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1. (¥I)�½��ê n > 4 ,é?¿÷v

a1 + a2 + · · ·+ an = b1 + b2 + · · ·+ bn > 0

��K¢ê a1, a2, · · · , an, b1, b2, · · · , bn ;Á¦

n∑
i=1

ai(ai + bi)

n∑
i=1

bi(ai + bi)
���� .

2. (¥I)� a1, a2, · · · , an�¢ê ,¦y :

n∑
i=1

a2i −
n∑

i=1

aiai+1 6
[n
2

]
(M −m)2 ,

Ù¥ an+1 = a1,M = max
16i6n

ai,m = min
16i6n

ai .

3. (¥I)�½��ê n ,éÑ���~ê λ¦�é?¿÷v

1

2n

2n∑
i=1

(xi + 2)n >
2n∏
i=1

xi

��¢ê x1, x2, · · · , x2nð¤á

1

2n

2n∑
i=1

(xi + 1)n > λ

2n∏
i=1

xi .

4. (¥I) �½��ê n > 3 , éÑ���¢ê M , ¦�é?¿��¢ê�

x1, x2, · · · , xn ,Ñ�3Ù��ü� y1, y2, · · · , yn ,÷v

n∑
i=1

y2i
y2i+1 − yi+1yi+2 + y2i+2

>M ,

Ù¥ yn+1 = y1 , yn+2 = y2 .

5. (ÜÜ)®� 0 < x, y < 1 ,¦
xy(1− x− y)

(x+ y)(1− x)(1− y)
���� .
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6. (ÜÜ)®� a, b, c > 0 ,¦y :

(a− b)2

(c+ a)(c+ b)
+

(b− c)2

(a+ b)(a+ c)
+

(c− a)2

(b+ c)(b+ a)
>

(a− b)2

a2 + b2 + c2
.

7. (��)34ABC ¥ ,y² :

1

1 + cos2A+ cos2B
+

1

1 + cos2B + cos2C
+

1

1 + cos2C + cos2A
6 2 .

8. (åf)� a, b, c, d > 0�÷v abcd = 1 ,¦y :

1

a
+

1

b
+

1

c
+

1

d
+

9

a+ b+ c+ d
>

25

4
.

9. (åf)�½�K¢ê a ,¦��¢ê f = f(a) ,¦�é?¿Eê z1, z2 Ú¢ê

x (0 6 x 6 1) ,e |z1| 6 a|z1 − z2| ,K |z1 − xz2| 6 f |z1 − z2| .

10. (ÀH)� Pi (i = 1, 2, · · · , n)�²¡þ n�: , M �²¡S�ã AB þ?¿�

: ,P |AB|�²¡þ A,B ü:�m�ål . ¦y :

n∑
i=1

|PiM | 6 max

{
n∑

i=1

|PiA|,
n∑

i=1

|PiB|

}
.

11. (�H)XJ x > 0 , n ∈ N ,¦y :

xn(xn+1 + 1)

xn + 1
6

(
x+ 1

2

)2n+1

.

12. (��õ�)� x1, x2, · · · , xn > 0 ,� x1x2 · · ·xn = 1 ,¦y :

1

x1(1 + x1)
+

1

x2(1 + x2)
+ · · ·+ 1

xn(1 + xn)
>
n

2
.

13. (��õ�)� n��u 1���ê ,�

E = 1 +

√
1 +

22

3!
+

3

√
1 +

32

4!
+ · · ·+ n

√
1 +

n2

(n+ 1)!
,

Á¦ E ��êÜ© .

14. (�¢»)�4ABC �n>�� a, b, c ,¡È� S ,¦y : a2 + b2 + c2 > 4
√
3S .

15. (�¢»)®� a, b, c > 0 ,¦y :
√
a3 + b3

a2 + b2
+

√
b3 + c3

b2 + c2
+

√
c3 + a3

c2 + a2
>

6(ab+ bc+ ca)

(a+ b+ c)
√

(a+ b)(b+ c)(c+ a)
.
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16. (�¢»)� a, b, c > 0 ,¦y :

∑
cyc

√
5a2 + 8b2 + 5c2

4ac
> 3 9

√
8(a+ b)2(b+ c)2(c+ a)2

(abc)2
.

17. (Åç)� a, b, c > 0� a+ b+ c = 1 . ¦y :

a
3
√
1 + b− c+ b 3

√
1 + c− a+ c

3
√
1 + a− b 6 1 .

18. ({I)� a, b, c > 0� a2 + b2 + c2 + (a+ b+ c)2 6 4 ,¦y :

ab+ 1

(a+ b)2
+

bc+ 1

(b+ c)2
+

ca+ 1

(c+ a)2
> 3 .

19. ({I)� a, b, c ∈ [0, 1] ,� a+ b, b+ c, c+ aÑØ�u 1 ,¦y :

(1− a)2 + (1− b)2 + (1− c)2 + 2
√
2abc√

a2 + b2 + c2
> 1 .

20. (n�Z)y² : é?¿÷v x+ y + z = 0�¢ê x, y, zÑk

x(x+ 2)

2x2 + 1
+
y(y + 2)

2y2 + 1
+
z(z + 2)

2z2 + 1
> 0 .

21. (n�Z)��¢ê a, b, c÷v abc = 1 . ¦y :∏
(a5 + a4 + a3 + a2 + a+ 1) > 8(a2 + a+ 1)(b2 + b+ 1)(c2 + c+ 1) .

22. (�Û/æ)� a, b, c > 0� a+ b+ c = 3 . ¦y :

a2

a+ b2
+

b2

b+ c2
+

c2

c+ a2
>

3

2
.

23. (F1)� a, b, c > 0� a+b+c = 6 . ¦ S = 3
√
a2 + 2bc+ 3

√
b2 + 2ca+ 3

√
c2 + 2ab

���� .

24. (3�3dd")� a1, a2, · · · , an > 0� a1 + a2 + · · ·+ an = 1 . ¦y :(
1

a21
− 1

)(
1

a22
− 1

)
· · ·
(

1

a2n
− 1

)
> (n2 − 1)n .

25. (3�3dd")�¢ê a÷v a5 − a3 + a = 2 ,¦y : 3 < a6 < 4 .
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26. (¿[O�d")®� a, b, c > 0� a+ b+ c > 6 ,¦

a2 + b2 + c2 +
a

b2 + c+ 1
+

b2

c2 + a+ 1
+

c2

a2 + b+ 1

���� .

27. (l��æ) �½��ê n > 2 , a0, a1, · · · , an ��êS� , �é?¿� k =

1, 2, · · · , n− 1Ñk (ak−1 + ak)(ak + ak+1) = ak−1− ak+1 ,y² : (n− 1)an < 1 .

28. (�K)¦���¢ê k ,¦�é?¿�¢ê a, b, c, dÑ¤á∑
cyc

√
(a2 + 1)(b2 + 1)(c2 + 1) > 2(ab+ bc+ cd+ da+ ac+ bd)− k .

29. (�K)®� x, y, z, w > 0 ,�÷v |x− y|+ |y − z|+ |z − w|+ |w − x| = 4 ,Á

¦ x2 + y2 + z2 + w2���� .

30. (�K)®� a, b, c > 0�÷v a+ b+ c = 3 ,¦y :

a

1 + (b+ c)2
+

b

1 + (a+ c)2
+

c

1 + (a+ b)2
6

3(a2 + b2 + c2)

a2 + b2 + c2 + 12abc
.

31. (�âx)� a, b, c > 0 ,¦y :
(
a+

1

b

)(
b+

1

c

)(
c+

1

a

)
> 8 .

32. (�âx)� α, β, γ �4ABC �n�� ,Ù±�9	���»©O� 2p,R .

(a)¦y: cot2 α + cot2 β + cot2 γ > 3

(
9 · R

2

p2
− 1

)
.

(b)�ÒÛ�¤á?

33. (�âx)y² : 2011 <
22 + 1

22 − 1
+ · · ·+ 20112 + 1

20112 − 1
< 2011 +

1

2
.

34. (�âx)éÑ���~ê λ¦�

x2 + y2 + 1 > λ(x+ y) and x2 + y2 + xy + 1 > λ(x+ y)

é?¿�¢ê x, yð¤á .

35. (�âx)®� a, b > 0¿� a+ b = ab ,¦y :
a

b2 + 4
+

b

a2 + 4
>

1

2
.

36. (�âx)®� a, b, c > 0¿� a+ b+ c = 1 ,¦y :

9abc 6 ab+ bc+ ca 6
1

4
+ 3abc .
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37. (�âx)®� x, y, z > 0¿� x2 + y2 + z2 +2xyz = 1 ,¦y : 2(x+ y+ z) 6 3 .

38. (êÙî)� a, b, c, d > 0� a+ b+ c+ d = 1 ,¦y :

1

4a+ 3b+ c
+

1

3a+ b+ 4d
+

1

a+ 4c+ 3d
+

1

4b+ 3c+ d
> 2 .

39. (<Ý)¦���~ê λ ,¦�

λabc

a+ b+ c
6 (a+ b)2 + (a+ b+ 4c)2

é?¿� a, b, c > 0ð¤á .

40. (<Ý)��Kê� {an}÷v am+n 6 am + an , ∀m,n ∈ N+ ,¦y :

N∑
k=1

ak
k2

>
aN
4N

lnN .

41. (<Ý)®� a, b, c > 0�÷v abc = 1 ,¦y :

1

a(a+ 1) + ab(ab+ 1)
+

1

b(b+ 1) + bc(bc+ 1)
+

1

c(c+ 1) + ca(ca+ 1)
>

3

4
.

42. (<Ý)®� a, b, c > 0 ,¦y :
√
a2 + bc

b+ c
+

√
b2 + ca

c+ a
+

√
c2 + ab

a+ b
>

√
a

b+ c
+

√
b

c+ a
+

√
c

a+ b
.

43. (<Ý)®�¢ê a, b, c, d÷v a+ b+ c+ d = 6 , a2 + b2 + c2 + d2 = 12 ,¦y :

36 6 4(a3 + b3 + c3 + d3)− (a4 + b4 + c4 + d4) 6 48 .

44. (<Ý) 3b�n�/ 4ABC ¥ , D,E, F ©O3> BC,CA,AB þ , �

AD,BE,CF ´n�/ 4ABC ��²©� . P r, R ©O�n�/ 4ABC
�S��Ú	���» ,¦y :

EF

BC
+
FD

CA
+
DE

AB
> 1 +

r

R
.

45. (è�Ù)��¢ê a, b, c÷v a2 + b2 + c2 > 3 ,¦y :

(a+ 1)(b+ 2)

(b+ 1)(b+ 5)
+

(b+ 1)(c+ 2)

(c+ 1)(c+ 5)
+

(c+ 1)(a+ 2)

(a+ 1)(a+ 5)
>

3

2
.
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46. (è�Ù)®� x, y, z > 0÷v xyz = 1 ,¦y :

1

x+ y20 + z10
+

1

y + z20 + x10
+

1

z + x20 + y10
6 1 .

47. (æêZæ)y²é?¿�¢ê a1, a2, · · · , an, b1, b2, · · · , bnk
n∑

k=1

(a1 + · · ·+ ak)ak
b1 + · · ·+ bk

6 2
n∑

i=1

a2i
bi
,

¿��ÒØ¤á .

48. (Ü�ß)®� a, b, c > 0 ,y² :

a

b+ c
+

b

c+ a
+

c

a+ b
+

√
ab+ bc+ ca

a2 + b2 + c2
>

5

2
.

49. (¸I)®� a, b, c, d > 0�÷v a+ b+ c+ d = 19 , a2 + b2 + c2 + d2 = 91 ,¦

1

a
+

1

b
+

1

c
+

1

d

���� .

50. (¸I)� x1, x2, · · · , x25÷v 0 6 xi 6 i (i = 1, 2, · · · , 25) ,Á¦

x31 + x32 + · · ·+ x325 − (x1x2x3 + x2x3x4 + · · ·+ x25x1x2)

���� .

51. (\<�)ÁéÑ���¢ê C ¦�

x+ z

(x− z)2
+

x+ w

(x− w)2
+

y + z

(y − z)2
+

y + w

(y − w)2
+

1

x
+

1

y
+

1

z
+

1

w
>

C

x+ y + z + w

é?¿ x, y, z, w ∈ R+¤á .

52. (	��)� k, t,m ∈ N+�÷v t >
√
km ,¦y :(

2m

0

)
+

(
2m

1

)
+ · · ·+

(
2m

m− t− 1

)
<

22m

2k
.

53. (e�|æ)� k, n ∈ N+ ,y²XJ¢ê x1, x2, · · · , xn÷v
n∑

j=1

1

x2
k

j + k
=

1

k
,

@o7,¤á
n∑

j=1

1

x2
k+1

j + k + 2
6

1

k + 1
.
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54. (a¬)� a, b, c, d > 0� a+ b+ c+ d = 1 ,¦y :

2

(a+ b)(c+ d)
6

1√
ab

+
1√
cd

.

55. (¿�=)®� a, b, c ∈ [0, 1]� 2(a+ b+ c) + 4abc = 3(ab+ bc+ ca) + 1 ,¦y :

4(a+ b+ c) 6 3 .

56. (nÜ)�K¢ê a1, a2, · · · , a2011÷v
2011∑
i=1

ai =
2011

2
,¦y :

|(a1 − a2)(a2 − a3) · · · (a2010 − a2011)(a2011 − a1)| 6
3
√
3

16
.

57. (¥î)��ê a, b, c÷v
a

1 + a
+

b

1 + b
+

c

1 + c
= 2 ,¦y :

√
a+
√
b+
√
c

2
≥ 1√

a
+

1√
b
+

1√
c
.

58. (��)®� x, y, z > 0,� xy + yz + zx = 1 . ¦y :

3−
√
3 +

x2

y
+
y2

z
+
z2

x
> (x+ y + z)2 .

59. (��)� n ∈ N+ , a1, a2, · · · , an > 0 ,¦y :

1 +
n∑

k=1

1

a2k
≥ 7

∑
k=1

1

(1 + a1 + · · ·+ ak)2
.

60. (��)®� a1, a2, · · · , an, b1, b2, · · · , bn > 0 ,¦y :(
1−

n∑
i=1

a3i

)(
1−

n∑
i=1

b3i

)
≥

(
1−

n∑
i=1

aibi −
n∑

i=1

|ai − bi|

)3

.

61. (��)� x, y, z > 0� x2 + y2 + z2 = 1 ,¦

xnyn+1

z2n
+
ynzn+1

x2n
+
znxn+1

y2n

���� .

62. (��)� a, b, c > 0� a2 + b2 + c2 = 1 ,¦y :

a

a3 + bc
+

b

b3 + ca
+

c

c3 + ab
≥ 3 .

http://www.clanlu.net


�g�ñ
2011c�IêÆc���¥Ø�ª http://www.clanlu.net 8

63. (��)� x, y, z > 0� x2 + y2 + z2 = 1 ,¦y :

x

1− x2011
+

y

1− y2011
+

z

1− z2011
>

20122012/2011

2011
.

64. (��)��K¢ê a1, a2, · · · , an÷v
n∑

i=1

ai = 1 ,¦

n∑
i=1

iai

(
n∑

i=1

ai
i

)2

���� .

65. (��)� a, b, c > 0� a+ b+ c = 1 ,¦

a2

cb2(b+ c)3/2
+

b2

ac2(c+ a)3/2
+

c2

ba2(a+ b)3/2

���� .
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