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1. � D =



1 1 1 · · · 1

0 1 1 · · · 1

0 0 1 · · · 1
...

...
... . . . ...

0 0 0 · · · 1


,¦ D�¤k�ê{fª�Ú .

)�. 5¿� D������� 1 ,Ïd

A1k + A2k + · · ·+ Ank = 0 , Ù¥k = 1, 2, · · · , n− 1

±9

A1n + A2n + · · ·+ Ann = |D| = 1 .

Ïd
n∑

i=1

n∑
j=1

Aji = 0 + 0 + · · ·+ 0 + 1 = 1 ,

= D�¤k�ê{fª�Ú� 1 . �

2. � A� n�¢�
 ,y² : r(A′A) = r(AA′) = r(A) ,Ù¥ A′� A�=� .

y². ·��I�y² A′Ax = 0Ú Ax = 0Ó) .ÄkXJ x÷v Ax = 0 ,

K7k A′Ax = 0 , u´ Ax = 0 �)Ñ´ A′Ax = 0 �) . �L5 , � x ÷

v A′Ax = 0 ,K x′A′Ax = 0 . XJ- Ax = y ,Ù¥ y = (y1, y2, · · · , yn)′ ,K

y′y = 0 ,=

y′y = y21 + y22 + · · ·+ y2n = 0

u´ y1 = y2 = · · · = yn = 0 , = y = 0 . ÏdXJ x ÷v A′Ax = 0 7,k

Ax = 0 ,= A′Ax = 0�)Ñ´ Ax = 0�) . nþ¤ã , A′Ax = 0Ú Ax = 0Ó

) ,u´ r(A′A) = r(A) . Ón�� r(AA′) = r(A) .

nþ¤ãk r(A′A) = r(AA′) = r(A) . �

3. ®� P =

(
A I

I I

)
,y² P �_�¿�^�´ I − A�_ ,¿3 (I − A)−1 ®

���/e¦ P−1 .
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y². Ï� (
A I

I I

)(
I 0

−I I

)
=

(
A− I I

0 I

)
,

¤± |P | = |A − I| , Ïd P �_�du |P | 6= 0 �du |A − I| 6= 0 �du

I − A�_ . 5¿�(
A− I I

0 I

)(
−(I − A)−1 (I − A)−1

0 I

)
=

(
I 0

0 I

)
,

Ïd

P−1 =

(
I 0

−I I

)(
−(I − A)−1 (I − A)−1

0 I

)
=

(
−(I − A)−1 (I − A)−1

(I − A)−1 I − (I − A)−1

)
,

Ïd¤¦ P−1�

(
−(I − A)−1 (I − A)−1

(I − A)−1 I − (I − A)−1

)
. �

4. ®� A,B,C,D ��5�m V þ��5C� , �üü�p��� , ¿k

AC +BD = E . y² : kerAB = kerA⊕ kerB .

y². ky² kerA ∩ kerB = 0 ,� x ∈ kerA ∩ kerB ,Kk Ax = Bx = 0 . q

d A,B,C,Düü�p��� ,¤±

x = ACx+BDx = CAx+DBx = 0 + 0 ,

Ïd kerA ∩ kerB = 0 .

2y kerAB = kerA + kerB . Äkd A,B ��� , ¤±?� x ∈ kerA ,

k ABx = BAx = 0 , Ïd x ∈ kerAB , u´ kerA ⊆ kerAB; Ón��

kerB ⊆ kerAB , ¤± kerAB ⊇ kerA + kerB . q?� x ∈ kerAB , d�

k BACx = CABx = 0 , ¤± ACx ∈ kerB ; Ónk BDx ∈ kerA . ¤±d

AC +BD = E �

x = ACx+BDx ∈ kerB + kerA = kerA+ kerB ,

l
 kerAB ⊆ kerA+ kerB . Ïdk kerAB = kerA+ kerB .

nþ¤ãk kerAB = kerA⊕ kerB . �

5. ¦��C�z xy + yz + zx = 1�IO�§ ,¿�Ñ­¡a. .
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)�. �§ xy + yz + zx = 1�z� 2xy + 2yz + 2zx = 2 ,u´�=z��g

. x′Ax = 2 ,Ù¥

A =


0 1 1

1 0 1

1 1 0

 .

´¦� A�A��§� f(λ) = (λ− 2)(λ+ 1)2 .

� λ = −1� ,�¦� (−I − A)x = 0�ü�p����ü �Ý�)�(√
6

6
,−
√
6

3
,

√
6

6

)′
,

(√
2

2
, 0,−

√
2

2

)′
.

� λ = 2� ,�¦� (2I − A)x = 0���ü �Ý)�

(√
3

3
,

√
3

3
,

√
3

3

)′
. Ï

de-


α

β

γ

 =



√
3

3

√
6

6

√
2

2√
3

3
−
√
6

3
0

√
3

3

√
6

6
−
√
2

2



x

y

z

 , - P =



√
3

3

√
6

6

√
2

2√
3

3
−
√
6

3
0

√
3

3

√
6

6
−
√
2

2

 .

K P ���Ý
 ,�k AP = Pdiag{2,−1,−1} . eP y = (α, β, γ)′ ,d�

x′Ax = y′P ′APy = y′diag{2,−1,−1}y = 2α2 − β2 − γ2 = 2 ,

Ïd xy + yz + zx = 1�IO�§� α2 − β2

2
− γ2

2
= 1�V�V­¡ . �

6. ®� A,B �¢é¡Ý
 .

(a)e A,B �½ ,� AB = BA ,y² AB �½ .

(b)e A,B ��½ ,y² A+B ��½ ,e�k A�½ ,K A+B ��½ .

y². (a)Ï� AB = BA ,¤± (AB)′ = B′A′ = BA = AB ,= AB �¢é¡

Ý
 . ,	 ,d A�½ ,u´�3��Ý
 P ¦�

A = P ′diag{λ1, λ2, · · · , λn}P ,

Ù¥ λ1, λ2, · · · , λn > 0 . u´�- S = P ′diag{
√
λ1,
√
λ2, · · · ,

√
λn}P , K

A = S2 � S �_é¡ . Ïd AB = S2B �qu S−1(S2B)S = SBS ,
d B

�½9 SBS � B ÜÓ ,= SBS �A��Ñ´�ê ,l
 AB �A��Ñ´

http://www.clanlu.net


�gêÆ,�
2012c11ò14Ï 56–59 http://www.clanlu.net 59

�ê . qÏ� AB �¢é¡Ý
 ,¤± AB �½ .

(b)?� x ∈ Rn ,Ï� A,B �½ ,¤± x′Ax > 0, x′Bx > 0 ,Ïd

x′(A+B)x = x′Ax+ x′Bx > 0 .

qd A,B ¢é¡w,�� A+B ¢é¡ ,¤± A+B ��½ .

ed� A�½ ,KXJ x 6= 0 ,k x′Ax > 0 ,d�

x′(A+B)x = x′Ax+ x′Bx > 0 ,

Ïdé?¿ x ∈ Rn� x 6= 0k x′(A+B)x > 0 ,l
 A+B �½ . �

7. ®� V �¢ê�þ 2n + 1��5�m , f, g� V þ��5C� ,� fg = gf ,

¦y : �3 λ, µ ∈ R , ν ∈ V � ν 6= 0¦� f(ν) = λν, g(ν) = µν .

y². d�m1�©)½n19¢Xêõ�ªJ�¤éÑy� f 7,k��Û

ê�¢��f�m W ,K W � f �ØCf�m . �d�f�méAA��

λ ∈ R ,�ê� k . 5¿� fg = gf ,¤± (λI − f)kg = g(λI − f)k . u´?�

x ∈ W ,k

(λI − f)k(g(x)) = g((λI − f)k(x)) = g(0) = 0 ,

Ïd g(x) ∈ W ,l
W �´ g �ØCf�m . Ïdò f, g ��3W þE,

Ñ´Ûê��5�mþ��5C� ,u´�I�3W ¥�w¯K ,¯K�±

=z�

V �¢ê�þ 2n+1��5�m , f, g� V þ��5C� ,� fg = gf , f �A

���Ü� λ ∈ R ,K�3 µ ∈ R , ν ∈ V � ν 6= 0¦� f(ν) = λν, g(ν) = µν .

�Ä g ,Ï� g�A�õ�ª� 2n+1�¢õ�ª7,k¢� ,Ø���� µ .

eP µéA� g�A�f�m� N ,K?� x ∈ N ,k g(x) = µx ,l


g(f(x)) = f(g(x)) = f(µx) = µf(x) ,

Ïd f(x) ∈ N ,= N ´ f �ØCf�m . u´d f �A���Ü� λ� ,e

ò f ��3 N þ ,K f 73 N ¥�3A��þ ν ¦� f(ν) = λν . qd ν �

A��þ9 ν ∈ N � ν 6= 0� g(ν) = µν . nþ¤ã ,·K�y . �

1�ë�¥��5�5�ê618Ù
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