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2010c�IêÆc���¥Ø�ª¯K

� ö Nirvanacs

Á � �©�Ñ
2010c�IêÆc���¥Ø�ª¯K�ë�)Û .

'�c êÆc��� Ø�ª

1. (C�nZæ)� a, b, c�,n�/�n>� ,éuØ�ª

a3 + b3 + c3 < k(a+ b+ c)(ab+ bc+ ca) .

(a)y² k = 1�Ø�ª¤á .

(b)¦¦�Ø�ªð¤á���~ê k .

)�. du a, b, c�,n�/�n>� ,¤±

a+ b > c, b+ c > a, c+ a > b .

u´

(a+ b+ c)(ab+ bc+ ca)

=a2(b+ c) + b2(c+ a) + c2(a+ b) + 3abc

>a2 · a+ b2 · b+ c2 · c = a3 + b3 + c3 ,

¤± k = 1�Ø�ª¤á .

,	 ,- a = b = 1, c → 0+ ,d�
a3 + b3 + c3

(a+ b+ c)(ab+ bc+ ca)
−→ 1 ,¤±

¦�Ø�ªð¤á���~ê k > 1 ,q k = 1�Ø�ª¤á ,¤±¤¦��

� k = 1. �

2. (F1)®� x, y > 0 ,� x+ y = 2a ,¦y :

x3y3(x2 + y2)2 6 4a10 .

y². dþ�Ø�ª ,k

4a2 = (x+ y)2 = (x2 + y2) + 2xy > 2
√

2xy(x2 + y2) ,

¤±

xy(x2 + y2) 6 2a4 .
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qÏ� 4a2 = (x+ y)2 > 4xy ,¤± xy 6 a2 . u´

x3y3(x2 + y2)2 = xy ·
(
xy(x2 + y2)

)2
6 a2 · (2a4)2 = 4a10 .

�

3. (<Ý)®� a, b, c > 0 ,� ab+ bc+ ca 6 3abc . ¦y :√
b2 + c2

b+ c
+

√
c2 + a2

c+ a
+

√
a2 + b2

a+ b
+ 3 6

√
2(
√
a+ b+

√
b+ c+

√
c+ a) .

y². Äky²

√
a2 + b2

a+ b
+

√
2ab

a+ b
6
√

2(a+ b) . ¯¢þ ,ù�Ø�ª�d

u 2
√

2ab(a2 + b2) 6 (a + b)2 ,
����Ø�ª·�3K 2¥®²yLù�

(Ø .

Ón

√
b2 + c2

b+ c
+

√
2bc

b+ c
6
√

2(a+ b),

√
c2 + a2

c+ a
+

√
2ca

c+ a
6
√

2(c+ a) ,Ïd

�y²�Ø�ª ,�I�y²√
2ab

a+ b
+

√
2bc

b+ c
+

√
2ca

c+ a
> 3 .

dHolderØ�ª�(√
2ab

a+ b
+

√
2bc

b+ c
+

√
2ca

c+ a

)2(
a+ b

2ab
+

b+ c

2bc
+

c+ a

2ca

)
> 33 ,

Ïd�I�y²
a+ b

2ab
+

b+ c

2bc
+

c+ a

2ca
6 3 ,ù�du ab+ bc+ ca 6 3abc . �

5P. dK´2009cIMOýÀK . �

4. (<Ý)� P ´4ABC �Brocard: ,¦y :(
AP

BC

)2

+

(
BP

CA

)2

+

(
CP

AB

)2

> 1 .

y². ·�y²���r�·K ,é4ABC ¤3�²¡?�: P ,k

AP

BC
· BP

CA
+

BP

CA
· CP

AB
+

CP

AB
· AP
BC
> 1 .

�dÚ?E²¡ ,� A,B,C, P éAE²¡þ: z1, z2, z3, z . duð�ª

(z − z1)(z − z2)

(z3 − z1)(z3 − z2)
+

(z − z2)(z − z3)

(z1 − z2)(z1 − z3)
+

(z − z3)(z − z1)

(z2 − z3)(z2 − z1)
= 1 .

http://www.clanlu.net
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¤±ðkØ�ª∣∣∣∣ (z − z1)(z − z2)

(z3 − z1)(z3 − z2)

∣∣∣∣+ ∣∣∣∣ (z − z2)(z − z3)

(z1 − z2)(z1 − z3)

∣∣∣∣+ ∣∣∣∣ (z − z3)(z − z1)

(z2 − z3)(z2 − z1)

∣∣∣∣
>

∣∣∣∣ (z − z1)(z − z2)

(z3 − z1)(z3 − z2)
+

(z − z2)(z − z3)

(z1 − z2)(z1 − z3)
+

(z − z3)(z − z1)

(z2 − z3)(z2 − z1)

∣∣∣∣ = 1 .

=
AP

BC
· BP

CA
+

BP

CA
· CP

AB
+

CP

AB
· AP
BC
> 1 . u´

(
AP

BC

)2

+

(
BP

CA

)2

+

(
CP

AB

)2

>
AP

BC
· BP

CA
+

BP

CA
· CP

AB
+

CP

AB
· AP
BC
> 1.

�

5. (�K)®� a, b, c > 0 ,¦y :

1

a2
+

1

b2
+

1

c2
+

1

(a+ b+ c)2
>

7

25

(
1

a
+

1

b
+

1

c
+

1

a+ b+ c

)2

.

y². Äk ,dCauchyØ�ª ,·�k(
1

a2
+

1

b2
+

1

c2
+

1

(a+ b+ c)2

)
(9 + 9 + 9 + 1) >

(
3

a
+

3

b
+

3

c
+

1

a+ b+ c

)2

.

Ïd�I�y²

1

28

(
3

a
+

3

b
+

3

c
+

1

a+ b+ c

)2

>
7

25

(
1

a
+

1

b
+

1

c
+

1

a+ b+ c

)2

,

�duy²

5

(
3

a
+

3

b
+

3

c
+

1

a+ b+ c

)
> 14

(
1

a
+

1

b
+

1

c
+

1

a+ b+ c

)
,

=
1

a
+

1

b
+

1

c
>

9

a+ b+ c
,

ù�Ø�ªd�ÜØ�ª½öþ�Ø�ªÑéN´�� . �

5P. ù�K8�±í2� n� ,=®� a1, a2, · · · , an > 0 ,¦y :

n∑
i=1

1

a2
i

+
1

(a1 + a2 + · · ·+ an)2
>

n3 + 1

(n2 + 1)2

(
n∑

i=1

1

ai
+

1

a1 + a2 + · · ·+ an

)2

.

�
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6. (�K)®� x, y, z > 0,� xy + yz + zx = 1 . ¦y :

3−
√
3 +

x2

y
+

y2

z
+

z2

x
> (x+ y + z)2 .

y². dþ�Ø�ª (x+ y+ z)2 > 3(xy+ yz + zx) = 3 ,¤± x+ y+ z >
√
3 ,

Ïd�I�y²

x2

y
+

y2

z
+

z2

x
− x− y − z > (x+ y + z)2 − 3(xy + yz + zx) ,

£����

(x− y)2

y
+

(y − z)2

z
+

(z − x)2

x
>

1

2

(
(x− y)2 + (y − z)2 + (z − x)2

)
. (1)

(a)XJ x, y, zÑØ�u 2 ,@oØ�ª (1)w,¤á .

(b)XJ x, y, z¥k�ö�u 2 ,Ø��� x ,@o y, zÑ�u
1

2
,d�

(x− y)2

y
+

(y − z)2

z
+

(z − x)2

x
>2(x− y)2 + 2(y − z)2

>(x− y)2 + (y − z)2 +
1

2
· (z − x)2

>
1

2

(
(x− y)2 + (y − z)2 + (z − x)2

)
,

Ù¥^� (x− y)2 + (y − z)2 >
1

2
(z − x)2 ,Ïdd� (1)E,¤á .

nþ ,Ø�ª�y . �

7. (�\|æ)��¢ê a, b, c÷v a+ b+ c = 3 ,¦y :

abc(a2 + b2 + c2) 6 3 .

y². dþ�Ø�ªk

(a+ b+ c)2 =(a2 + b2 + c2) + 2(ab+ bc+ ca)

>3 3
√

(a2 + b2 + c2)(ab+ bc+ ca)2

>3 3
√

(a2 + b2 + c2) · 3abc(a+ b+ c) .

|^^� a+ b+ c = 3 ,=� abc(a2 + b2 + c2) 6 3 . �
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8. (¸I) ?¿�½��n�/ ABC , P,Q,R ´n�/ ABC S��©O3>

BC, CA, AB ��: . � T ´n�/ ABC �¡È , L´Ù±� ,¦y :(
AB

PQ

)3

+

(
BC

QR

)3

+

(
CA

RP

)3

>
2√
3

L2

T
.

y². �Ø�ª=z�∑(
sin3 A

2
sin3 B

2

)−1

>
32√
3

(sinA+ sinB + sinC)2

sinA sinB sinC
.

dþ�Ø�ªk∑(
sin3 A

2
sin3 B

2

)−1

> 3

(
sin2 A

2
sin2 B

2
sin2 C

2

)−1

.

¤±�I�y

3

(
sin2 A

2
sin2 B

2
sin2 C

2

)−1

>
32√
3

(sinA+ sinB + sinC)2

sinA sinB sinC
. (2)

5¿�

sinA+ sinB + sinC = 4 cos
A

2
cos

B

2
cos

C

2
,

sinA sinB sinC = 8 sin
A

2
sin

B

2
sin

C

2
cos

A

2
cos

B

2
cos

C

2
.

¤± (2)�du
3
√
3

8
> sinA sinB sinC ,w,¤á . �

9. (Ä:ß)y² : é?¿�n�/Ñ�3,ü>� a, b ,÷v
√
5− 1

2
<

a

b
<

√
5 + 1

2
.

y². Ø��n>�� x, y, z÷v x 6 y 6 z ,� k = min

(
y

x
,
z

y

)
. w, k > 1

, Ïd��y² k <

√
5 + 1

2
. db� , k y > kx, z > ky ; 
3n�/¥k

z − y < x , ¤± ky − y < x , Ïd (k − 1)kx < x . = (k − 1)k < 1 ,)�

k <

√
5 + 1

2
. �

10. (�H)®� a, b, c > 0 , 16(a+ b+ c) >
1

a
+

1

b
+

1

c
.¦y :

∑
cyc

(
1

a+ b+
√
2a+ 2c

)3

6
8

9
.
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y². dþ�Ø�ª

a+ b+
√
2a+ 2c = (a+ b) +

√
a+ c

2
+

√
a+ c

2
> 3

3

√
(a+ b)(a+ c)

2
,

u´ (
1

a+ b+
√
2a+ 2c

)3

6
2

27(a+ b)(a+ c)
,

Ón��(
1

b+ c+
√
2b+ 2a

)3

6
2

27(b+ c)(b+ a)
,

(
1

c+ a+
√
2c+ 2b

)3

6
2

27(c+ a)(c+ b)
.

u´�I�y² ∑
cyc

2

27(a+ b)(a+ c)
6

8

9
,

ù�du

6(a+ b)(b+ c)(c+ a) > a+ b+ c ,

=

6abc
(∑

a
)(∑

ab
)
> abc

∑
a+ 6a2b2c2 . (3)

5¿� 16(a+ b+ c) >
1

a
+

1

b
+

1

c
,= 16abc

∑
a >

∑
ab ,u´

16abc
∑

a
(∑

ab
)
>
(∑

ab
)2

> 3abc
∑

a , (4)

,	dþ�Ø�ª��

2abc
∑

a
∑

ab > 18a2b2c2 , (5)

Ïdd (4)(5)�\2Ø± 3=� (3) .

u´Ø�ª�y ,�Ò¤á��=� a = b = c =
1

4
. �

11. (<Z)®� a, b, c > 0Ú x, y, z > 0� a+ b+ c = x+ y + z ,¦y :

a3

x2
+

b3

y2
+

c3

z2
> a+ b+ c .
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y². dþ�Ø�ªk

a3

x2
+ x+ x > 3

3

√
a3

x2
· x · x = 3a ,

b3

y2
+ y + y > 3 3

√
b3

y2
· y · y = 3b ,

c3

z2
+ z + z > 3

3

√
c3

z2
· z · z = 3c .

þãnª�\,=�

a3

x2
+

b3

y2
+

c3

z2
+ 2(x+ y + z) > 3(a+ b+ c) .

du a+ b+ c = x+ y + z ,¤±
a3

x2
+

b3

y2
+

c3

z2
> a+ b+ c . �

12. (<Z)¢Xêõ�ª f(x) = ax3 + bx2 + cx+ dk 3��¢� ,� f(0) < 0 . ¦

y : 2b3 + 9a2d− 7abc 6 0 .

y². � f(x)�n��¢�� p, q, r ,@o f(x) = a(x − p)(x − q)(x − r) .d

f(0) = −apqr < 0 ,�� a > 0 . dVieta½n p+ q + r = − b

a
, pq + qr + rp =

c

a

, pqr = −d

a
. du a > 0 ,�Ø�ª�du

2

(
b

a

)3

+ 9
d

a
− 7

b

a
· c
a
6 0 . (6)

òVieta½n���n�ªf�\ ,Ø�ª (6)=z�

−2(p+ q + r)3 − 9pqr + 7(p+ q + r)(pq + qr + rp) 6 0,

= (p+ q)(p− q)2 + (q + r)(q − r)2 + (r + p)(r − p)2 > 0 ,w,¤á. �

5P. 2008c¥IåfêÆc����1�K ,dÁu�k)Jø . �

13. (Mi�d")¢ê A�½ ,¦���¢êM ¦�

1

x
+

1

y
+

A

x+ y
>

M
√
xy

é x, y > 0ð¤á .
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)�. duØ�ªü>Ñ´àg� ,¤±Ø�� xy = 1 , x + y = t ,@odþ

�Ø�ªk t = x + y > 2
√
xy = 2 . ¯K=z� ,éu�½�¢ê A ,¦��

�M ,¦�é?¿� t > 2Ñk t+
A

t
>M .

� f(x) = x+
A

x
,@ok f ′(x) = 1− A

x2
.

(a)� A 6 4� ,d�ét > 2 ,ðk f ′(t) = 1 − A

t2
> 1 − 4

t2
> 0 . Ïd ,d�

f(t)3 t > 2����� f(2) = 2 +
A

2
,l
, M ����� 2 +

A

2
.

(b)�A > 4� ,d�´� f(t)3
[
2,
√
A
)
þ4~ ,3

[√
A,+∞

)
þ4O ,¤±

f(t)3 t > 2����� f
(√

A
)
= 2
√
A ,l
 , M ����� 2

√
A . �

14. (Mi�d")®� x, y > 0 ,¦y :
√
x2 − x+ 1

√
y2 − y + 1 +

√
x2 + x+ 1

√
y2 + y + 1 > 2(x+ y) .

1 1

y

x

O

A
C

D

B

y². Xã¤« ,� AO = OC = 1 , OD = x , OB = y , ∠AOD = 120◦ ,@o

d{u½n

AD =
√
x2 + x+ 1 , CD =

√
x2 − x+ 1 ,

AB =
√

y2 − y + 1 , CB =
√

y2 + y + 1 .

dPtolemyØ�ª ,·�k

AD ×BC + CD ×BA > AC ×BD ,

=
√
x2 − x+ 1

√
y2 − y + 1 +

√
x2 + x+ 1

√
y2 + y + 1 > 2(x+ y).

�
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15. (a¬)®� x, y, z > 0 ,� xyz = 1 ,¦y :

(x+ y − 1)2

z
+

(y + z − 1)2

x
+

(z + x− 1)2

y
> x+ y + z .

y². Äk ,dþ�Ø�ªk

x+ y + z > 3 3
√
xyz = 3 .

Ùg ,dþ�Ø�ªk

(x+ y − 1)2

z
+ z > 2(x+ y − 1) ,

(y + z − 1)2

x
+ x > 2(y + z − 1) ,

(z + x− 1)2

y
+ y > 2(z + x− 1) .

òþ¡n�ªf�\ ,|^ x+ y + z > 3 ,�

(x+ y − 1)2

z
+

(y + z − 1)2

x
+

(z + x− 1)2

y
+ x+ y + z

>2(x+ y − 1) + 2(y + z − 1) + 2(z + x− 1)

=2(x+ y + z) + 2(x+ y + z − 3)

>2(x+ y + z) .

=
(x+ y − 1)2

z
+

(y + z − 1)2

x
+

(z + x− 1)2

y
> x+ y + z.

�

16. (è�Ù)®� a, b, c > 0 ,¦y :

∑
cyc

4

√
(a2 + b2)(a2 − ab+ b2)

2
6

2

3
(a2 + b2 + c2)

(
1

a+ b
+

1

b+ c
+

1

c+ a

)
.

y². ky²
4

√
(a2 + b2)(a2 − ab+ b2)

2
6

a2 + b2

a+ b
, (7)

http://www.clanlu.net
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¯¢þ ,du

(a2 − ab+ b2) ·
(
a+ b

2

)2

·
(
a+ b

2

)2

6


(a2 − ab+ b2) +

(
a+ b

2

)2

+

(
a+ b

2

)2

3


3

6

(
a2 + b2

2

)3

� (7)¤á ,Ón��

4

√
(b2 + c2)(b2 − bc+ c2)

2
6

b2 + c2

b+ c
,

4

√
(c2 + a2)(c2 − ca+ a2)

2
6

c2 + a2

c+ a
.

u´�I�y²

a2 + b2

a+ b
+

b2 + c2

b+ c
+

c2 + a2

c+ a
6

2

3
(a2 + b2 + c2)

(
1

a+ b
+

1

b+ c
+

1

c+ a

)
.

�d ,Ø�� a > b > c ,@o

a2 + b2 > c2 + a2 > b2 + c2 ,

1

a+ b
6

1

c+ a
6

1

b+ c
.

dChebyshevØ�ª�

a2 + b2

a+ b
+

b2 + c2

b+ c
+

c2 + a2

c+ a
6

1

3

∑
(a2 + b2)

∑ 1

a+ b

=
2

3
(a2 + b2 + c2)

(
1

a+ b
+

1

b+ c
+

1

c+ a

)
.

�

17. (è�Ù)�¢ê a1, a2, · · · , an÷v a1a2 · · · an = 1 ,¦y :

n∑
i=1

ai√
a4
i + 3

≤
n∑

i=1

1

2ai
.
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y². 5¿� x4 + 3 > 2x2 + 2 = (1 + 1)(1 + x2) > (1 + x)2 ,9

n∑
i=1

1

ai
> n n

√√√√ n∏
i=1

1

ai
= n ,

Ïd�I�y²�r�Ø�ª

n∑
i=1

1

ai
+ n > 4

n∑
i=1

ai
1 + ai

. (8)

5¿�
ai

1 + ai
= 1− 1

1 + ai
,¤± (8)�du

n∑
i=1

(
1 + ai
ai

+
4

1 + ai

)
> 4n . (9)

dþ�Ø�ªk

n∑
i=1

(
1 + ai
ai

+
4

1 + ai

)
> 2n 2n

√
4n

a1a2 · · · an
= 4n ,

=� (9) ,u´Ø�ª�y . �

18. ({I)�¢ê a, b, c÷v abc = 1 . ¦y :

1

a5(b+ 2c)2
+

1

b5(c+ 2a)2
+

1

c5(a+ 2b)2
>

1

3
.

y². du abc = 1 ,¤±

1

a5(b+ 2c)2
=

b3c3

(ab+ 2ac)2
,

1

b5(c+ 2a)2
=

c3a3

(bc+ 2ba)2
,

1

c5(a+ 2b)2
=

a3b3

(ca+ 2cb)2
,

¤±�I�y²

b3c3

(ab+ 2ac)2
+

c3a3

(bc+ 2ba)2
+

a3b3

(ca+ 2cb)2
>

1

3
.
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qduþ�Ø�ª

b3c3

(ab+ 2ac)2
+

ab+ 2ac

27
+

ab+ 2ac

27

>3 3

√
b3c3

(ab+ 2ac)2
· ab+ 2ac

27
· ab+ 2ac

27
=

1

3
bc ,

=⇒ b3c3

(ab+ 2ac)2
>

1

3
bc− 2ab+ 4ac

27
,

Ón��

c3a3

(bc+ 2ac)2
>

1

3
ca− 2bc+ 4ba

27
,

a3b3

(ca+ 2cb)2
>

1

3
ab− 2ca+ 4cb

27
.

¤±

b3c3

(ab+ 2ac)2
+

c3a3

(bc+ 2ba)2
+

a3b3

(ca+ 2cb)2

>
1

3
(bc+ ca+ ab)− 2

27
(ab+ bc+ ca)− 4

27
(ac+ ba+ cb)

=
1

9
(ab+ bc+ ca) >

1

9
· 3 3
√
ab · bc · ca =

1

3
.

�

19. ({I)®� P �4ABC S�: ,¦y :

AP

hb + hc

+
BP

hc + ha

+
CP

ha + hb

> 1 .

y². Ún : e P �4ABC S�: , P �> AB , AC ü>�ål©O� x , y

,@ok AP · a > cx+ by , AP · a > bx+ cy .

Ún�y² : Xã¤« ,du

AP · a > 2So>/ABPC = 2 (S∆ABP + S∆ACP ) = cx+ by .

,	 , � P 'u� A �²©��é¡: P ′ , @o P ′ �> AB , AC ü>

�ål©O� y , x , � AP = AP ′ . u´2^�gfây²�(ØÒ��

AP · a > bx+ cy . u´Ún�y .

£��K ,� P � BC,CA,AB �ål©O� p, q, r , 4ABC ¡È� S ,@o
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E'

D'

ED

P'

A

B C

P

dÚn�� AP · a > cq + br , AP · a > bq + cr . u´ AP >
(b+ c)(q + r)

2a
. ¤

±
AP

hb + hc

>
(b+ c)(q + r)

2a(hb + hc)
=

bc(q + r)

4aS
.

Ón��Ù¦ü�ªf ,,�nª�\=�∑
cyc

AP

hb + hc

>
∑
cyc

bc(q + r)

4aS
.

5¿�

bc(q + r)

4aS
+

ca(r + p)

4bS
+

ab(p+ q)

4cS

=
1

4

(
bc

aS
+

ac

bS

)
r +

1

4

(
ca

bS
+

ba

cS

)
p+

1

4

(
ab

cS
+

cb

aS

)
q

>
c

2S
r +

a

2S
p+

b

2S
q =

ap+ bq + cr

2S
= 1 .

u´Ø�ª�y . �

5P. ù�Ún
g��õd-#��Ø�ª�y² . ,	 ,$^ù�ÚnU)

ûXe�2000c{IêÆc���IMOI[èÀoÁK :®� P �4ABC S

�: ,Ù	���»� R ,¦y :

AP

BC2
+

BP

CA2
+

CP

AB2
>

1

R
.

�
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y². $^Ún ,·�k AP · a > br + cq ,¤±
AP

BC2
>

br + cq

a3
. Ón��

BP

CA2
>

cp+ ar

b3
,

CP

AB2
>

aq + bp

c3
.

u´

AP

BC2
+

BP

CA2
+

CP

AB2
>
br + cq

a3
+

cp+ ar

b3
+

aq + bp

c3

=

(
b

a3
+

a

b3

)
r +

(
b

c3
+

c

b3

)
p+

( c

a3
+

a

c3

)
q

>
2r

ab
+

2p

bc
+

2q

ca
=

2(ap+ bq + cr)

abc

=
4S

abc
=

1

R
.

�

20. (n�Z)®� a, b, c > 0 ,¦y :

a2b(b− c)

a+ b
+

b2c(c− a)

b+ c
+

c2a(a− b)

c+ a
> 0 .

y². éØ�ª�C/��

a2b(b− c)

a+ b
+

b2c(c− a)

b+ c
+

c2a(a− b)

c+ a
> 0

⇐⇒a3b3 + b3c3 + c3a3 > a3b2c+ ab3c2 + a2bc3 .

5¿� ,dþ�Ø�ªk

a3b3 + a3b3 + c3a3 > 3a3b2c ,

b3c3 + b3c3 + a3b3 > 3ab3c2 ,

c3a3 + c3a3 + b3c3 > 3a2bc3 .

Xþnª�\ ,2ü>Ø±n=�

a3b3 + b3c3 + c3a3 > a3b2c+ ab3c2 + a2bc3 .

�

21. (¥î) é?¿�½��ê n > 2 , ¦��� Cn ¦�é?¿��¢ê

a1, a2, · · · , anÑk

a2
1 + · · ·+ a2

n

n
>

(
a1 + · · ·+ an

n

)2

+ Cn(a1 − an)
2 .
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y². �a1 = 3 , a2 = · · · = an−1 = 2 , an = 1 ,´� Cn 6
1

2n
. XJ·�Uy²

é?¿��¢ê a1, a2, · · · , anÑk

a2
1 + · · ·+ a2

n

n
>

(
a1 + · · ·+ an

n

)2

+
1

2n
(a1 − an)

2 ,

@o�¦���� Cn =
1

2n
.

5¿�ð�ª

a2
1 + · · ·+ a2

n

n
−
(
a1 + · · ·+ an

n

)2

=

∑
i<j(ai − aj)

2

n2
, (10)


 ∑
i<j

(ai − aj)
2 >(a1 − a2)

2 + (a1 − a3)
2 + · · ·+ (a1 − an−1)

2 + (a1 − an)
2

+(a2 − an)
2 + (a3 − an)

2 + · · ·+ (an−1 − an)
2

=
n−1∑
k=2

[(a1 − ak)
2 + (ak − an)

2] + (a1 − an)
2

>
n−1∑
k=2

(a1 − an)
2

2
+ (a1 − an)

2 =
n(a1 − an)

2

2
.

Ù¥^��

(a1 − ak)
2 + (ak − an)

2 >
(a1 − an)

2

2

�dCauchyØ�ª�� .

u´d (10)�

a2
1 + · · ·+ a2

n

n
−
(
a1 + · · ·+ an

n

)2

>
(a1 − an)

2

2n
,

=
a2

1 + · · ·+ a2
n

n
>

(
a1 + · · ·+ an

n

)2

+
1

2n
(a1 − an)

2 ,

¤±¤�¦���� Cn =
1

2n
. �

22. (/¥°)®� n > 2 ,�¢ê a1, a2, · · · , an÷v a1 + a2 + · · ·+ an = 1 ,¦y :

a2a3 · · · an
a1 + n− 2

+
a1a3 · · · an
a2 + n− 2

+ · · ·+ a1a2 · · · an−1

an + n− 2
6

1

(n− 1)2
,

¿¦�Ò¤á^� .
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)�. ·�ky² n = 3� ,Ø�ª¤á ,=

a2a3

a1 + 1
+

a3a1

a2 + 1
+

a1a2

a3 + 1
6

1

4
.

d^� a1 + a2 + a3 = 1 ,þª�du

a2a3

2a1 + a2 + a3

+
a3a1

a1 + 2a2 + a3

+
a1a2

a1 + a2 + 2a3

6
1

4
(a1 + a2 + a3) .

dþ�Ø�ª

a2a3

2a1 + a2 + a3

=
a2a3

(a1 + a2) + (a1 + a3)
6

1

4

(
a2a3

a1 + a2

+
a2a3

a1 + a3

)
.

Ón��

a3a1

a2 + 1
6

1

4

(
a3a1

a2 + a3

+
a3a1

a2 + a1

)
,
a1a2

a3 + 1
6

1

4

(
a1a2

a3 + a1

+
a1a2

a3 + a2

)
.

u´þãnª�\�

a2a3

a1 + 1
+

a3a1

a2 + 1
+

a1a2

a3 + 1
6

1

4
(a1 + a2 + a3) .

´��Ò¤á��=� a1 = a2 = a3 .

2y² ,� n > 4� ,ðk

a2a3 · · · an
a1 + n− 2

+
a1a3 · · · an
a2 + n− 2

+ · · ·+ a1a2 · · · an−1

an + n− 2
<

1

(n− 1)2
.

5¿�

a2a3 · · · an 6
(
a2 + a3 + · · ·+ an

n− 1

)n−1

<

(
1

n− 1

)n−1

.

Ón

a1a3 · · · an <

(
1

n− 1

)n−1

,

· · · · · · · · ·

a1a2 · · · an−1 <

(
1

n− 1

)n−1

.

¤±

a2a3 · · · an
a1 + n− 2

+
a1a3 · · · an
a2 + n− 2

+ · · ·+ a1a2 · · · an−1

an + n− 2
<

n

n− 2

(
1

n− 1

)n−1

.
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u´�Iy
n

n− 2

(
1

n− 1

)n−1

<
1

(n− 1)2
,

d n > 4 ,�Iy

n

n− 2
· 1

n− 1
< 1⇐⇒ (n− 1)(n− 2) > n .

²w¤á . �

23. (#\·)� a1 > 1 ,é?¿� k = 1, 2, · · · , n¤á ak+1 > ak + 1 . ¦y :

a3
1 + a3

2 + · · ·+ a3
n > (a1 + a2 + · · ·+ an)

2 .

y². ·�p^êÆ8B{5y²ù�¯K .

� n = 1� ,d a1 > 1� ,d�Ø�ª¤á .

b�� n = k� ,Ø�ª�¤á ,=

a3
1 + a3

2 + · · ·+ a3
k > (a1 + a2 + · · ·+ ak)

2 . (11)

@o� n = k + 1� ,d8Bb�=Ø�ª (11) ,�I�y²

a3
k+1 > 2ak+1(a1 + a2 + · · ·+ ak) + a2

k+1 .

d®�^���

2ak+1(a1 + a2 + · · ·+ ak) + a2
k+1

62ak+1((ak+1 − k) + (ak+1 − (k − 1)) + · · ·+ (ak+1 − 1)) + a2
k+1

=(2k + 1)a2
k+1 − k(k + 1)ak+1 .

Ïd��y² a3
k+1 > (2k + 1)a2

k+1 − k(k + 1)ak+1 ,ù�du

ak+1(ak+1 − k)(ak+1 − (k + 1)) > 0 ,

ùd ak+1 > k + 1�¤á . �

24. (��)��¢ê a, b, c÷v (a+ 2b)(b+ 2c) = 9 . ¦y :√
a2 + b2

2
+ 2

3

√
b3 + c3

2
> 3 .
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y². d�²þØ�ª ,��√
a2 + b2

2
>

a+ b

2
,

3

√
b3 + c3

2
>

b+ c

2
,

¤± √
a2 + b2

2
+ 2

3

√
b3 + c3

2
>

a+ b

2
+ 2

b+ c

2
.

qdu
a+ b

2
+ 2

b+ c

2
=

(a+ 2b) + (b+ 2c)

2
>
√

(a+ 2b)(b+ 2c) = 3 ,¤±√
a2 + b2

2
+ 2

3

√
b3 + c3

2
> 3.

�

25. (��)� x, y, z ∈ [0, 1] , |x− y| 6 1

2
, |z − y| 6 1

2
, |x− z| 6 1

2
,¦

W (x, y, z) = x+ y + z − xy − yz − zx

����Ú��� .

)�. 5¿� x, y, z ∈ [0, 1] ,¤±W = x(1− y) + y(1− z) + z(1− x) > 0 . q

- x = y = z = 0 ,d�W = 0 ,�Wmin = 0 .

e¡¦Wmax,5¿�W (x, y, z) = W (1−x, 1−y, 1−z) ,Ïdo�±b� x, y, z

¥��küöØ�u
1

2
. u´Ø��x 6 y 6 z,@od®�^���

z − 1

2
6 x 6 y 6 z 6 1,

1

2
6 y.

�½ y, zòW w¤ x�¼ê ,d 1− y − z 6 0 ,��

W =x+ y + z − xy − yz − zx

=x(1− y − z) + y + z − yz

6

(
z − 1

2

)
(1− y − z) + y + z − yz .

ò� Ñ5�(J^Ó���{5?n y ,=(
z − 1

2

)
(1− y − z) + y + z − yz = y

(
3

2
− 2z

)
− z2 +

5

2
z − 1

2
.
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XJ z >
3

4
,d�

3

2
− 2z 6 0 ,¤±

y

(
3

2
− 2z

)
− z2 +

5

2
z − 1

2
6
1

2

(
3

2
− 2z

)
− z2 +

5

2
z − 1

2

=− z2 +
3

2
z +

1

4

=−
(
z − 3

4

)2

+
13

16
6

13

16
.

XJ z <
3

4
,d�

3

2
− 2z > 0 ,¤±

y

(
3

2
− 2z

)
− z2 +

5

2
z − 1

2
6z

(
3

2
− 2z

)
− z2 +

5

2
z − 1

2

=− 3z2 + 4z − 1

2

=− 3

(
z − 2

3

)2

+
5

6
6

5

6
.

Ï�
13

16
<

5

6
,�� x =

1

6
, y = z =

2

3
�W =

5

6
,¤±Wmax =

5

6
. �

26. (ÀH)� n���ê ,¢ê a1, a2, · · · , an, r1, r2, · · · , rn÷v :

a1 6 a2 6 · · · 6 an Ú 0 6 r1 6 r2 6 · · · 6 rn ,

¦y :
n∑

i=1

n∑
j=1

aiaj min(ri, rj) > 0 .

)�. 5¿�3 0 6 r1 6 r2 6 · · · 6 rn�ð�ª

n∑
i=1

n∑
j=1

aiaj min(ri, rj)

=(rn − rn−1)a
2
n + (rn−1 − rn−2)(an + an−1)

2 + · · ·

+ (r2 − r1)(an + · · ·+ a2)
2 + r1(an + · · ·+ a2 + a1)

2 .

¤±
n∑

i=1

n∑
j=1

aiaj min(ri, rj) > 0 .

�
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27. (åf)�¢ê x1, x2, · · · , xn÷v
n∑

i=1

x2
i = 1 , n > 2 ,- S =

n∑
i=1

ix2
i . ¦y :

n∑
k=1

(
1− k

S

)2
x2
k

k
6

(
n− 1

n+ 1

)2 n∑
k=1

x2
k

k
,

¿¦�Ò¤á^� .

y². kéØ�ª��>�ð�C/
n∑

k=1

(
1− k

S

)2
x2
k

k
=

n∑
k=1

x2
k

k
− 2

1

S

n∑
k=1

x2
k +

1

S2

n∑
k=1

kx2
k

=
n∑

k=1

x2
k

k
− 2

1

S
+

S

S2
=

n∑
k=1

x2
k

k
− 1

S
.

�duy²
n∑

k=1

x2
k

k
− 1

S
6

(
n− 1

n+ 1

)2 n∑
k=1

x2
k

k
,=

4n

(n+ 1)2

n∑
k=1

x2
k

k
6

1

S
.

¯¢þ ,dué?¿� i ∈ {1, 2, · · · , n}Ñk i+
n

i
6 n+ 1 ,Ïd

n
n∑

k=1

x2
k

k
+

n∑
i=1

ix2
i =

n∑
i=1

(
i+

n

i

)
x2
i 6 (n+ 1)

n∑
i=1

x2
i = n+ 1 .

qdþ�Ø�ª

S
n∑

k=1

x2
k

k
6

1

4n

(
n

n∑
k=1

x2
k

k
+

n∑
i=1

ix2
i

)2

6
(n+ 1)2

4n
,

u´Ø�ª�y . 5¿� i+
n

i
6 n+ 1 ,�Ò¤á ,��=� i = 1, n . ddN

´©Û��Ò¤á��=� x2
1 = x2

n =
1

2
,Ù{� xiÑ� 0 . �

28. (ÜÜêÆc���)��K¢ê a1, a2, · · · , an, b1, b2, · · · , bn Ó�÷vXe^
� :

n∑
i=1

(ai + bi) = 1;
n∑

i=1

i(ai − bi) = 0;
n∑

i=1

i2(ai + bi) = 10.

¦y : é?¿� 1 6 k 6 nÑk max{ak, bk} 6
10

10 + k2
.

y². d|^®�^�k

(kak)
2 =

(∑
i 6=k

i(bi − ai) + kbk

)2

=

(∑
i 6=k

ibi −
∑
i 6=k

iai + kbk

)2

.
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dCauchyØ�ª�(∑
i 6=k

ibi −
∑
i 6=k

iai + kbk

)2

6

(∑
i 6=k

i2bi +
∑
i 6=k

i2ai + k2bk

)(∑
i 6=k

bi +
∑
i 6=k

ai + bk

)

Ïd k2a2
k 6 (10− k2ak)(1− ak) = 10− 10ak − k2ak + k2a2

k . dd��

10 > (10 + k2)ak , =⇒ ak 6
10

10 + k2
.

Ón�� bk 6
10

10 + k2
,Ïd max{ak, bk} 6

10

10 + k2
. �

29. (ém)�½��ê n > 2 ,��¢ê a1, a2, · · · , an÷v ak 6 1, k = 1, 2, · · · , n .

P

Ak =
a1 + · · ·+ ak

k
, k = 1, 2, · · · , n .

¦y : ∣∣∣∣∣
n∑

i=1

ai −
n∑

i=1

Ai

∣∣∣∣∣ < n− 1

2
.

y². d 0 < ak 6 1� ,é 1 6 k 6 n− 1 ,k

0 <
k∑

i=1

ai 6 k, 0 <
n∑

i=k+1

ai 6 n− k .

5¿�� x, y > 0� , |x− y| < max{x, y} ,u´éu?¿� 1 6 k 6 n− 1 ,k

|An − Ak| =

∣∣∣∣∣
(
1

n
− 1

k

) k∑
i=1

ai +
1

n

n∑
i=k+1

ai

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑

i=k+1

ai −
(
1

k
− 1

n

) k∑
i=1

ai

∣∣∣∣∣
l


|An − Ak| <max

{
1

n

n∑
i=k+1

ai,

(
1

k
− 1

n

) k∑
i=1

ai

}

6max

{
1

n
(n− k),

(
1

k
− 1

n

)
k

}
=1− k

n
.
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¤± ∣∣∣∣∣
n∑

i=1

ai −
n∑

i=1

Ai

∣∣∣∣∣ =
∣∣∣∣∣nAn −

n∑
k=1

Ak

∣∣∣∣∣
=

∣∣∣∣∣
n−1∑
k=1

(An − Ak)

∣∣∣∣∣
6

n−1∑
k=1

|An − Ak|

<

n−1∑
k=1

(
1− k

n

)
=

n− 1

2
.

�

30. (8Ôè)�½��ê n > 2Ú�¢ê a ,�¢ê x1, x2, · · · , xn ÷v
n∏

i=1

xi = 1 .

¦���¢êM = M(n, a) ,¦�

n∑
i=1

1

a+ S − xi

6M

ð¤á ,Ù¥ S = x1 + x2 + · · ·+ xn .

)�. - xi = yni , yi > 0 ,u´ y1y2 · · · yn = 1 , i = 1, 2, · · · , n . d�²þ9þ

�Ø�ª·�k

S − xi =
∑
j 6=i

ynj > (n− 1)

(∑
j 6=i yj

n− 1

)n

> (n− 1)

(∑
j 6=i yj

n− 1

)∏
j 6=i

yj =

∑
j 6=i yj

yi
.

u´
n∑

i=1

1

a+ S − xi

6
n∑

i=1

yi

ayi +
n∑

j 6=i

yj

. (12)

� a = 1� ,
n∑

i=1

yi

ayi +
n∑

j 6=i

yj

=
n∑

i=1

yi
n∑

j=1

yj

= 1 ,

�� x1 = x2 = · · · = xn = 1� ,

n∑
i=1

1

a+ S − xi

= 1 ,
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�d�M = 1 .

� a > 1� ,- zi =
yi
n∑

i=1

yi

, i = 1, 2, · · · , n ,k
n∑

i=1

zi = 1 .

yi

ayi +
n∑

j 6=i

yj

=
zi

(a− 1)zi + 1
=

1

a− 1

(
1− 1

(a− 1)zi + 1

)
. (13)

d�ÜØ�ª (
n∑

i=1

((a− 1)zi + 1)

)(
n∑

i=1

1

(a− 1)zi + 1

)
> n2 .



n∑

i=1

((a− 1)zi + 1) = a− 1 + n ,

�
n∑

i=1

1

(a− 1)zi + 1
>

n2

a− 1 + n
. (14)

(Ü (12)(13)(14) ,·�k
n∑

i=1

1

a+ S − xi

6
1

a− 1

n∑
i=1

(
1− 1

(a− 1)zi + 1

)
6

n

a− 1
− 1

a− 1
· n2

a− 1 + n

=
n

a− 1 + n
.

� x1 = x2 = · · · = xn = 1� ,
n∑

i=1

1

a+ S − xi

=
n

a− 1 + n
,

�d�M =
n

a− 1 + n
.

� a < 1�,d (12)��
n∑

i=1

1

a+ S − xi

6
n∑

i=1

yi

ayi +
n∑

j 6=i

yj

<
n∑

i=1

yi

ayi + a
n∑

j 6=i

yj

=
1

a
.

� x1 = x2 = · · · = xn−1 = ε −→ 0+ , xn = ε1−n −→ +∞� ,

lim
ε−→0+

n∑
i=1

1

a+ S − xi

= lim
ε−→0+

(
n− 1

a+ ε1−n +
1

a+ (n− 1)ε

)
=

1

a
,
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�M =
1

a
.

nþ¤ã ,

M =


n

a− 1 + n
ea > 1 ,

1

a
e0 < a < 1 .

�
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