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'�c Ø�ª Mathlinks

1. (¥I)�½��ê n > 4 ,é?¿÷v

a1 + a2 + · · ·+ an = b1 + b2 + · · ·+ bn > 0

��K¢ê a1, a2, · · · , an, b1, b2, · · · , bn ;Á¦

n∑
i=1

ai(ai + bi)

n∑
i=1

bi(ai + bi)
���� .

y². Ø�� a1 + a2 + · · ·+ an = b1 + b2 + · · ·+ bn = n− 1 . 5¿�

n∑
i=1

(ai + (n− 1)bi − n+ 1)2 > 0 ,

u´��

2(n− 1)
n∑

i=1

aibi > n(n− 1)2 − (n− 1)2
n∑

i=1

b2i −
n∑

i=1

a2i ,

Ïd ,d n > 4�

(n− 2)
n∑

i=1

aibi > 2
n∑

i=1

aibi > n(n− 1)− (n− 1)
n∑

i=1

b2i −
n∑

i=1

a2i
n− 1

.

qÏ�
n∑

i=1

a2i 6

(
n∑

i=1

ai

)2

= (n− 1)2 ,

¤±

n(n− 1)−
n∑

i=1

a2i
n− 1

>
n∑

i=1

a2i ,

l


(n− 2)
n∑

i=1

aibi >
n∑

i=1

a2i − (n− 1)
n∑

i=1

b2i ,
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=
n∑

i=1

ai(ai + bi)

n∑
i=1

bi(ai + bi)
6 n− 1 .

- a1 = a2 = · · · = an−1 = 0, an = n− 1, b1 = b2 = · · · = bn−1 = 1, bn = 0 ,d�
n∑

i=1

ai(ai + bi)

n∑
i=1

bi(ai + bi)
= n− 1 ,

¤±

n∑
i=1

ai(ai + bi)

n∑
i=1

bi(ai + bi)
����� n− 1 . �

2. (�H)XJ x > 0 , n ∈ N ,¦y :

xn(xn+1 + 1)

xn + 1
6

(
x+ 1

2

)2n+1

.

y². ·�p^êÆ8B{5y² .

� n = 1� ,Ø�ª²w¤á .

b� n = k� ,Ø�ª¤á . � n = k + 1� ,du8Bb� ,k

xk(xk+1 + 1)

xk + 1
6

(
x+ 1

2

)2k+1

.

Ïd�y²
xk+1(xk+2 + 1)

xk+1 + 1
6

(
x+ 1

2

)2k+3

,

��y (
x+ 1

2

)2
xk(xk+1 + 1)

xk + 1
>
xk+1(xk+2 + 1)

xk+1 + 1
. (1)

Ø�ª (1)�du(
x+ 1

2

)2

(xk+1 + 1)2 > x(xk+2 + 1)(xk + 1) ,

ü>Ó�~� x(xk+1 + 1)2 ,=�y(
x− 1

2

)2

(xk+1 + 1)2 > xk+1(x− 1) .

ù�du (x− 1)2(xk+1 − 1)2 > 0 ,²w¤á.

nþ¤ã ,dêÆ8B{ ,Ø�ª�y . �
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3. (��õ�)� x1, x2, · · · , xn > 0 ,� x1x2 · · ·xn = 1 ,¦y :

1

x1(1 + x1)
+

1

x2(1 + x2)
+ · · ·+ 1

xn(1 + xn)
>
n

2
.

y². w,�Ø�ª�du

1 + x1 + x21
x1(1 + x1)

+
1 + x2 + x22
x2(1 + x2)

+ · · ·+ 1 + xn + x2n
xn(1 + xn)

>
3n

2
. (2)

5¿� 4(1 + xi + x2i ) > 3(1 + xi)
2 é?¿� i = 1, 2, · · · , nÑ¤á ,Ïd�y

² (2)�I�y²

3

4

(
1 + x1
x1

+
1 + x2
x2

+ · · ·+ 1 + xn
xn

)
>

3n

2
,

=
1

x1
+

1

x2
+ · · ·+ 1

xn
> n , (3)

d x1x2 · · ·xn = 19þ�Ø�ª´� (3)¤á. �

4. (��õ�)� n��u 1���ê ,�

E = 1 +

√
1 +

22

3!
+

3

√
1 +

32

4!
+ · · ·+ n

√
1 +

n2

(n+ 1)!
,

Á¦ E ��êÜ© .

)�. - ak =
k

√
1 +

k2

(k + 1)!
− 1 ,w, ak > 0 . u´d��ª½nk

1 +
k2

(k + 1)!
= (1 + ak)

k > 1 + kak =⇒ ak 6
k

(k + 1)!
=

1

k!
− 1

(k + 1)!
.

Ïdk

n < E 6 1 + 1 +
1

2!
− 1

3!
+ · · ·+ 1 +

1

n!
− 1

(n+ 1)!
= n+

1

2
− 1

(n+ 1)!
,

¤± E ��êÜ©� n . �

5. (�¢»)�4ABC �n>�� a, b, c ,¡È� S ,¦y : a2 + b2 + c2 > 4
√
3S .
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y². ·�5y²�r�¤M(Finsler-Hadriger)Ø�ª=

2(ab+ bc+ ca)− (a2 + b2 + c2) > 4
√
3S . (4)

Ï� a, b, c�n�/>� ,u´�3��ê x, y, z¦� a = y+ z, b = z+x, c =

x+ y . d�k

2(ab+ bc+ ca)− (a2 + b2 + c2) = 4(xy + yz + zx) ,

4
√
3S = 4

√
3xyz(x+ y + z) (°Ôúª) .

Ïd (4)�du xy + yz + zx >
√

3xyz(x+ y + z) ,²���du

(xy − yz)2 + (yz − zx)2 + (zx− xy)2 > 0 ,

ù²w¤á ,l
 (4)�y . �

5P. du

a2 + b2 + c2 > ab+ bc+ ca > 3(abc)2/3 > 2(ab+ bc+ ca)− (a2 + b2 + c2) ,

���X�Ø�ª . Ù¥����Ø�ª�dSchur9þ�Ø�ªí� ,=

a2 + b2 + c2 + 3(abc)2/3 >
∑
cyc

(ab)2/3(a2/3 + b2/3)

>2
∑
cyc

(ab)2/3a1/3b1/3) = 2
∑
cyc

ab .

^y²¥����òÙz�CarlsonØ�ª : � x, y, z > 0 ,@o(
(x+ y)(y + z)(z + x)

8

)1/3

>

(
xy + yz + zx

3

)1/2

.

,	5¿�©)Ïª

2(ab+ bc+ ca)− (a2 + b2 + c2) = (
√
a+
√
b+
√
c)
∏
cyc

(
√
a+
√
b−
√
c) , (5)

-
√
a = x,

√
b = y,

√
c = z ,@o x, y, z �±�¤��b�n�/>� . |^

(5)9¤MØ�ª��

(x+ y + z)
∏
cyc

(x+ y − z) >
√

3(x2 + y2 + z2)
∏
cyc

(x2 + y2 − z2) ,

|^d(Ø´�1992cÅ=êÆêÆc����ÁK :�4ABC �n>��
a, b, c ,¦y : ∏

cyc

(a+ b− c)2 >
∏
cyc

(a2 + b2 − c2) .

�
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6. (�¢»)®� a, b, c > 0 ,¦y :
√
a3 + b3

a2 + b2
+

√
b3 + c3

b2 + c2
+

√
c3 + a3

c2 + a2
>

6(ab+ bc+ ca)

(a+ b+ c)
√

(a+ b)(b+ c)(c+ a)
.

y². dCauchyØ�ªk
√

(a3 + b3)(a+ b) > a2 + b2 ,·��I�y²∑
cyc

1√
a+ b

>
6(ab+ bc+ ca)

(a+ b+ c)
√

(a+ b)(b+ c)(c+ a)
,

ù�du

(a+ b+ c)
∑
cyc

√
(a+ b)(a+ c) > 6(ab+ bc+ ca) .

2dCauchyØ�ªk
√

(a+ b)(a+ c) > a+
√
bc ,·��I�y²

(a+ b+ c)
∑
cyc

(a+
√
bc) > 6(ab+ bc+ ca) ,

= ∑
cyc

(a2 + a
√
bc) +

∑
cyc

√
bc(b+ c) > 4(ab+ bc+ ca) . (6)

dSchurØ�ª·�k∑
cyc

a(
√
a−
√
b)(
√
a−
√
c) > 0 =⇒

∑
cyc

(a2 + a
√
bc) >

∑
cyc

√
bc(b+ c) ,

Ïd∑
cyc

(a2 + a
√
bc) +

∑
cyc

√
bc(b+ c) >2

∑
cyc

√
bc(b+ c) > 2

∑
cyc

√
bc ·
√
bc

=4(ab+ bc+ ca) .

u´ (6)�y . �

7. (�¢»)� a, b, c > 0 ,¦y :

∑
cyc

√
5a2 + 8b2 + 5c2

4ac
> 3 9

√
8(a+ b)2(b+ c)2(c+ a)2

(abc)2
.

y². dCauchyØ�ª9þ�Ø�ªk

5a2 + 8b2 + 5c2 >4(a2 + b2) + 4(b2 + c2)

>2(a+ b)2 + 2(b+ c)2

>4(a+ b)(b+ c) ,
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¤±

∑
cyc

√
5a2 + 8b2 + 5c2

4ac
>
∑
cyc

√
(a+ b)(b+ c)

ac
> 3 6

√
(a+ b)2(b+ c)2(c+ a)2

(abc)2
,

�I�y²

6

√
(a+ b)2(b+ c)2(c+ a)2

(abc)2
> 9

√
8(a+ b)2(b+ c)2(c+ a)2

(abc)2
,

�du (a+ b)(b+ c)(c+ a) > 8abc ,=
∑
cyc

a(b− c)2 > 0 ,²w¤á . �

8. (Åç)� a, b, c > 0� a+ b+ c = 1 . ¦y :

a
3
√
1 + b− c+ b 3

√
1 + c− a+ c

3
√
1 + a− b 6 1 .

y². Ï� a(1 + b− c) + b(1 + c− a) + c(1 + a− b) = a+ b+ c = 1 ,¤±

1 =(a(1 + b− c) + b(1 + c− a) + c(1 + a− b))(a+ b+ c)(a+ b+ c)

>
(
a

3
√
1 + b− c+ b 3

√
1 + c− a+ c

3
√
1 + a− b

)3
,

l


a
3
√
1 + b− c+ b 3

√
1 + c− a+ c

3
√
1 + a− b 6 1.

�

5P. K¥^�ùo���~k^�(Ø :é?¿� i, k ∈ N� 1 6 k 6 n ,

1 6 i 6 m ,XJ aik > 0 ,Kk

m∏
i=1

(
n∑

k=1

amik

)
>

(
n∑

k=1

m∏
i=1

aik

)m

.

-

Si =

(
n∑

k=1

amik

) 1
m

, i ∈ {1, 2, · · · ,m}

@oé?¿� i ∈ {1, 2, · · · ,m} ,Ñk

n∑
k=1

amik
Sm
i

= 1 .
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5¿��Ø�ª�du
n∑

k=1

m∏
i=1

aik
Si

6 1 .

dþ�Ø�ª ,·�ké?¿�k ∈ {1, 2, · · · , n} ,Ñ¤á

m∏
i=1

aik
Si

6
1

m

m∑
i=1

amik
Sm
i

,

¤±

n∑
k=1

m∏
i=1

aik
Si

6
n∑

k=1

(
1

m

m∑
i=1

amik
Sm
i

)
=

1

m

m∑
i=1

n∑
k=1

amik
Sm
i

=
1

m

m∑
i=1

1 = 1 .

�

9. ({I)� a, b, c > 0� a2 + b2 + c2 + (a+ b+ c)2 6 4 ,¦y :

ab+ 1

(a+ b)2
+

bc+ 1

(b+ c)2
+

ca+ 1

(c+ a)2
> 3 .

y². d a2+ b2+ c2+(a+ b+ c)2 6 4�� a2+ b2+ c2+ab+ bc+ ca 6 2 ,Ïd

2(ab+ 1)

(a+ b)2
>

2ab+ a2 + b2 + c2 + ab+ bc+ ca

(a+ b)2
=

(a+ b)2 + (c+ a)(c+ b)

(a+ b)2
,

=
ab+ 1

(a+ b)2
>

1

2

(
1 +

(c+ a)(c+ b)

(a+ b)2

)
, (7)

Ón��

bc+ 1

(b+ c)2
>

1

2

(
1 +

(a+ b)(a+ c)

(b+ c)2

)
,
ca+ 1

(c+ a)2
>

1

2

(
1 +

(b+ c)(b+ a)

(c+ a)2

)
. (8)

,	dþ�Ø�ªw,k

(c+ a)(c+ b)

(a+ b)2
+

(a+ b)(a+ c)

(b+ c)2
+

(b+ c)(b+ a)

(c+ a)2
> 3 , (9)

nÜ (7)(8)(9)��

ab+ 1

(a+ b)2
+

bc+ 1

(b+ c)2
+

ca+ 1

(c+ a)2
> 3 .

�
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10. (n�Z)y² : é?¿÷v x+ y + z = 0�¢ê x, y, zÑk

x(x+ 2)

2x2 + 1
+
y(y + 2)

2y2 + 1
+
z(z + 2)

2z2 + 1
> 0 .

y². (can-hang2007)5¿�
x(x+ 2)

2x2 + 1
=

(2x+ 1)2

2(2x2 + 1)
− 1

2
�ªf ,¤±�Ø�

ª�du
(2x+ 1)2

2x2 + 1
+

(2y + 1)2

2y2 + 1
+

(2z + 1)2

2z2 + 1
> 3 ,

dCauchyØ�ª ,·�k

2x2 =
4

3
x2 +

2

3
(y + z)2 6

4

3
x2 +

4

3
(y2 + z2) ,

¤± ∑ (2x+ 1)2

2x2 + 1
> 3

∑ (2x+ 1)2

4(x2 + y2 + z2) + 3
= 3 .

�

5P. �Ok)JÑ,	�«�{ ,y²XeØ�ª∑ x(x+ 2)

2x2 + 1
>

2

3
(x+ y + z)

∑ 1− 5y − 5z

1 + 2x2
.

�

11. (�Û/æ)� a, b, c > 0� a+ b+ c = 3 . ¦y :

a2

a+ b2
+

b2

b+ c2
+

c2

c+ a2
>

3

2
.

y². dCauchyØ�ª ,·�k∑
cyc

a2

a+ b2

∑
cyc

a2(a+ b2) > (a2 + b2 + c2)2 ,

Ïd�I�y²

2(a2 + b2 + c2)2 > 3
(
a2(a+ b2) + b2(b+ c2) + c2(c+ a2)

)
,

ù�du

2(a4 + b4 + c4) + a2b2 + b2 + c2 > 3(a3 + b3 + c3) , (10)

d a+ b+ c = 3�\ (10)=z�

a4 + b4 + c4 + a2b2 + b2c2 + c2a2 > a3(b+ c) + b3(c+ a) + c3(a+ b) ,
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dþ�Ø�ª

(a4 + a2b2) + (a4 + a2c2) > 2a3b+ 2a3c ,

(b4 + b2c2) + (b4 + b2a2) > 2b3c+ 2b3a ,

(c4 + c2a2) + (c4 + c2b2) > 2c3a+ 2c3b .

þãnª�\Ø± 2=�y . �

12. (F1)� a, b, c > 0� a+b+c = 6 . ¦ S = 3
√
a2 + 2bc+ 3

√
b2 + 2ca+ 3

√
c2 + 2ab

���� .

)�. Ó�|^K (8)5P¥�(Ø ,·�k

S3 6((a2 + 2bc) + (b2 + 2ca) + (c2 + 2ab))(1 + 1 + 1)(1 + 1 + 1)

=36× 3× 3 ,

Ïd S 6 3 3
√
12 .

q� a = b = c = 2� , S = 3 3
√
12 ,¤± S ����� 3 3

√
12 . �

13. (3�3dd")� a1, a2, · · · , an > 0� a1 + a2 + · · ·+ an = 1 . ¦y :(
1

a21
− 1

)(
1

a22
− 1

)
· · ·
(

1

a2n
− 1

)
> (n2 − 1)n .

y². Ï� a1 + a2 + · · ·+ an = 1 ,¤±dþ�Ø�ª��

1 + ai = a1 + a2 + · · ·+ an + ai >(n+ 1)(a1a2 · · · anai)1/(n+1) ,

1− ai = a1 + a2 + · · ·+ an − ai >(n− 1)(a1a2 · · · an/ai)1/(n−1) .

� i = 1, 2, · · · , n2ò�©O\È��¦�
n∏

i=1

(1− a2i ) > (n2 − 1)n
n∏

i=1

a2i ,

l
 (
1

a21
− 1

)(
1

a22
− 1

)
· · ·
(

1

a2n
− 1

)
> (n2 − 1)n .

�

14. (3�3dd")�¢ê a÷v a5 − a3 + a = 2 ,¦y : 3 < a6 < 4 .
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y². (Babai)w,k a 6= 1 ,¿�d a4 − a2 + 1 > 0ð¤á� a > 0 .

(a)Äkdþ�Ø�ªk a3 < a5 + a− a3 = 2 (Ï� a 6= 1 ,�ÒØ¤á) ,¤±

a3 < 2= a6 < 4 .

(b)d a5− a3 + a = 2� a7− a5 + a3 = 2a2 ,üª�\� a(a6 + 1) = 2(1 + a2) ,


 1 + a2 > 2a ,¤± a6 + 1 > 4= a6 > 3 . �

15. (l��æ) �½��ê n > 2 , a0, a1, · · · , an ��êS� , �é?¿� k =

1, 2, · · · , n− 1Ñk (ak−1 + ak)(ak + ak+1) = ak−1− ak+1 ,y² : (n− 1)an < 1 .

y². (RaleD)^êÆ8B{5y²�r�Ø�ª (k−1)(ak+ak−1) < 1ék > 2

�¤á .

� k = 2� ,du a1 + a2 =
a0 − a2
a0 + a1

< 1w,¤á .

e (k − 1)(ak + ak−1) < 1 ,Kd (ak−1 + ak)(ak + ak+1) = ak−1 − ak+1��

(1 + ak + ak−1)(1− (ak+1 + ak)) = 1

=⇒ak+1 + ak = 1− 1

1 + ak + ak−1

< 1− k − 1

1 + k − 1
=

1

k
.

Ïd k + 1�·K�¤á ,dêÆ8B{��y . �

16. (�K)¦���¢ê k ,¦�é?¿�¢ê a, b, c, dÑ¤á∑
cyc

√
(a2 + 1)(b2 + 1)(c2 + 1) > 2(ab+ bc+ cd+ da+ ac+ bd)− k .

y². - a = b = c = d =
√
3 ,�� k > 4 . e¡y² k = 4�Ø�ª¤á ,@

o k = 4�¤¦���¢ê . �d ,ky²ÛÜØ�ª√
(a2 + 1)(b2 + 1)(c2 + 1) > (ab+ bc+ ca)− 1 ,

��y² (a2 + 1)(b2 + 1)(c2 + 1) > (ab+ bc+ ca− 1)2 . ù�du

(abc− a− b− c)2 > 0 ,

²w¤á . |^dÛÜØ�ªá=��∑
cyc

√
(a2 + 1)(b2 + 1)(c2 + 1) > 2(ab+ bc+ cd+ da+ ac+ bd)− 4 .

�
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5P. ßÿ k����±- a = b = c = d = xz� x���¼ê ,|^¦�5

�Ñ k . �K�'�´é��ÛÜØ�ª . ,	��±^CauchyØ�ªy²Û

ÜØ�ª√
(a2 + 1)(b2 + 1)(c2 + 1) =

√
(a2 + 1)((b+ c)2 + (bc− 1)2) > a(b+c)+bc−1 .

�

17. (�âx)� a, b, c > 0 ,¦y :
(
a+

1

b

)(
b+

1

c

)(
c+

1

a

)
> 8 .

y². dþ�Ø�ª�(
a+

1

b

)(
b+

1

c

)(
c+

1

a

)
> 2

√
a

b
· 2
√
b

c
· 2
√
c

a
= 8 .

�

18. (�âx)� α, β, γ �4ABC �n�� ,Ù±�9	���»©O� 2p,R .

(a)¦y: cot2 α + cot2 β + cot2 γ > 3

(
9 · R

2

p2
− 1

)
.

(b)�ÒÛ�¤á?

)�. (a)|^�u½n�Ø�ª�du

1

sin2 α
+

1

sin2 β
+

1

sin2 γ
>

27

(sinα + sin β + sin γ)2
, (11)

|^K (8)5P¥�(Ø ,·�k(
1

sin2 α
+

1

sin2 β
+

1

sin2 γ

)
(sinα + sin β + sin γ)2 > (1 + 1 + 1)3 = 27 ,

dd� (11) .

(b)|^K (8)5P¥(Ø�y²L§ ,�Ò¤á��=�

1

sin2 α

/( 1

sin2 α
+

1

sin2 β
+

1

sin2 γ

)
=

sinα

sinα + sin β + sin γ
,

1

sin2 β

/( 1

sin2 α
+

1

sin2 β
+

1

sin2 γ

)
=

sin β

sinα + sin β + sin γ
,

1

sin2 γ

/( 1

sin2 α
+

1

sin2 β
+

1

sin2 γ

)
=

sin γ

sinα + sin β + sin γ
.

dd�� sinα = sin β = sin γ ,Ï
 α = β = γ =
π

3
. �
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19. (êÙî)� a, b, c, d > 0� a+ b+ c+ d = 1 ,¦y :

1

4a+ 3b+ c
+

1

3a+ b+ 4d
+

1

a+ 4c+ 3d
+

1

4b+ 3c+ d
> 2 .

y². dCauchyØ�ª�

LHS >
16

(4a+ 3b+ c) + (3a+ b+ 4d) + (a+ 4c+ 3d) + (4b+ 3c+ d)
= 2 .

�

�P.�Ø3¤J� ,Xk¦¯�éìMathlinks.

http://www.clanlu.net
http://www.artofproblemsolving.com/Forum/resources.php

