推过程单调性都是严格的)于是f(x)f(x)严格凸,利用Jensen不等式有 
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又x ix i都不为0,且f(x)f(x)严格凸,所以等号不成立,即 
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