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1. (10’)¦4� lim
x→0

1

tan4 x

∫ x

0

sin t3dt .

)�.

lim
x→0

1

tan4 x

∫ x

0

sin t3dt = lim
x→0

1

x4

∫ x

0

sin t3dt · lim
x→0

x4

tan4 x

= lim
x→0

1

x4

∫ x

0

sin t3dt

(L’Hospital{K) = lim
x→0

sinx3

4x3
=

1

4
.

�

2. (10’)�¼ê f(x), g(x)3 x = a?�� ,¦ lim
x→a

g(a)f(x)− f(a)g(x)

x− a
.

)�.

lim
x→a

g(a)f(x)− f(a)g(x)

x− a
= lim

x→a

g(a)(f(x)− f(a))− f(a)(g(x)− g(a))

x− a

=g(a) lim
x→a

f(x)− a
x− a

− f(a) lim
x→a

g(x)− a
x− a

=g(a)f ′(a)− f(a)g′(a) .

�

3. (10’)¦4� lim
n→∞

n∑
k=1

n2

√
n6 + k

.

)�.

lim
n→∞

n∑
k=1

n2

√
n6 + k

6 lim
n→∞

n∑
k=1

n2

√
n6

= lim
n→∞

n3

√
n6

= 1 .

lim
n→∞

n∑
k=1

n2

√
n6 + k

> lim
n→∞

n∑
k=1

n2

√
n6 + n

= lim
n→∞

n3

√
n6 + n

= 1 .

Ïd4� lim
n→∞

n∑
k=1

n2

√
n6 + k

= 1 . �

4. (10’)� f(x)3 x = 0�,���þëY ,� lim
x→0

f(x)

x2
= 2 .

(a)¦ f(0)�� .

(b)¦ f ′(0)�� .

(c)y² f(x)3 x = 0?��4�� .
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)�. Ï� lim
x→0

f(x)

x2
= 2 ,¤±�3 δ > 0¦�é?¿� 0 < |x| < δ ,Ñk

1 <
f(x)

x2
< 3 ,

¤±3 (−δ, 0)Ú (0, δ)þk x2 < f(x) < 3x2 . qÏ� f(x)3 x = 0�,��

�þëY ,¤±

0 = lim
x→0

x2 6 f(0) = lim
x→0

f(x) 6 lim
x→0

3x2 = 0 ,

Ïd , f(0) = 0 . Ó�

0 = lim
x→0

∣∣∣∣x2

x

∣∣∣∣ 6 |f ′(0)| = lim
x→0

∣∣∣∣f(x)

x

∣∣∣∣ 6 lim
x→0

∣∣∣∣3x2

x

∣∣∣∣ = 0 ,

Ïd f ′(0) = 0 . ,	 ,3 (−δ, δ)þ ,� x 6= 0� ,d� f(x) > x2 > 0 = f(0) ,

¤± f(x)3 x = 0?��4�� . �

5. (10’)¦n­È© ∫∫∫
V

(
x2

a2
+
y2

b2
+
z2

c2

)
dxdydz ,

ùp V ´d­¡
x2

a2
+
y2

b2
+
z2

c2
= 1�¤�«� .

)�. Ú\2Â¥¡�IC� x = ar sinϕ cos θ, y = br sinϕ sin θ, z = cr cosϕ ,

u´ V éAu«� Ω = {(r, ϕ, θ)|0 6 θ 6 2π, 0 6 r 6 1, 0 6 ϕ 6 π} . dC�

� Jacobi1�ª�
∂(x, y, z)

∂(r, ϕ, θ)
= abcr2 sinϕ .

Ïd ∫∫∫
V

(
x2

a2
+
y2

b2
+
z2

c2

)
dxdydz =

∫∫∫
Ω

abcr4 sinϕdrdϕdθ

=
4π

5
abc .

�

6. (10’)O�1�a­¡È©

I =

∫∫
S

x2dydz + y2dzdx+ z2dxdy ,

Ù¥ S L«I¡ x2 + y2 = z2 (0 6 z 6 h)�	ý .
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)�. dé¡5
∫∫

S

x2dydz =

∫∫
S

y2dzdx = 0 ,¤±

I =

∫∫
S

z2dxdy = −
∫∫

Dxy

(x2 + y2)dxdy = −
∫ 2π

0

dθ

∫ h

0

r2 · rdr = −π
2
h4 .

�

7. (12’)¦�?ê
∞∑
n=1

n(x− 2)n−1�Âñ�9Ú¼ê .

)�. Ï� n
√
n > 1� lim

n→∞
n
√
n = 1 ,¤±�?ê

∞∑
n=1

n(x− 2)n−1�Âñ��

|x− 2| < 1 =⇒ 1 < x < 3 .

,	 (
∞∑
n=0

xn

)′
=
∞∑
n=1

nxn−1 ,

¤±
∞∑
n=1

nxn−1 =

(
1

1− x

)′
=

1

(1− x)2
,

Ïd
∞∑
n=1

n(x − 2)n−1 �Ú¼ê´
1

(1− (x− 2))2
=

1

(3− x)2
,2dc¡¤�Â

ñ�� (1, 3) . �

8. (12’)y²¼ê f(x) = 3
√
x lnx3 (0,+∞)þ��ëY .

y². Ï� lim
x→∞

f ′(x) = lim
x→∞

lnx+ 3

3
3
√
x2

= 0 ,¤±�3 G > 0¦�� x > G� ,

|f ′(x)| 6 1 . d�é?¿� ε > 0 ,?� x, x′ ∈ (G,+∞) ,�� |x− x′| < ε ,Ò

k

|f(x)− f(x′)| = |f ′(ξ)||x− x′| 6 |x− x′| < ε ,

Ù¥ ξ3 x, x′�m ,Ïd ξ > G ,¤± |f ′(ξ)| 6 1 . l
 f(x)3 (G,+∞)þ�

�ëY .

qÏ� lim
x→0

3
√
x lnx = 0 ,¤±d Cantor½n� f(x)3 (0, G + 1]þ��ëY .

nþ¤ã ,´y f(x)3 (0,+∞)þ��ëY . �

5P. ¥mk
·ú�w,�(ØaL
 ,�Öög1Öþ . �
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9. (12’)y²2ÂÈ©
∫ ∞

1

sinx

x
dx^�Âñ .

y².
∫ A

1

sinxdxw,k. ,
1

x
3 [1,+∞)þüN� lim

x→+∞

1

x
= 0 ,d Dirichlet

�O{ ,
∫ +∞

1

sinx

x
dxÂñ .

�3 [1,+∞) ,k ∣∣∣∣sinxx
∣∣∣∣ > sin2 x

x
=

1

2x
− cos 2x

2x
,

Ï

∫ +∞

1

cos 2x

2x
dxÂñ(�ìþ¡é

∫ ∞
1

sinx

x
dx�?Ø)


∫ +∞

1

1

2x
dxuÑ ,¤

±

∫ ∞
1

sin2 x

x
dx . 2d'��O{ ,��

∫ +∞

1

∣∣∣∣sinxx
∣∣∣∣ dxuÑ .

Ïd ,2ÂÈ©
∫ ∞

1

sinx

x
dx^�Âñ . �

10. (12’)� f(x) =


xy sin

1√
x2 + y2

, x2 + y2 6= 0

0, x2 + y2 = 0

. y² :

(a) fx(0, 0), fy(0, 0)�3 .

(b) fx(x, y), fy(x, y)3 (0, 0):ØëY .

(c) f(x, y)3 (0, 0)?�� .

y². (a)

fx(0, 0) = lim
x→0

0− 0

x− 0
= 0 , fy(0, 0) = lim

y→0

0− 0

y − 0
= 0 .

(b)� x2 + y2 6= 0� ,k

fx(x, y) = y sin
1√

x2 + y2
− x2y√

(x2 + y2)3
cos

1√
x2 + y2

,

d�- xk = yk =

√
2

4kπ
,d� lim

k→∞
(xk, yk) = (0, 0) ,


lim
k→∞

f(xk, yk) = −
√

2

4
6= fx(0, 0) = 0 ,

Ïd fx(x, y)3 (0, 0):ØëY ;Ón�y fy(x, y)3 (0, 0):ØëY .

(c)5¿�

lim
(x,y)→(0,0)

∣∣∣∣∣ f(x, y)√
x2 + y2

∣∣∣∣∣ = lim
(x,y)→(0,0)

∣∣∣∣∣ xy√
x2 + y2

sin
1√

x2 + y2

∣∣∣∣∣
6 lim

(x,y)→(0,0)

∣∣∣∣∣ xy√
x2 + y2

∣∣∣∣∣ 6 lim
(x,y)→(0,0)

|x| = 0 .
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,�5¿� (a)�(Ø� f(x, y)3 (0, 0)?�� . �

11. (12’)� u(x, y)34ü � Ω = {(x, y)|x2 + y2 6 1}þëY ,3 x2 + y2 < 1÷

v
∂2u

∂x2
+
∂2u

∂y2
= u . e3 x2 + y2 = 1þ u(x, y) > 0 ,y²� x2 + y2 < 1� ,

u(x, y) > 0 .

y². ���3 (x′, y′)÷v x′2 + y′2 < 1� u(x′, y′) < 0 . � u(x, y)3 Ωþ

����3 (x0, y0)þ�� ,Kd3 x2 + y2 = 1þ u(x, y) > 0� u(x0, y0) 6

u(x′, y′) < 0� (x0, y0)3 ΩSÜ .u´
∂u

∂x
(x0, y0) = 0,

∂u

∂y
(x0, y0) = 0 . qÏ�

∂2u

∂x2
(x0, y0) +

∂2u

∂y2
(x0, y0) = u(x0, y0) < 0 .

Ø��
∂2u

∂x2
(x0, y0) < 0 ,d�- f(x) = u(x, y0) ,K

f ′(x0) =
∂u

∂x
(x0, y0) = 0 , f ′′(x0) =

∂2u

∂x2
(x0, y0) < 0 ,

¤± f(x) 3 x = x0 ?��4�� . qÏ� f(x) 7,3 x = x0 ?����

� ,¤± f(x)3 x0 �,�+�S�~ê ,dd�í�
∂2u

∂x2
(x0, y0) = 0 ,ù�

∂2u

∂x2
(x0, y0) < 0gñ . ���Ø¤á ,l
·K�y . �

12. (12’)� f(x)3 (−∞,+∞)þ��� f(0) = 0 ,��3M > 0¦� |f ′(x)| 6
M |f(x)| ,¦y : f(x) ≡ 03 (−∞,+∞)þ .

y². ·�^8B{y²é?¿g,ê kk f(x) ≡ 03

[
k

2M
,
k + 1

2M

]
þ¤á .

� k = 0� ,Ï� f(x)ëY ,Ïd�� |f(x)|3
[
0,

1

2M

]
þ����3 x = η

þ�� ,d�d¥�½nk∣∣∣∣f(η)

η

∣∣∣∣ =

∣∣∣∣f(η)− f(0)

η − 0

∣∣∣∣ = |f ′(ξ)| 6M |f(ξ)| 6M |f(η)| ,

Ù¥ ξ ∈ (0, η) ,¤± ηM 6
1

2M
·M =

1

2
< 1 ,¤±

|f(η)| 6 ηM |f(η)| 6 |f(η)| ,

ù`² f(η) = 0 ,Ïd f(x) ≡ 03

[
0,

1

2M

]
þ . �e�Ú½�I^8B{2

�ìþ¡��{=� . �
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